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Chapter 1

Introduction

Abstract

In this article it is proved that for a simple closed extreme polygon I C R3
every immersed stable minimal surface spanning I' is an isolated point of the
set of all minimal surfaces which span I', w. r. to the C%-topology. Since
the subset of immersed stable minimal surfaces spanning I' is shown to be
closed in the compact set of all minimal surfaces spanning I', this proves
in particular that I' can bound only finitely many immersed stable minimal
surfaces. Moreover using this the author proves that for any extreme simple
closed polygon I'* C R3, which meets the requirement that the angles at its
vertices are different from 7, there exists some neighborhood O of I'* in R3
and some integer 3, depending on I'*, such that the number of immersed
stable minimal surfaces spanning any simple closed polygon contained in O
is bounded by £.

1.1 Main results

In 1978 Nitsche formulated the following conjecture (see [28]):

A 7reasonably well behaved” simple closed contour can bound only finitely
many solutions of Plateau’s problem.

The first aim of the present article is a proof of the following partial result:

Theorem 1.1 Let I' C R? be a simple closed extreme polygon. Then every
immersed stable minimal surface spanning I' is an isolated point of the set of
all minimal surfaces which span T, w. r. to the C°-topology. In particular,
I' can bound only finitely many immersed stable minimal surfaces.

We shall even extend this result by

Theorem 1.2 Let I'* C R? be an arbitrary extreme simple closed polygon,
which meets the requirement that the angles at its vertices are different from
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5. Then there exists some neighborhood O of I'* in R3 and some integer 3,
depending on I'*, such that the number of immersed stable minimal surfaces

spanning any simple closed polygon contained in O is bounded by 3.

We term a polygon extreme if it is contained in the boundary of a com-
pact convex subset of R? and not entirely in a plane. Furthermore a disc-type
minimal surface X is termed immersed if there holds

inf | DX |> 0, (1.1)

where we set B := {w = (u,v) € R? || w |< 1}. It is additionally termed sta-

ble if the second variation of the area functional A in X in normal direction

£ = % satisfies
u v

d2
T (p) = /B | Voo [P 12K B p*dw = 5 AX +€p8) |e=0> 0 (1.2)

for any ¢ € C°(B), where E denotes | X, |? and K < 0 the Gaussian
curvature of X.

1.2 Basic definitions and history

Let I' be some closed piecewise linear Jordan curve in R? being determined
by the positions of its N + 3 vertices (N € N)

(Pl, vy PN+3) = Pe R3N+9, (13)

where we require the pairs of vectors (Pj11 — Pj, P; — Pj_1) to be linear
independent for j = 1,..., N 4+ 3, with Py := Pny3 and Pyy4 := P;. We
consider the ”Plateau class” C*(I') of surfaces X € H'2(B,R3) N C°(B,R3)
that are spanned into I', i.e. whose boundary values X |pp: S! — T are
weakly monotonic mappings with degree equal to 1, satisfying a three-point-
condition:

X (™) = Pyyy  for Tngp = g(l +k), k=123 (1.9)

We endow C*(I') with the norm || - [[co(z). Furthermore we denote by
(M(D), || - lco()) its subspace of all disc-type minimal surfaces, i.e. classical
solutions X of the equations

AX =0 (1.5)

on the disc B. In order to compare the results of this paper with already
established theorems the reader shall translate the above definitions to sim-
ple closed boundary curves R in R3 of class C*%, o € (0,1). The set of



Finiteness of the set of solutions of Plateau’s problem 3

minimal surfaces spanning R which are additionally immersed and stable
will be denoted by

M(R) :={X € M(R) | X satisfies (1.1) and (1.2)}.
The first deep "finiteness result” was achieved by Tomi in [35]:

Theorem 1.3 (Tomi, 1973) If R is a regular Jordan curve of class C*®
with the property that all minimal surfaces X € M(R), which yield global
minimizers of the area functional A on C*(R), are immersed, then there are
only finitely many of them.

Thus in combination with the papers [11] resp. [19] Tomi’s theorem yields

Corollary 1.1 (Tomi, 1973) If R is a reqular Jordan curve of class C**
with total curvature less than 4w, or if R is analytic, then in M(R) there
are only finitely many global minimizers of the area functional A on C*(R).

Four years later Tomi proved in [36]

Theorem 1.4 (Tomi, 1977) If R is a proper curve, i.e. a regqular Jordan
curve of class C*“ which bounds only minimal surfaces without boundary
branch points and with interior branch points of at most first order (see Def.
2.1 below), then Ms(R) is finite. Moreover there exists some neighborhood
O of R in R3 and some integer 3, depending on R, such that the number of
immersed stable minimal surfaces spanning any proper curve contained in
O is bounded by (.

One year later Nitsche finally achieved his ”6mr-Theorem” in [28]:

Theorem 1.5 (Nitsche, 1978) If R is a regular Jordan curve of class
C*®, which bounds only minimal surfaces without any branch points and
whose total curvature does not exceed the value 6w, then the entire set M(R)
is finite.

Finally we shall pay attention to a result of Sauvigny in [31] which is
most similar to the one of this article. There is only a difference with respect
to the regularity of the boundary wire R and it is even stated for the set
HH(R) of immmersed, stable surfaces of constant mean curvature H € [0, 1),

which however are assumed to be contained in the closed unit ball B3(0),
termed ”small H-surfaces”.

Theorem 1.6 (Sauvigny, 1989) IfR is an extreme, reqular Jordan curve
R C B3(0) of class C** and H € [0,1), then it can bound only finitely many
immersed "small” H-surfaces X, which are stable in the following generalized
sense (compare with (1.2)):

/ | Vo |? +2KE ¢? — 4H?E p*dudv >0 Y € CZ(B).
B
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It should be emphasized that the proofs of the above results depend on
boundary regularity results for minimal surfaces resp. H-surfaces spanning
C**-boundary curves due to Hildebrandt [20] resp. Heinz [12]. However the
proof of the finiteness result of the present article is based on a combination
of some of Tomi’s and Sauvigny’s ideas and results in [36], [31], [32] and [34]
with Courant’s and Heinz’ achievements in [4], [14], [15], [16] and [17] on
the representation of minimal surfaces that are bounded by a simple closed
polygon and on their asymptotic behavior in the corners of the bounding
polygon and with a deep connection between their total branch point orders,
the defects of their assigned Schwarz operators and the number of vertices
of the bounding polygon, expressed in Heinz’ crucial formula (2.2) below,
which is the main result of his outstanding paper [18]. We shall collect these
tools in the following chapter.



Chapter 2

Courant’s and Heinz’ results

Our fundamental tools are Courant’s [4] and Heinz’ [14], [15] maps

- YT — (C*(F)7 H ’ HCoﬁH1’2)7
¢ : T — C°%B,R* NC*B,R?),

which are assigned to our arbitrarily fixed closed polygon I'. Here T is an
open bounded convex set of N-tupels

(t1,79,...,78) = 7 € (0,7)", (2.1)
which meet the following chain of inequalities
0<7‘1<...<7‘N<7T=7'N+1,

where N +3 was the number of vertices of the considered polygon (see (1.3)).
Moreover to any 7 € T we assign the sets of surfaces

U(T):={X eC*T) | X |pp (™) =P; forj=1,...,N} and(2.2)
U(t) :={X € C°(B,R*) N C*(B,R?) | X(e") € T for 0 € [, 7j:+1]},

where we set I'j := {Pj+t(Pj11—Pj) | t € R}, Pyyq:= P and Tn44 1= T1.
On account of two uniqueness results in [4] resp. [14] one can define the
maps

¥ (7) := unique minimizer of D within U(7) and (2.3)
¥(7) := unique minimizer of D within (), (2.4)

where D denotes Dirichlet’s integral. We will also use the notation X (-, 7)
for 1 (7). Now by the result of [4], (see also [23], p. 558) Satz 2 in [14] and
the main theorem of [15], resp. Satz 1 in [17], these maps have the following
properties:
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Theorem 2.1 (i) v is continuous on T.

(i) f:=Do is of class CY(T) and f := D o) even of class C*(T).

(iii) There holds f < f onT and f(1) = f(r) if and only if () = (1),
which is again equivalent to ¢(r) € C*(T).

() () and (1) are harmonic on B V1 € T.

(v) The restriction

U Ik K(f) — M(T) (2.5)
yields a homeomorphism between the compact set of critical points of f and
(M@D), || - llcosy) and a surface 1(7) is conformally parametrized on B,

thus a minimal surface in U(T), if and only if T € K(f)

(vi) Let 7 € T be arbitrarily fized and D C C some simply connected domain
whose intersection D N B with B is nonvoid and connected and such that
DN {e™} = 0. Then there exists some neighborhood Up(7) of 7 in CN and
some holomorphic continuation of X(-, -) onto D x Up(T).

(vii) Furthermore for any T € T and k € {1,...,N + 3} there exists some
neighborhood Bs(e'™) x BN (7) in C x CN about (¢™,7) such that there
holds the representation:

Xo(w,7) =3 fHw,7) (w — &™) (2.6)
j=1

for (w,7) € (Bs(ei™) N B) x (BN (7) NRY), where the the functions fj’-“ are
holomorphic on Bs(e'™) x BN (7) and the exponents pg? satisfy

—l<pi<...<ph =0, pre{23} (2.7)
and do not depend on T € BN (7) NRY.

The last assertion about the independence of the exponents p? of T €
BN (7)NRY follows immediately from [14], (2.20) and (3.28), as we point out
now. We set vy, := ﬁ;’;i%i:l and consider as in (2.20) of [14] the reflections
Sk at the lines I'y — P, = Span(vy) for k € {1,..., N+3} (with Pyy4 := Py),

explicitely given by
Si(x) == —x + 2 (v, z) vy, Va2 € R3.

The composed reflections Si_1 o S € SO(3) are diagonalizable by conju-
gation with unitary matrizes and have eigenvalues on the S!. Now the ,0?
appear in (3.28) of [14] as pairwise different (negative) angles of these eigen-
values, precisely:

Spec(Sk_1 0 Sk) = {6727'm'p?}7 1<7j<ps,

ordered as in (2.7) with py € {2, 3}, which proves the claimed independence
of the exponents p;? of 7 € BN(7) N RN. Moreover we shall note that



Finiteness of the set of solutions of Plateau’s problem 7

Si_10S; # 1 and thus p; > 1 by our requirement that the vectors Pr_1 — Py,
and Pj1 — Py have to be linearly independent. Moreover we see that py = 2
if and only if p¥ = —%, i.e. if the spectrum of Sy_1 0S5 is {—1, —1,1}, which
can arise if and only if the angle (3, between the vectors Pr,_1 — P. and
Pry1 — Py is 5. If in general B & {3,0,7}, then the spectrum of Sj_1 o Sy,
is {\, A, 1} for some A € S' with $()\) # 0, i.e. p¥ +pb = —1. One can
easily see that there holds either —pkm = B or (p} + 1)m = B, which is
by p¥ + p§ = —1 equivalent to the pair of possibilities (p§ + 1)7 = G or
—p’2“7r = (.. Moreover we can expand the holomorphic functions f]’? w. T.
to w about the point ¢ and obtain by (2.6) for any k € {1,..., N + 3}:

Pk

Xo(w,7) =33 fh(r) (w — )Pt (2.8)

j=1n=0

Vw € Bs(ei™) N B and V7 € BY(7) NRY. Now we fix some 7 € T and
choose that pair (j,n) for which f]lfn(i') # 0 in (2.8) and p? + n is minimal
and term this pair (j*,/m), i.e. we assign this pair to the point 7 € T'. Since
we know that either (péi +1)mor —p?ﬂr equals the angle 5 # 0, ™ between
the linear independent vectors P,_; — P and Py+1 — Pr we conclude due
to p’;k = 0 that there has to hold j* < pr. Now using these terms we derive
formula (2.5) in [18]:

Corollary 2.1 For any firxed 7 € T and k € {1,...,N + 3} there holds
Xop(w,7) = fh 0 (7) (w = €)™ £ O w — T 75T (2.9)

for B > w — €™, where € := p}““rl — ,0;-“* € (0,1).

Proof: Firstly we note that € is well defined by j* < pr. Now we split (2.8):
P .
Xop(w,7) =Y ffn(7) (w— ™) 4 FFw, 7), (2.10)
j=1

where we set

Pk 00
Frw,7)i= 30 30 fralm) (o= i

j=1n=m+1
and shall show that there holds:
Fr(w. 7 _
[ F2(w,7) | — 0  for w— ek, (2.11)

o — e e

Firstly we have by p;i +e= pé?* Nt

k - Pr 00
| - (w’/):)—i-|m+e < Z Z | fﬁn—i—m(%) ‘ ’ w = eﬁk n+p?—p§*_‘_1
| w — e |15 j=1n=1
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Vw € Bs(e!™) N B. Now applying Cauchy’s inequalities to the Taylor coef-
ficients fﬁn+m(%) we achieve:

|f]kn+m(7_—)‘§ R VTLEN,

for any j € {1,...,p} and some arbitrarily fixed § € (0,8) with

C(S) = C(S, 7_—7 k) = \/g max max ‘ f]k( ’7_-) | .
JE{L,...px} OB;(e'k)

Hence, using p;, < 3, pf > p¥ and Y00 127" = 2 we obtain:

[P (w.7)| <3ﬂ“|w_wuHmﬂu12fw mel
| w — e ’pﬁ* tmte = Sml
6(3) im, 1+ =P} n A i (1+pY—pk
<3z l‘w—e’“\ A 22 = ‘w—e’“] 17 P41
omt

Vw € B (e”™)N B. Thus taking 1+ pf — p§*+1 > 0 into account we achieve
2
(2.11), which proves the corollary.

<

Furthermore we derive from part (vi) of Theorem 2.1 that there is a
Taylor expansion of X, (-,7) about any point wg € B\ {e'™}:

Xo(w, 7) = am(7) (w — wo)™ + ams1(F) (w — wo)™ ™ + ... (2.12)

where the coefficients {a;} j>m are holomorphic about the point 7 and a,,(7) €

C3\ {0}.

Definition 2.1 (i) We term the exponent m =m™ in (2.9) resp. (2.12) the
branch point order of the surface X(-,7) at the point €™ k=1,...,N+3,
resp. wo € B\ {ei™*}.

(ii) A pointw € B is termed a branch point of the minimal surface X (-,7) €
M(T) if its order m™ (@) is positive.

Hence, we see that there holds m”(w) = 0 in any point w € B if and
only if
inf | DX(-,7) |> 0. (2.13)

Furthermore one obtains easily by (2.9) and (2.12) that X (-, 7) can have
only finitely many branch points on B. Hence, we may define its total branch

point order
_ 1 _
= Z m’ (w) + 5 Z m”(w).
weB weOB
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Now we assign to every point 7 € K(f), i.e. to every minimal surface
X(-,7), its Schwarz operator
AT = AXCT) = A+ 2(KE),
where (KE)"(w) := (KE)(w, ) is defined as in (1.2), on the domain
Dom(AT) := {p € C*(B)Nn H"*(B) | A™(¢) € L*(B)} (2.14)

and formulate the central tool of the paper, "Heinz’ formula”, which is the
main result of [18]:

Theorem 2.2 For an arbitrary T € K(f) there holds the formula
dim Ker A7 + rank(D?f(7)) + 2x(7) = N. (2.15)

Next by differentiation of (2.8) w.r. to w we obtain formula (2.5’) in
[18] exactly as in the proof of Corollary 2.1, where one has to note that the
components of X, (-, 7) are holomorphic functions due to X,5(-,7) = 0 on
B:

. k _
wa(w’i—) = f]k*,m(%) (m + P?*) (w N eW)pj*-i-m 1
+O(|w— e [P, (2.16)

for B > w — €. Furthermore as stated in [18], formula (2.8), one can
derive by integration of the holomorphic components of X,,(-,7) in (2.8) w.
r. to w that for any fixed 7 € T and k € {1,..., N + 3} there exists some
0 > 0 such that:

X (w, 7) = m(/w X.(z,7)dz) + X (@™, 7)

P o0 k
o355 AUt s

j=11=0 Pj ti+1
Pr ] X
:§R<Zg§”(u},7’) (w—elT’“)ijrl) + Py (2.17)
j=1
for w € Bs(e"™) N B and 7 € BY (7) NRY, where the functions
* 2fF (1 A
gf(w, T) = kfjin() (w—e™)" (2.18)
n—0 pj +n+1

are holomorphic on Bs(e'™) x BY (7) and satisfy in particular g;?(eiTk,T) =

k
2;{;’3_(; ). Next, as stated in formula (2.9) in [18], one achieves by differentia-
i
tion of (2.17) w. r. tor for L € {1,...,k,...,N}:
p k
X _n(S % A 2.19
a ) = R( Y G-y, @)
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for w € Bs(e"™) N B and 7 € BY (7) NRY and for | = k:

X (w, ) = %(Z a—TZ(w 7)(w— e”l)péﬂ—iem (p]—i—l)g](w 7) (w— e”l)pl)

(2.20)

Moreover we shall verify now formula (2.10) in [18]. Let % =u % - %

denote differentiation w. r. to the angle ¢. Firstly we compute for some
l=ke{l,...,N}and j € {1,...,p}:

gﬁw—WW“zu@+nw )i — v (ph+ 1) (w— )5 1 (2.21)
= (o +1) (w — )5 iuw.

Thus together with (2.20) we achieve as in (2.10) in [18] for the case [ = k:

Xo(w,m) + Xo(w,m) (2.22)

— §R( 'pl (89§( )+ Zgé(w T))(w _ em)pgﬂ

J
(=€ + iw) (g} + 1) g (w, 7) (w = 7))

= %(i <8gé(w T)+ %(w )+ ( Ly 1) l»(w 7‘)) (w — em)pé'ﬂ>
—= j:1 aTl a 9 p] .gj Y

for w € Bs(e'™) N B and 7 € BY(7) NRY. Combining this with (2.19) we
achieve

Corollary 2.2 Let7 € K(f) be arbitrarily chosen. If there holds mT (i) =
0 for each 1 € {1,..., N}, then the functions X, (-,T) are linearly indepen-
dent on B.

Proof: We assume that the assertion was wrong, i.e. that there exists some
linear relation

Zal X(-,7)=0 on B, (2.23)

where there is at least one index k € {1,..., N} with oy # 0. By (2.19) we
see that X, (w,7) — 0 for w — € and [ # k. Hence, inserting this into
(2.23) we obtain due to ay, # 0:

Xr (w,7) — 0 for w — €'
Now together with (2.22) we conclude that there holds also:

Xo(w,7) — 0 for w — '™, (2.24)
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Moreover as we require 7 € K (f), thus that X (-, 7) is conformally parametrized
on B, we have by % ::u% —va%:

| ng(wﬂ_') |2: ’LL2 | Xv(w77_—) |2 —2uv <XU(U),7_'),XU(U),7_')> + U2 | Xu(wﬂ__) |2
=2 |w?| Xp(w,7) >  VYwEe B.

Hence, in combination with (2.24) we obtain finally:
Xu(w,7) — 0 for w — €',

which implies m”(e'™) > 0 by (2.9) contradicting the requirement of the
corollary and proves our assertion.

Now we set
. k
= > —1. 2.25
pi=, _min .o (2.25)
By the Courant-Lebesgue Lemma and point (iv) of Theorem 2.1 we shall
prove the following important

Lemma 2.1 There holds

M(T) := {set of minimal surfaces on B} N U U(t) N HY?(B,R?)
TeT
= {X € image(v)) | X satisfies also (1.6)}.

Proof: We fix some 7 € T arbitrarily. By the definition of i, i.e. by
D(p(1)) = infy;,)D < oo, and Y(1) € C*(B,R3%) we see that ¢(r) €
H'2(B,R?). Thus together with point (iv) of Theorem 2.1 we can derive
the inclusion ” O of our assertion and secondly by the definition of ) (7)
that

D(()) = inf D < inf D < D(p(1))

U(r) U(T)NHL2(B,R3)

thus
inf D= inf D. (2.26)
U(r) U(r)NHL2(B,R3)

Hence, in order to prove the inclusion ” C” it suffices to prove that some
arbitrary minimal surface X € U(7) N HY2(B,R3) satisfies

D(X)< DY) VY e U(r)nHY(B,RY))\{X}, (2.27)

since 9(7) is the unique minimizer of D in U(7) and therefore X = (7).
Now we choose some arbitrary Y € (U(r) N HY2(B,R3)) \ {X} and set
Z =Y — X. We choose for each k € {1,..., N + 3} some radius r* € (0, §)
and consider the domain (7) := B\ Uivﬁ‘g B, ('), Since there holds X €
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C>®(Q(7),R?) and Z € H"?(B,R3) we may apply the divergence theorem
to Z - DX on Q(7), which yields:

/ (Z, 2X> ds = / (Z,ANX) dw + / DZ - DX dw, (2.28)

on(r) v a(r) a(r)

where v denotes the outward unit normal about 9Q(7). On account of
Do(r)(Y) = Do(r) (£ + X) = Do) (4) + /Q . DZ - DX dw + Dgry(X)

and AX = 0 on B we achieve therefore:

0
DTX—DTY—DTZ—/ Z, —X)ds. 2.29
o(r)(X) = Do) (Y) — Do) (Z) aﬂ(ﬂ( 55%) (2.29)
Now we choose some [ € {1,..., N+3} arbitrarily and consider the adjacent

pair (7, 7;4+1) and a rotation S € SO(3) which satisfies S(P,+1 — F;) = (0,0,
\7Pl+1—Pl ), i.e. which turns the line I';— P, onto the x3-axis. Hence, terming
X :=8(X) and Z := S(Z) we achieve by X, Y e U(r) and Z =X - Y:
Z1(e%) = 0 = Z%(e¥) V€ [m, nt1] (2.30)
Moreover we conclude from X (e'?) € I', Vi € [1,7141], that X, (e'%) €

I''— P, V¢ € (1,741), which yields by the conformality of X, especially by
(X, X;) =00n B\ {e™},_1. N3, that

X, ()L =P Y€ (m,m1) (2.31)

From this we achieve immediately that X3(e?) =0 V¢ € (1, 7141). Hence,
together with (2.30) we arrive at

(Z, X)) = (Z,X,)(e¥) =0 Vo e (11, Ti+1),
for any fixed [ € {1,..., N + 3}, and therefore

5 N+3 9
7, 2 xyds = / (2,2 x)ds, (2.32)
/ag(f) ov kzzl Cpy (&) OV

where we denote
Cr(e™) := BN B, () = {e™ +re? | 01(r) <0 < 0a(r)},

for r € (0, i), and introduce polar coordinates about the point e, i.e.
X(r,0) := X(e'm +re?) and Z(r,0) := Z(ei" 4 re'?), for 6 € [01(r), 02(r)]
and any 7 € (0,1). Now due to ZX (' + re?) = —X,(r,0) for any
0 € [01(r),02(r)] we are lead to examine the behaviour of the integrals

02(r) 5
I(T’)EIZ(T) ::/ | Z(r,0) || X,(r,0) | rdb,
01(r)
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for r N\, 0. We compute

X, (r,0) = Xu(e'™ 4+ re) cosf + X, ('™ + re?) sinb,
Xo(r,0) = r (= Xy (e 4+ re) sinf + X, (e + 7€) cosb),

which yields by the conformality of X:
| Xo(r,0) P= 1% | Xu(e'™ + 1) P=1? | X.(r,0) |2,

for any 6 € [01(r), 02(r)] and r € (0, ). Together with the Courant-Lebesgue

Lemma we achieve for any § € (0, 1) the existence of some £ € (4, V/5) such
that

02(8)
1) <11 7 ooy /9 PR SCOIRTC
1

02(8) 4D(X)
1| Z lloogs / | Ko(6,6) | 46 <|| Z lloog 1| 2
B 61(¢) c(B) log ()

Thus choosing some sequence d,, N\, 0 we obtain a null sequence of radii
¢!, € (0, v/0,) such that

| 01(§) — 02(8) |-

02(¢h) -
/ | Z(6.0) || X, (€h,0) | €do=THEL) — 0  for n— o,
]

1(8h)

(2.33)
for any fixed [ € {1,...,N + 3}. Thus choosing for each [ such an ap-
propriate null sequence {&.} which satisfies (2.33) and setting Q"(7) :=
B\ Ukle?' Bk (') we obtain by (2.32):

y/ <Zax>ds|<NZ+3/ 122 xy | ds —0
oan(r) OV T o oy Tov
for n — oco. Hence, inserting this into (2.29) and letting tend n — oo we
achieve in fact (2.27) due to X,Y, Z € HY?(B,R3):
D(X) =D(Y) - D(2) <D(Y),

since D(Z) = 0 would imply that Z = const. on B with const. = 0 by
Z(em) = (X = Y)(e') = P, — P, = 0 for each [, in contradiction to our
requirement that Y # X on B.

Combining this result with (2.12) we achieve

Corollary 2.3 Let T € T be arbitrarily fized. Then the intersection M(D)N
U(T) is either empty or consists of the single point V(7).



Finiteness of the set of solutions of Plateau’s problem 14

Proof: We suppose M(T') NU(7) to be nonvoid and the assertion of the
corollary to be wrong. Thus M (I') NU(7) would have to contain an element
X which is different from (7). Now by Lemma 2.1 this assertion implies the
existence of some point 7 € T'\ {7} whose image 9)(7) yields this surface X,
thus a minimal surface lying in the intersection U(7) NU(7). By 7 # 7 there
has to be an index j € {1,..., N} such that 7; # 7, say 7; < 7; without
loss of generality. Now by the definition of the sets /(7) and the linear
independence of any two adjacent edges of I' one can easily deduce that
X = 9(#) would have to map the entire arc y := {e | 7; < § < #;} into the
vertex P; of I'. Moreover since point (vi) of Theorem 2.1 guarantees that the
derivatives Dy, ,)X can be continued continuously onto B\ {e' Fe=1,..N+3
the conformality relations of X still hold especially on some open subarc
4 C . Thus we obtain that d%X (€)= 0 for ¢ € 4 and therefore:

0=| C%X((cos 6,sin6)) |*=| — sin(6) Xu(ew) + cos(6) Xv(ew) 2

= sin(6)? | Xu(c”) [* 2 sin(6) cos(8) (X ("), X,(e"))
+ cos(8)” | Xu(e”) P=1| Xu(e”) P=| Xy(e”) P,

ie. DX =0 on 49, showing that 4 consists of boundary branch points

of X = (7). But this contradicts the power series expansion (2.12) of X
about an arbitrarily chosen point on 4, forcing such a branch point to be
isolated. This proves the corollary.

<&

Together with point (v) of Theorem 2.1 we can derive the following
crucial

Corollary 2.4 There holds M(I') C M(T) and also K(f) ¢ K(f). In
particular X (-, 7) =¥ (1) coincides with (1) for any T € K(f).

Proof: Firstly the inclusion M(I') ¢ M(T) is trivial. Now let 7 € K(f) be
arbitrarily chosen. Then we obtain ¢(7) € M(T') by (2.5) and therefore also
¥(7) € M(T). As we also know that (7) € U(7) by the definition of (7)
we conclude that M (') NU(7) contains ¢ (7) and is nonvoid in particular.
By the above corollary this proves ¢(7) = 1;(7") and hence already the last
statement of the corollary. Finally the conformality of 7,5(?) on B, that we
have just proved, is equivalent to 7 € K(f) by point (v) of Theorem 2.1,

which shows indeed K (f) C K(f).

Moreover let

XuANXy
5('77). A

_ _Xw/\X@
O Xy A Xy |

(=Tt (2.34)
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denote the unit normal field of some minimal surface X (-,7) € M(T), i.e.
for some 7 € K(f). By (2.9) and (2.12) one achieves that &(+,7) can be
continued continuously onto B and even analytically onto B\{e""},_;  ns,
although it is not defined in the branch points of X (-, 7), and that at some
point e’ it behaves asymptotically like

P (T) A ffe i (T)
) = J,m J,m
5(w» ) i | ff*ym(T) |2 +

and kK =1,..., N + 3. Together with (2.16) one obtains moreover:

| (€(w,7), Xww(w, 7)) | _
| Xu(w,7) |

O(| w — €™ [) for w — €™ (2.35)

O(| w— '™ |<71) for w — €™ (2.36)

and k=1,..., N + 3. We can use this and identity (3.2) in [1§]

8 | (€(w, 1), Xww(w, 7)) ’2

(KE) () = (KE)(r,w) = — =0l

(2.37)

for any 7 € K( f), for the product of the Gauss curvature and the surface
element of X (-,7) as in (1.2), in order to derive estimate (3.3) in [18], i.e
that there is some constant const.(7), depending on 7 and I" only, such that:

N+3
| (KE)" (w) |< const.( Z | w — '™ |72 Vw e B, (2.38)
for
a=2min{pf —pb | |j=1,....ppk=1... . N+3}>0 (2.39)
where we set pk := —1 for each k. Thus we note that a does not depend on

T € K(f), as the p;? do not. This implies especially that (KE)™ € LP"(B),
for any p* € (1,52-) and any T € K(f). Moreover one can insure by (2.12)
and (2.37) that the function (KFE)7, which is not defined in the branch
points of X (-,7), is of class LS (B \ {€};=1, n+3) and can in fact be
continued analytically onto B\ {e”l}l:17._., N+3-



Chapter 3

Compactness of M (I

In this chapter we prove

Theorem 3.1 If T is a rectifiable closed Jordan curve in R® which bounds
only minimal surfaces without boundary branch points, then M(T) is a
closed subset of M(T'), thus compact, w. r. to the C°(B)-topology.

The proof consists of two parts. The first is

Proposition 3.1 Let { X"} be a sequence of stable minimal surfaces defined
on B without interior branch points and with

X" — X  in CL.(B,R?), (3.1)
for some minimal surface X on B. Then X is stable again.

Proof: We fix some ¢ € C2°(B) arbitrarily. On account of the requirement
n n 2
X7 |> 0 on B we can use the identity (KE)" = —w in order to
w X1

conclude by (3.1) and Cauchy’s estimates that
(KE)" ¢*(w) — KE ¢*(w) pointwise for a.e.w € B

and for n — oo. Now together with —(KE)" > 0 on B and JX" () > 0 for
any n € N we achieve by Fatou’s lemma:

/—2KE<p2dw§Iiminf/ —2(KE)"go2dw§/ | Vo |? duw,
B B B

n—oo

i.e. JX(¢) >0 for any ¢ € C2°(B), which proves the stability of X.

Furthermore we derive from Theorem 1 in [31] for H = 0:

16



Finiteness of the set of solutions of Plateau’s problem 17

Proposition 3.2 Let {X"} be some sequence of stable minimal surfaces
defined on B without interior branch points and with

X" — X in C}_(B,R?),

for some non-constant minimal surface X. Then X does not possess any
interior branch points neither.

Now Theorem 3.1 is an immediate consequence of Prop. 3.1 and 3.2
taking into account that M(I") in fact does not contain any constant min-
imal surfaces due to the three-point condition and is compact w. r. to
the C°(B)-topology and that T' is required to bound only minimal surfaces
without boundary branch points.

Finally we shall prove the following easy approximation result to be used
below in Chapters 10 and 11:

Lemma 3.1 If X is some stable minimal surface, i.e. if there holds J* (¢) >
0 Vi € C°(B), then this inequality extends to all functions ¢ € H“2(B).

Proof: Let some ¢ € HY2(B) be chosen arbitrarily and {p;} ¢ C(B)
some sequence with

0; — P in HY2(B). (3.2)

By Sobolev’s embedding theorem we have H%?(B) «— Li(B), Vq € [1, 00),
due to 1—% =0> 0—%, which implies p; — ¢ in L4(B), for any ¢ € [1,00),
and therefore together with Holder’s inequality:

I KE (¢ = %) I < KE e )l 05 = ¢ =0, (3.3)

for j — oo, with 1% + ]% = 1. Thus together with the required stability of
X and (3.2) we obtain:

0< JX(p;) — JX(9) =0 for j— <.



Chapter 4

Extreme polygons prevent
boundary branch points

In this chapter we shall show that Theorem 3.1 especially applies to extreme
polygons. Firstly we define as in [28], p. 146:

Definition 4.1 We term a polygon I' extreme if it lies on the boundary of
some compact convex set K C R3 and is not contained in a plane.

Remark 4.1 One verifies easily that the first requirement in the above def-
inition is equivalent to the so-called "boundary k-point Radé condition” for
k = 0, which just asserts that each point of I' possesses a supporting plane
w. 1. to I, i.e. a plane determining a closed half space which contains T’
entirely.

Firstly we need the following generalization of Hopf’s ”"boundary point
lemma”:

Lemma 4.1 Let ® € C°(B) N C?(B) be harmonic on B and satisfy
O (wp) > ¢(w) Ywe B, (4.1)

for some fized point wg € OB. Then there exists some constant o > 0 such
that there holds
® -
Blwo) = ®W) iy e Ky (w0), (4.2)
| wo —w | &

for some sufficiently small chosen 6 > 0, where K(;’%(wo) :={w € Bs(wp) N
B || angle(w — wo, —wo) |€ [0, §]}.

Proof: We consider the harmonic function ® := ® — ®(wy), satisfying ® < 0

on B by (4.1). We choose some disc Br(w*) C B with Bg(w*)N9dB = {wo}
and consider for some arbitrary o > 0 the function

v(w) = eolw—w? _ g-aR? for w € Br(w*).

18
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Setting 0(r) := v(w) for r :=| w — w* |< R one easily computes:
1. ~ 2 —ar? *
Av==0p + Upp =4da(ar® —1)e on Bgr(w™).
r

Hence, choosing some o > % we obtain for any € > 0:

B 2
AP+ ev) =eAv > eda (a RZ - 1) e >0 on Tr(w"), (4.3)

with Tr(w*) := Br(w*)\Br (w*). Now by maxyp , () ® < 0 we can choose
2 2

¢ > 0 sufficiently small such that still ® + ev < 0 on dBx (w*) and together
2

with v = 0 and ® < 0 on Br(w*) we can conclude that ® + ev < 0 on
OTr(w*). Now in combination with (4.3) the weak maximum principle for
subharmonic functions yields that

d+ev <0 on Tr(w"), (4.4)

for € > 0 sufficiently small. Moreover by | wy — w* [= R we have v(wg) =
0(R) = 0 = ®(wp), which yields together with (4.4):

D(wo) — d(w) _ lun) — d(w) _ ~d(w)
| wo — w | | wo — w | | wop — w |
SO C) I R i) BV (4.5)
| wo — w | | wop — w |
Now we set y(w) :=| angle(w — wgy, —wq) | for w € Br(w*) and term x :=
z(w) == w—wp | siny(w) and y := y(w) =] w —wp | cosy(w) for w €

K&%(wo) = {w € Bs(wo) N B | y(w) € [0, %]}, with some § € (O,%). We
have
P =lw—w*P=2+ (R—y)? =2>+ R* — 2Ry + 1°.

Combining this with | w — wq |*= 2% + y? we achieve:
| w—wp |*=7r? — R + 2Ry

and therefore by y =| w — wq | cosvy(w):

| w—wo |= —\/7’2 — R2sin’® y(w) + R cosvy(w),

Vw e Kﬁ,g (wp). Together with the fact that 8%(—\/7"2 — R2sin” y+R cosy) >
0, for any r < R and v € [0, §], we can conclude that

— < — 2 _ 2 in2 = 2 _ 7 - 4
|'LU w()’ 1/7“ RZ?sin 4+RCOS4 = \/7" 5 +\/§ ( 6)
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for any w € K; » (wp). Now we claim that there exists some constant ¢ > 0
4
and some 6 € (0, £) such that
R—r

| wo — w |

>c (4.7)

Vw e K&%(’wo) C Tr(w™). For suppose this assertion would be wrong, then

for arbitrary null-sequences {c,} and {d,} there would have to exist points
wy, € Ks, =(wp) such that

a(r) = R < R Tn <cp VneN, (4.8)
Q(rn) 2R R | wo — wy |
n 2 V2
where we set r,, :=| w, —w* | and used (4.6). On the other hand I’'Hospital’s

rule yields

/ —
lim q(r) = lim q(r) = lim 71 = 1

r/RQ(r) r/RQ'(r) r/R— - NGk

which contradicts (4.8) due to ¢, \, 0 and R > r, > R— 6, / R and
proves assertion (4.7). Now combining this with (4.5) we achieve for any
we K s (’LU()):

' a

M > ECM N —ecf)r(R) :562aR670‘R2 > 0,
| wo —w | R—r

forr /R, which implies in particular by r =| w—w* |/ R for | w—wq |\, 0:

lim inf —<I>(w0) — o)

>2¢ccaRe (4.9)
K&%(wo)aw—»wo ’ wo — W ‘

Thus there has to exist some 6 > 0 such that our assertion (4.2) holds for
any w € Ksz(wp) and for o := ecaRe " > 0. Otherwise we could

choose some null-sequence {d,,} C (0, 5) and would obtain for each n some
point w, € K(;n,%(wo) with

P (wo) — P(wn)
| wo — wp |

2
<ecaRe R

P (wo) =P (w)

—aR? - T
(wo)3w—wo ~— Tup | < ecaRe in contradiction

implying lim inf K;
to (4.9).

INE]

<&

Now using an idea of Sauvigny in [32], Hilfssatz 2, we are able to prove
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Theorem 4.1 If I' is an extreme simple closed polygon then a minimal
surface X € M(T') does not possess any boundary branch points.

Proof: We suppose the contrary, i.e. that there exists some boundary branch
point wg € OB of X € M(I"). By the definition of a boundary branch point
we infer that | X, (w) |— 0 for B 2 w — wy, i.e. for any € > 0 there exists
some 6(€) > 0 such that

| DX (w) |< € Vw € Bs(wo) N B. (4.10)

Since we have X(wg) € I' C 0K we can choose some supporting plane
E := {x € R} | (z,e¢) = ¢} that touches the convex set K in X (wyp),
where the choice of the pair e € S? and ¢ € R is uniquely determined
by the requirement that K C H< := {z € R? | (x,¢) < c}. Hence, by
trace(X |pp) =1 C 0K C H< we have then:

(X(w),e) <c¢  VweIB. (4.11)

Now we consider the function ®(-) := (X(-),e) € CY(B) N C?(B) which is
harmonic on B and satisfies therefore together with (4.11) and X (wp) € E:

max ® = max ® = ®(wp) = c. (4.12)
B oB

Now we claim that there even holds
O (w) < P(wp) =c¢ Ywe B, (4.13)

otherwise, if ® would assume its maximum in some point w* € B Hopf’s
maximum principle for harmonic functions would yield that ® = const. = ¢
on B, i.e. image(X) C E, thus in particular trace(X |sp) = I C FE,
contradicting the requirement on I' to be extreme. Hence, ® satisfies all
requirements of the above lemma which yields the existence of some constant
o > 0 such that there holds

D (wo) — P(w)

> Vwe Kg= , 4.14
L) o e Kz (a.14

for some sufficiently small chosen § > 0. Now by the mean value theorem
we know that for any w € B there is some point &{(w) € (w,wp) = {tw +
(I1—t)wo |t e (0,1)} such that

D(wp) — ®(w) = (VE({(w)), wo —w) <| VO(§(w)) [|wo —w [.  (4.15)

Furthermore we gain by (4.10) and | V@ [<| DX | that for any € > 0 there
exists some d(€) > 0 such that

| V®(w) [<e  Vw € Bs(wy) N B. (4.16)
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Now we choose some € € (0,0), set 6(e) := min{d(e), 5} > 0 and achieve by
(4.14), (4.15), (4.16) and | {(w) — wo | <] w — wp |:

- @) — B(w)

< @ K77T
T < Va(ew) [<e <o Y€ Ky (),

which is a contradiction and proves our theorem.

By the reasoning in (4.11) and (4.12) we obtain

Corollary 4.1 Let I' be an extreme simple closed polygon and let K denote
the compact convex set whose boundary contains I'. Then the image of every
minimal surface X € M(T') is contained in K.

Proof: We choose an arbitrary point ) € 0K and consider some supporting
half space H(Q) that contains K and whose boundary 0H(Q) touches the
convex set K in the point @), as in the above proof. Hence, by trace(X |sp) =
I' C 0K C H(Q) we obtain as in (4.11) and (4.12) that image(X) C H(Q).
Now the assertion of the corollary follows from the well known fact that
there holds K = (Ngeox H(Q).

<&

Together with Theorem 1 on p. 175 in [7] we can derive the following
important lemma, where we set Bs(7) := BY(7) NRY and fix some I as
above:

Lemma 4.2 Let 7 € K(f), k € {1,...,N + 3} and § > 0 be fized such
that (2.8) holds for any (w,T) € (Bs(e"™) N B) x Bs(7). Then we have the
asymptotic expansions (2.9)

Xop(w, 7) = [ o(7) (w = €™)5 + O w — €™ [73++) (4.17)

for B 3w — €™, simultanously for all T € Bs(7) N K(f), i.e. one can not
only assign the index j* € {1,2} of the leading summand of the asymptotic
expansion (4.17) to each fixred T € K(f) but even to an entire neighborhood
Bs(T) N K(f) of this critical point within K (f).

Proof: Firstly we know by Corollary 2.4 that the minimal surfaces X (-,7) =
¥(7) coincide with (1), for 7 € Bs(7) N K(f), and are therefore bounded
by the extreme polygon I'. Now it follows from Theorem 4.1 that e’ is
not a branch point of X (-, 7), for any fixed k € {1,..., N + 3}. Thus first
of all we obtain by (2.9) for any fixed 7 an index j*(7) € {1,2} for which
holds the asymptotic expansion (4.17) of X, (-, 7). Next since Corollary 4.1
guarantees that image(X (-, 7)) is contained in the convex compact set K,
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whose boundary contains I', for every 7 € Bs(7) N K(f), Theorem 1 on p.
175 in [7] shows that the smaller angle 5 € (0,7) between the edges I'y
and I'y_; of I" determines the exponents p;‘?* () of the leading terms in (4.17)
via the relation g = w(1 + p;?* (T)) simultanously for every 7. Hence, the
function 7 +— j*(7) has in fact the constant value 1 or 2 on Bs(7) N K (f).

<

This insight yields the following important

Corollary 4.2 Let 7 € K(f) and § > 0 be fized with the property that
X(-,7) has no branch points on B, i.e. (1) =0, for 7 € Bs(7) N K(f).
Then there exists some 6 € (0,0] and some constant C depending on T, T
and & only such that there holds

N+3
| (KE)" (w) |<C Z | w — e |7 Vw e B, (4.18)
k=1

for any T € K(f) N Bs(7T).

Proof: We suppose the assertion of the lemma were wrong. Then there
would have to exist some k € {1,..., N + 3} and some sequences {7} C
K(f) converging to 7 and {w"} C B such that

N+3 ' .
KEw", ") ( Z | w™ — ek |72 ) — 00  for m—oo. (4.19)
k=1

Now we substract some convergent subsequence w™ — w € B, rename it
{w"} again and shall distinguish between two cases:

Case I) w # €™, for k = 1,...,N + 3, or Case II) @ = ¢, for some
ke {1,...,N + 3}. In the first case we obtain easily by (2.12), (2.37) and
the assumption that any minimal surface X (-, 7) is supposed to be free of
branch points on B for any 7 € Bs(7) N K (f):

KE(w"™, ") KE(w,7)
—

Sl | wn = e [Tre ST @ — i |2t

for n — oo,

in contradiction to (4.19). Now we consider the second case. We can choose
some & € (0, 4] that small such that there holds (2.6) for any w € B;(e"™)NB
and any 7 € B;(7). By a lengthy but easy computation one obtains by (2.6),
the derived representation of X, (-,7) and (2.34):

| (€(w, 7), Xww(w, 7)) | _ O (w,7) | w— e [T

[ Xl )7 phw,7) 4+ S0y (0, 7) (10 — i) 3
(4.20)
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for some continuous bounded function b* on Bs(e'™) x Bs(7) and € := & > 0
(see (2.39)), where we made decisive use of Lemma 4.2 guaranteeing the
local constancy of the assignment 7 +— j*(7). Moreover we may simplify our
hypothesis (4.19) by w™ — €™ « ¢/ into the form

KEW", ™) | w" — % 27— oo for n — oo.

Together with identity (2.37), (4.20) and the boundedness of b* we arrive at

Pi
f(w™, 7" + Z £ @™, 7 (w" — e”l?)p?_p?* — 0  for n— oo,

=i+l

Now taking into account that w™ — e’ «— €' and the continuity of the
functions ff on Bj(e'™ ) x B;(T) we arrive at fjk* (w", ™) - 0= fJ’i (eTr, 7) =
fJ]-‘;,O(T'). But this contradicts the fact that f]k*70(7_') # 0 by the definition of
j* (see below (2.8)) and thus proves the assertion of the lemma.

Moreover there holds for an arbitrary simple closed polygon I:

Lemma 4.3 Let X(-,7) € M(T) be a minimal surface whose boundary
values are mot monotonic on some arc (e”k,e”’“rl) C S, for some k =
1,...,N 4+ 3. Then there exists some angle 0 € (T, Tk+1) for which e? is a
boundary branch point of X (-, ).

Proof: We abbreviate X := X(-,7). Since point (vi) of Theorem 2.1
guarantees that the derivatives D, ,)X can be continued continuously onto
B\ {€"*}p=1,. n+3 the conformality relations of X still hold especially on
the open arc ('™, ei™+1) C S!. Now as the boundary values X |sp are
required to be not monotonic on (€™, ¢/™+1) there has to exist some angle
0 € (g, Ti+1) with %X(ew) |p0—o= 0, and thus we achieve as in the proof
of Corollary 2.3 that ¢’ is a boundary branch point of X.

<

Corollary 4.3 Any minimal surface X € M(I')\ M(T') possesses a bound-
ary branch point.

Proof: Firstly we know by Lemma 2.1 that for any fixed minimal surface
X € M(D) there exists some 7 € T with X = X(-,7) (even 7 € K(f) by
Theorem 2.1, (v)). X is required not to be contained in C*(I"), which implies
by X € U(r)NH"2(B,R3) that X is required not to have weakly monotonic
boundary values. Now noting that we have especially X (e!™) = P;, for
7 =1,...,N + 3, this shows that the requirement of the above lemma is
satisfied, which yields our assertion immediately.
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Now combining Lemma 4.3 with the ideas of the proof of Theorem 4.1
we can also derive for extreme simple closed polygons I':

Corollary 4.4 Let I' be some extreme simple closed polygon. If a minimal
surface X € M(T) satisfies 2k(X) = 1 then it is already free of branch
points on B.

Proof: By the requirement 2x(X) = 1 the surface X can have at most
one boundary branch point wy € 9B, i.e. which satisfies (4.10). Now by
X € M(T) we have X(wp) € T; := {P; +t(Pjy1 — P;) | t € R} for
some j € {1,...,N + 3}. Hence, we can choose some supporting plane
E:={z € R?| (x,¢) = c} of the convex set K which touches K in the point
X (wp) and contains the line I'j, where again the choice of the pair e € S? and
¢ € R is uniquely determined by the requirement that K is contained in the
half space H< := {x € R | {z,¢) < c}. Moreover we know by Lemma 2.1
that there exists some 7 € T such that X = X (-,7) € U(7), which implies
firstly that trace(X (e'") lir;;701)) C I'j C E. Moreover since X = X(-,7)
does not possess any further branch points we can infer from Lemma 4.3 that
X (%) €T for any ¢ € [0,27]\ (75, 7j+1). Otherwise there would have to be
some intervall [, 7g41], for some k # j, such that trace(X(e'") |ir, .7.,1)) &
[Py, Pi11] on account of the boundary conditions imposed on surfaces in the
class U (7). Now recalling especially the required continuity of the boundary
values X |pp and X (ei") = Py, for [ = 1,..., N + 3, this would imply in
particular that X |sp is not monotonic on the respective arc (e, e/™+1) C
S! and thus the existence of a further boundary branch point on (e, e+1)
due to Lemma 4.3. Hence, together with I' C 0K C H< we infer that
trace(X |pp) C I'UT'; C H<. Thus we achieve as in the proof of Theorem
4.1 that
O(w) = (X(w),e)<c¢ VYwedB

and together with the harmonicity of ® on B and X (wg) € E:

max ® = max ® = ®(wp) = c.
B 0B
Moreover we state that ® inherits its continuity on B from X € M(T).
Next we note that in our situation the trace of X |gp still contains I'. Thus
as in the proof of Theorem 4.1 Hopf’s maximum principle applied to ®
yields that ® cannot attain its maximum in some point of B, as otherwise
we would obtain ® = ¢ on B, implying especially I' C trace(X |9p) C F
in contradiction to the required extremeness of I'. Hence, having achieved
inequality (4.13) again we can apply Lemma 4.1 to ® in order to derive a
contradiction to (4.10) resp. (4.16), thus to exclude the assumed existence
of the boundary branch point wgy of X exactly as in the ending of the proof
of Theorem 4.1, which proves our assertion.



Chapter 5

Mollified Green functions on
B

As in [9] we consider the bounded, positive definite bilinear form

a(¢p,v) == /BV(;S -V dw (5.1)

on HY2(B) x H“2(B). Moreover for fixed p > 0 and y € B the map
¢ — mep(y) ¢dw is a linear functional on H'?(B). Hence, from

the Lax-Milgram theorem we can infer the unique existence of a function
G*(-,y) € HY?(B) such that there holds

1
a(G*(-,y), @) = B, ] Jo, ¢ dw, (5-2)

for any ¢ € H'2(B). As in [9], p. 5, one can easily show that G” > 0 a.e.
on B.

Definition 5.1 Let Q C B be some domain and f some L*-measurable
function on Q. Then the weak LP(Q)-norm of f, for p > 1, is defined as

1
I £ lggoyi=sup t£2({w € 2 | fw) [> 1))
One can easily prove the following estimate due to Stampacchia:
P\ .
| F o= (B)7 L2075 1| £ g (5.3)

Ve e (0,p—1). Now similarily as in [9] we prove

Proposition 5.1 Let y € B be some arbitrarily fived point. Then there
holds for GP .= GP(-,y) and any p € [1,00):

| G* || Lr(B)< const.(p) Vp>0. (5.4)

26
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Proof: We fix some p > 0 and abbreviate B(t) := {w € B | G’(w) > t}.
Firstly we consider the function

vi(s) = 0 : 0<s<t
R B e R P 7

for some fixed ¢ > 0 and test (5.2) with the composition ¢ := v 0 G €
H12(B), which yields:

VG |2 1 .
dw=a(G*,¢) = ———— noGPdw <t . (5.5
/B(t) ( Gr ) ( ) ‘ B,(y) | B,(y) ' (5:5)

Next we consider the function

(5) = 0 : 0<s<t
Yers) = log ¥ : s>t

for some fixed ¢ > 0 and apply the continuity of the embedding H?(B) —
L%(B), for any ¢ > 1, and the Poincaré inequality to the composition ¢ :=
yr o GP € H?(B) in combination with estimate (5.5):

w<%

f— Y

VGP |\2
2 < C / Vo |* dw=C / | d
1o 2aBan= Ca) B) | Vo (a) B(t) < Gr )

Vvt > 0. Thus due to % > 2 on B(2t) we can estimate for any ¢ > 2:

(log 2) | B(2t) |§: (/B(2t)(log 2)1 dw)3 < </B(2t) (log ?)qdwﬁ
Cg)

(

=1 ¢ |1 ZaBary < o7

V¢ > 0. Hence, setting o := 2t we achieved o | B(0) |§< const.(q), Vo >0,
thus
| G* HL%(B)< const.(q), (5.6)

V¢ > 2. Hence, together with estimate (5.3) we achieve the assertion of the
proposition by setting p :=  — € for some fixed € > 0.

Next we prove as in [9]:

Proposition 5.2 Let y € B be some arbitrarily fived point. Then there
holds for GP .= GP(-,y) and any s € (1,2):

| G* || 1.5 ()< comst.(s) Vp > 0. (5.7)
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Proof: Firstly we consider the function

0 : s<0
fa(s)::{1—(1—1—8)0‘1 : s> 0,

for some fixed a € (0,1) and test (5.2) with the composition ¢ := f, o G,
for some chosen p > 0, which yields

VG 2 (1+GP)* 2dw= | VG’ L V¢ dw
!
B B 1—04

1
= ¢ dw
(1—a) [ Bo(y) | JB,(y)
1 1
< 1-(14+G"*tdw < , 5.8
T 1B,W) | Jn, ' T a (5:8)

Vp > 0. Now we choose some s € (1,2) arbitrarily and set r := 2 > 1,
q == 5%, such that %4—% =1, and a := =225 € (0,1). Combining (5.8)
with Holder’s and Minkowski’s inequality and with Prop. 5.1 applied to
pi= % > 2 we achieve:

1967 [5m)= [ 1VG? I (14 G730 (1.4 G736 du

< (/ | VGP |? (1+G”)a*2dw)% (/(1+G”)(2_°‘)523s dw) B

B B
<a-a i [arerFa) T < () BT e )
)) = const.(s),

s

2—8\"5/ 2-s 2
< < ) (7r 2+ const.(2

- S — 8

Vp > 0, where we used that 2 —a = % and 1 —a = % Hence, together
with a suitable Poincaré inequality (see [1], p. 224) we obtain the assertion
of the proposition.

<

Now let {p;} be some null-sequence and s; 2. On account of Prop. 5.2
we can successively extract weakly convergent subsequences of {GPi(-,y)}
in H Lsk(B) for each k € N. Choosing a diagonal sequence we consequently
obtain some subsequence {G" (-, y)} of {Gi(-,y)} which satisfies

GPir(-,y) = G(-,y)  weakly in H'*(B), (5.9)

for some function G(-,y) € H(B) and any s € (1,2). Now together with
Sobolev’s and Rellich’s embedding theorems we conclude from this that

GPe(-y) — G(-y)  in LP(B), (5.10)
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for any p € [1,00). Thus by the lower semicontinuity of || - ||z»(p) and (5.4)
we have:

I G(-y) lr3)< lim inf | G (-, y) llp(p)< const.(p)  Vy € B,

(5.11)
Vp € (1,00), and by the weak lower semicontinuity of || - [|g1,s(p) and (5.7):

| GC-,9) s 3)< liﬁg}f | G, (-, y) [|grs (g < const.(s) Yy € B,

(5.12)
Vs € (1,2). Next using (5.2) we derive a Cacciopoli type inequality for
G := GP(-,y), for any fixed y € B:

Proposition 5.3 For any R > 0 there holds:

1
/ | VG? | dw < const. — | G* | dw, (5.13)
B\Br(y) B2 Jrg(y)

Vp e (0, %}, where we set Tr(y) :== Br(y) \ B% (y).

Proof: We test (5.2) with n2G”, where we require n € C2°(R?\ Bz (y)) with
_ 2
n=1on B\ Bgr(y), | Vi |< % on Tr(y) and 0 < 1 < 1 on R2. Then we
infer due to n = 0 on Br(y) together with Cauchy-Schwarz’ inequality, for
p< % 2

>~ 5

/ | VG* |2 n? dw
B\Bg (y)

1
=2 / VG -V nGPdw + ——— "GP dw
B\Bp (y)

| Bo(y) | JB,(y)

1 2?2
</ | VG | n*dw+ “— | G |* dw.
2 )B\Bg ) R )

Hence, together with n =1 on B\ Br(y) and 0 < n < 1 absorbing yields:

/ | VG [? dw g/ | VG [? n? dw
B\Bgr(v) B\Bg )

4C? R
<A e vesi
R Tr(y) 2

Next we prove for G* := G(-,y), for any fixed y € B:



Finiteness of the set of solutions of Plateau’s problem 30

Proposition 5.4 For an arbitrary R € (0, I—lel) there hold the estimates

GP(w) < C(Q)R™1  Yw € Tr(y), (5.14)

Vp<% and ¥ q > 2,

/ |VGP P dw < Clg) RS, (5.15)
B\BR(y)

Vp < £ andVq> 2. Moreover we derive G(-,y) € H'"?(B\ Bg(y)) with

/ VWG y) |? dw < Clq) R, (5.16)
B\Br(y)

1—
Vq > 2 and for any R € (0, Tyl)

Proof: We fix some arbitrary R € ( ,1_T‘y|), w € Tr(y) and p < % and

note that B§(w) CC B\ B,(y). Due to a(G?,¢) =0 V¢ € CX(B\ B,(y))

by (5.2) we may apply a Moser-Harnack type inequality to G > 0 on
Q2 := B\ B,(y) (see Lemma 1.2 in [9]) yielding:

1
G?(w))* < sup (G")* < C(a) 55—
(@7 (" OO BT Sy

=C(@) R | G |25 4 (w)) -
Es

| GP | dw

Now we fix some ¢ > 2 arbitrarily and set o := 4 — € for € :=  — % > 0 such
that & = 4 + 1 > 1 and estimate by (5.3) and (5.6):

< const.(q) R~

for we have —2—1—2% =2 (ﬁ — 1) =2 (— ﬁ) = —%a. Hence, we achieved

(5.14) for any w € Tr(y) and ¥V ¢ > 2. Now we combine this with Cacciopoli’s
inequality (5.13) and obtain

/ | VGr P2 dwgc;/ |G 2 dwgﬂg)RQR*?:C(q)R*%,
B\Br(y) R Jrn(y) R

Vp < £ and V¢ > 2, hence we achieved (5.15). Together with (5.4) we have

_8
H G” HHL?(B\BR(y))S ConSt-@) + C(Q) R q,
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which in combination with (5.9) implies the existence of a null sequence {p;}
such that

Gri —~ G(-,y) n HI’Q(B\BR(Z/))v

and therefore estimate (5.16), Vg > 2 and VR € (0, 1—T|y\)’ on account of the
weak lower semicontinuity of the Dirichlet integral.



Chapter 6

The_classical Green function
on B

In the sequel we will show that G(-,y) coincides with the function

1 |1 —wy |
Gy = L tog (L= ]) .
e (6.)
which we shall consider on (B x B)\ A with A := {(w,y) € Bx B |w =y}
and will turn out to be the classical symmetric Green function w. r. to the
domain B. We note that 25 =: ky(y) is a conformal automorphism of

the disc B. We firstly need

Proposition 6.1 G(w,y) is symmetric in y and w on (B x B)\ A and we
derive for any fized w* € B and y* € B\ {w*}

8y5G(w JY') = 8w3G(y ,wh), (6.2)
Vs = (s1,82) €{0,1,2}2, with | s |:= s1 + s2 < 2, where
~ 1 1 w
9yG(w,y) = E<w—y - 1—1Dy)7 (6.3)
- 1 1 w?
= — — 4
Dy Glw,y) 4 ((w —y)?2 (1- 71)3/)2) (6-4)

Vye B\ {w} and for any fived w € B. Moreover for any w € B there holds
G(w,-) € LP(B), Vp € [1,00), and we have G(w, -) = 0 on OB for any
w € B. Furthermore we derive the estimates

~ 1 1
‘ vyG(way) |< —

S — 6.5
Ty —w| (6:5)

Vy e B\ {w} and any fived w € B, thus G(w, -) € HY(B), Vs < 2, with
| V,G(w, -) | 2s(By< const.(s) Vwe B, (6.6)

32
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and also 3
| VwG(w, -) |lrs()< const.(s) Vw € B, (6.7)

and

- ~ 2 1
2
| DyG(w,y) |< 4 | 0yyG(w,y) [< p ma

Vy € B\ {w} and any fized w € B. Moreover there holds
~ 1 1
NyG(w,y) = —— det Dyky(y) A(log —) o ky(y) =0 (6.9)
2 | -]
Vy € B\ {w} and any w € B, and

~ 1 |wf*-1

0,G(w,y) Vy € 0B. (6.10)

" aly-wP

Proof: The symmetry of G(-, -) on (B x B)\ A can be easily verified, which
implies

[ G(w*, y* + ee;) — G(w*, y*)
1 é(y*+€ei7w*) _G(y*vw*) _ 0 =~ EE
_lg% € _awiG(y,w)

for any fixed w* € B, y* € B\ {w*} and i = 1,2. Similarily one can
derive this symmetry for the derivatives of G(w,y) of second order. Next
G(w, ) € LP(B),Vp € [1,00), is an easy consequence of the transformation

theorem on account of G(w,y) = » (log ﬁ) o ku(y), where ry(y) = 25

is a conformal automorphism of the disc B, with
A Jw)? (- Jw?)?
oy —1* 24

det Dy (y) =| Oyriw(y) | (6.11)

Vy € B and Vw € B, and therefore
A 1 1 \»
G(w,y)’ dy = / log —— | o kyw(y)dy
/B (w,9) (2m)P B( g") )
24 1 \»
<G Jy (o7 y) o me) de Dy

e (e )

16 (2m)t—? ! 1\P
=\ log =
(1_’w’2)2/0r<ogr> dr < oo

Vp>1and Vw € B. Furthermore we have for y € 0B:

|wy —1|=|y||1-yw|=|y—yyw|=ly—w], (6.12)
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hence, indeed G(w, -) = 0 on B, Yw € B. Next we compute:

[1—wy > 1-wyl—-wy 1+ |wy|?> —wy—wy
ly—w y-—w g-—w |yP+|wl]? -y —wy’

and therefore

8(\1—wy|>_1\y—w!.|y—w\2 @lw P —w)—|1-wy|* (§ - w)
Ny—wl/ 21—y [y —w

Furthermore one easily computes that
ly—wl?* (g |w? —o)~ |1 -y |* (- 0)
=y —w) (L —gw) |w > =1+ gw).

Hence, we arrive at

|1—u?y\>_ Lly—w* g=w) (1 —gw) [w ] —1+Fw)

810g( =c -
Y ly—w | 2[1—wy|? ly—w[*

2y —w)(1—wy) 2

Thus we achieve indeed for y € B\ {w} and w € B:

1 Jwl]?-1 1< 1 w ) (6.13)

w—y_l—yﬂ)

A ~ 1 1 W
| 9,Gtwy) =2 0,Glw,y) 1< 55 b2l

m\w—y| [1-yw]
S Lllkfwl 11 |
mly—wl| mly—w]|

where we used | w |[< 1 and [ w—y [<| 1 —yw | due to | ky(y) [< 1
Vy € B\ {w}. Hence, we gain immediately Vw € B:

A 1 1 2
/ | VyGlw,y) [* dy < / —dy < 2#13/ r=sdr
B ™ Jply—w|’ 0

3—s
1—s 2
2—s’

=T

ie. (6.6) and G(w, -) € HY(B), for s < 2. Moreover also using (6.2) we
achieve for any fixed w € B:
~ B ~ B 1 1
[ 19uGtw) = [ 19,600 ¢ dy< [ty
B B ™ Jplw—y|
B 2373

<7'r1
- 2—5s’

thus (6.7). Furthermore we compute by (6.13):

~ 1 1 (w)?
OyyG(w,y) = E<(w )2 — = ylb)2>'
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Hence, again using | w |[< 1 and |y —w |[<| 1 —yw | Vy € B\ {w} we arrive
at the second asserted inequality in (6.8):

1

| nGlwy) 1< -

1 yw|2> 1 1
w—y? |y-wl?/) " 2rly—wl|?

Vy € B\ {w}. Moreover as k,, satisfies Cauchy-Riemann’s equations on B
one easily computes that the Beltrami-Laplace operator A, w. r. to the
transformation x,, reduces to m A and we obtain indeed:

- 1 1
AyG(wy y) = % det Dy/‘?w (y) Aﬁw <log ﬁ % "iw(y))

- %det Dyru(y) 2 log |1|) oku(y) =0  Vye B\ {w)

Hence, we gain for the eigenvalues Al (y) and A2 (y) of DZé(w,y) that
AL (y) = —)2 (y), which implies that
det DyG(w,y) = A (A5 (y) = —A,(y)* <0 Vye B\{w}. (6.14)
Furthermore denoting y = y; + ty2 we have
4ayyé(wa@/) = (8y, —i0y,) 0 (9y, — iayQ)é(wv y)
= (Oyrys = Oyayn — 120y, ) G(w, ),
which yields
16 | ayyé(w,y) |2
= ((0y12 G)* = 20y1yy, G By G + (Qyzysz +4 (aylyzG)f)(w’ Y)
hence, together with (6.14) | Dgé(w,y) |<48,Gw,y)| Yye B\ {w},

which is the first asserted inequality in (6.8). Finally we shall derive formula
(6.10) for y € OB. To this end we recall by (6.3):

0,G(w,y) = (V,G(w,y),y) = 2R(0,G(w,y) y)

:;rge(wgiy_ 15"2@). (6.15)

Moreover we have for y € 0B:

wy o wyy W

l—yw g—gyw G—w
Thus using %(%) = —%(wL_y) we can conclude:

Rl o) =R ) = (G )
w— 2 w |2 —wy w|? -
=R ) = e
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Vy € 0B, where we used R(yw) = R(wy). Thus together with (6.15) we
achieve the asserted formula (6.10).

<&

In the sequel we will examine and use the Newtonian or Green’s potential
G@)w) = [ Glwyel)dy  for we B,
B

which is well defined for any ¢ € L"(B), with r > 1, on account of Gw,-) e
LP(B),Vp € [1,0), Vw € B, and G(w, -) =0 on B, Yw € 0B, by the
above proposition. Moreover we introduce the notation

C3(B) == {p € C*(B) N C°(B) | ¢ |on= 0}. (6.16)

Combining some of the above results with the residue calculus, p. 382
and p. 397 in [30], we derive now

Corollary 6.1 For any w € B we have G(w, -) € C®°(B\ B,(w)), Vr <
1— | w |. Furthermore there holds

d,G(w,y)dsy = —1 = / 0,G(w,y) dsy, (6.17)

B 9B, (w)

and for any ¢ € H*?(B) N CZ(B) and any w € B:
—plw) = [ Gluws) ply) dy = () (w). (6.18)

Proof: For any fixed w € B there holds ||1u7_w;;|\ € (0,00), for any y €

B\ B,(w) and r € (0,1— | w |), implying that G(w, -) € C®(B\ B,(w)).
Furthermore we gain by (6.10) Vw = (w1, ws) € B:

N 2 -1 2w 1
&,G(w,y) dSy - ’ = ‘ / 2 i 2 dt.
OB 27 0 |cost—wy|?+|sint —ws |
(6.19)
As in [30], p. 397, we associate to R(y1,y2) := |y1_w1|2i|y2—w2|2 the mero-

morphic function

R =R (547, 5 - 7))

(%(Z% + z_%) — w1 Z%)2 + (%(zz - Z_%) —wp22)?

in order to use that

/27r ! dt =27 Z res,(R). (6.20)
0

| cost —wi |2 + | sint —wy |2 =
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Now a simple computation yields for w € B\ {0} that w and 1 are the only
zeroes of R~! in C. Furthermore one can easily compute that

. (RY)(2)=1-2w+ |w? VzeC\{ol,

thus 8Z(~R_1)(w) = 1— | w |?# 0. Hence, we conclude that w is a simple

pole of R and
. 1 1

reselR) = S @) 1= Tw P
by [30], p. 382. Combining this with (6.19) and (6.20) we achieve indeed
the first equation in (6.17) for w € B\ {0}. Finally for w = 0 one derives
this identity immediately from (6.10). Now let w € B be arbitrarily fixed.
Applying the divergence theorem to V,G(w, -) € C*°(B \ B,(w)) on the
domain B\ B,(w) and using (6.9) we obtain:

3,,C~¥(w,y) dsy — / al,é(w, y) dsy = /B Ayé(w,y) dy =0,

OB 9B, (w) \Br(w)

i.e. the second equation in (6.17). Furthermore applying Green’s second
identity to G(w, -) and o € CZ(B) N H?>?(B) on the domain B\ B,(w) we
see again due to (6.9), G(w, -) =0 on B, p = 0 on B and since we have
O, € L*(0B) by the trace theorem for Sobolev functions on p. 249 in [1]:

/ Gluw.y) Loly)dy  (6.21)
B\By(w)

:/ @amwww@ﬁ/‘ G(w, 1) up(y) dsy.
OBy (w) OB, (w)

We note that for y € 9B, (w) there holds:

r |y —w | r
- < = < . 6.22
7 <l rulo) 1= T < (6.22)

Hence, we obtain for r < 1— | w |:
~ 2
| / G(w,y) 0yp(y)dsy |< rlog— max | Ve |— 0, (6.23)
dBy(w) T 9By (w)

for 7 \, 0, due to ¢ € C?(B). Furthermore using (6.5), (6.17) and that
oscm(cp) — 0, for r \, 0, one achieves
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! 9,G(w,y) p(y) dsy + p(w) |
9B (w)

=| 0,G(w,y) (p(y) — o(w)) dsy |
9B, (w)

< / |V, Clw,y) || y) — p(w) | ds,
8B, (w)

</ 1 1 d ( )
< - ds, 0S¢5~
0B w) Tly—wl| "’ Br(w)\Y

1 2 1
- 77/0 r Lo OSCW(SO) =2 Osm(@) —0 for r N\, 0.

Combining this with (6.21), (6.23) and Ap, G(w, -) € L?*(B) we gain (6.18)
in the limit for r X\, 0.

Now we are able to prove

Proposition 6.2 The weak limit G(-,y) in (5.9) coincides with the classi-
cal Green function G(-,y) in (6.1) on B, for any y € B.

Proof: We fix some y € B arbitrarily. From (5.2) and (5.9) we derive the
existence of some null sequence {p;} such that there holds V¢ € C°(B):

fB VuwGPi(w,y) - Veo(w) dw = m prj W) o(w) dw
! ! X

Jp VuG(w,y) - Vo(w) dw = o(y),
for j — oo, thus especially

/B VuGw,y) Vo(w)dw =0 VypeCX(B\Br(y),  (6.24)

for any fixed R € (0, 2 ) As we already know G(-,y) € HY2(B\ Bgr(y)),
for R € (0, ‘y|) by (5.16) we can reformulate (6.24) as

AG(-,y) =0 weakly on B\ Br(y). (6.25)

Since we also know that G(-,y) = 0 on 0B by (5.9) we achieve from the
L2-theory, Theorem 8.13 in [8], that G(-,y) € C’OO(B \ B:(y)), Vr e
(R,1— | y |). Furthermore since we have G(-,y) € H“5(B), Vs € (1,2), by
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(5.9) we may apply the divergence theorem to G( -, y)V for any ¢ € C°(B)
which yields due to *:

o) = [ VuGlw.) - Vewydw =~ [ Gluy) dpw)du.  (626)
Now by the symmetry of G(-, -) in y and w on (B x B) \ A we derive from
(6.18):

pw) = - /B Gy, w) Dp(y) dy,

for any fixed w € B. Hence, exchanging the names of w and y in the above
formula we conclude that there holds for any fixed y € B:

oly) = — /B G(w, y) D) duw.

Hence, subtracting this from (6.26) we achieve:

0= / (é(w,y) — G(w,y)) Ap(w) dw, (6.27)
B

Vo € C®(B). By (5.10) and G(-,y) € LP(B), Vp € [1,00), due to Prop.
6.1 and especially the symmetry of é( -, +) in y and w we conclude that
G(-,y) — G(-,y) € LP(B) for any p € [1,00). Hence, (6.27) implies by
Weyl’s lemma that G(-,y) — G(-,y) is harmonic on B and especially of
class C°(B). Now together with G(-,y) — G(-,y) € C®°(B\ B,(y)), Vr €
(R,1— | y |), we see that G(-,y) — G(-,y) € C®°(B). Therefore we may
apply the maximum principle for harmonic functions to G(-,y) — G(-,¥)
yielding indeed:

mgX!@(wy)—G(wy) [=max [ G(+,y) = G(+,y) [=0,

where we used that G(-,y) =0= G(-,y) on dB by (5.9) and Prop. 6.1.
o

Hence, we may write G for G in the sequel. Now we shall combine some
results of Prop. 6.1 with standard methods of [8], Lemma 4.1, 4.2, for the
investigation of the Newtonian potential in order to prove

Theorem 6.1 For any ¢ € CS(B)OH CY%(B), for some a € (0,1), (see
(6.16)) there holds G(¢) € C*(B)N HY"(B), Vr € [1,00), with

0w = [ TGt md (629

9 0
Fu, o, 0 P W) = /B Fns s C0o0) (00) — (W) dy  (6:29)

+o(w) G(w,y)vjds,

OB ow;
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Vw € B and i,j € {1,2}, where v denotes the outward unit normal about
0B. This yields especially

AG(p) =—p on B. (6.30)

Proof: Firstly we see that the three integrals in (6.28) and (6.29) exist due
to the estimates (6.5) and (6.8) together with the mean value theorem and
¢ € C%(B), a € (0,1). Now as in Lemma 4.1 in [8] we choose some
function n € C*(R) with 0 < n < 1, n(¢t) =0 for ¢t < 1 and 7n(t) = 1 for
t>2,0<n <2 |n"|< const., construct the symmetric cut-off functions

Ne(w,y) := n(lwzyl), for € > 0 and (w,y) € B x B, and introduce the family

a@mmzéewmm@wﬂw@

for w € B and € > 0. We see immediately that {G(¢).} € C'(B) and that
G(p)e —Glp)  in CUB), (6.31)

for € \, 0 and any domain B’ CC B, by ¢ € L*°(B), (5.11) and Lebesgue’s
convergence theorem, thus especially G(¢) € C°(B). Now we fix some w € B
arbitrarily and obtain for 2¢ < 1— | w | and some ¢ € {1, 2}:

| [ -Gl ey - 5-0(o)w) | (632)

| O (1 = ne(w,9)) Glw, 1)) o(v) dy

Bae(w) awz
Dol ([ 1 peGm i+ [ Guy)dy)
| P L= (B) Boe () ow; Y Y € J1p. (w) Yy)ay ),

where we set The(w) := Ba(w) \ Be(w). For the first integral we obtain
immediately by (6.5):

0 1 1
Glw,y) | dy < / 1y
/st(W) | dw; ( ) | T J Bac(w) ’ w—y |

2e 1
=2 / —rdr=4e — 0, (6.33)
o T

for € \, 0, uniformly for any w € B’ CC B. In order to estimate the second
integral we derive as in (6.22) for y € Ta(w):

_|y—w| 2¢

= <l ruly) |

2 oy —1] " 1—-|w|
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Hence, together with (6.11) we can compute by the transformation theorem,
for 2e < 1—|w |:

2
- / G(w,y)dy
€ Toc(w)
16

1
T e g (98 77) el Dt
16 / 1
S N log — dz
0= Tw PPre Sty T2

< 16 / log L d
—_ —dz
(I=lwP)?re)s . o\Be@ |21

T—|wl 2

N

16 [ 2
— | B 2 Be log —
< (1—|w?)%7e | =i (0)\ B¢(0) | log .
64 € 2
log — 0 0
SO TwpPra— e %% 0 foreno

uniformly for any w € B’ cC B. Hence, we achieve together with (6.32)
and (6.33) that

n C°(B' 34

for any domain B’ CC B. Thus together with (6.31) we finally achieve
G(p)e — Glp)  in Cio(B), (6.35)

for € \, 0, and therefore in particular G(¢) € C'(B) and the first equation
in (6.28) by (6.34), Yw € B. Furthermore we have G(¢) = 0 on 9B due to
G(-,y) =0 on 9B, for any y € B, by Prop. 6.1 and 6.2. Now combining
the symmetry of G(-, -) on (B x B) \A with (5.11), for p = 2, and Holder’s
inequality we obtain for any 1 € [1,00)

/Ig( |7“dw—/ /Gwy y)dy " dw
/ /\Gwy dy /\w \Qdy )dw

< const.(2)" 7 || ¢ [[2(p)< o0,

which shows firstly that G(p) € L"(B), for any r € [1,00). Next applying
(6.28), Holder’s inequality and (6.7) we compute for any r € [1,00):

/|Vg \wa—/ /V G(w,y) p(y)dy |" dw
/ /VGwy2dy /\«P ) 1P dy) )dw

< const. <2> T || @ I35y < o0
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Thus together with G(¢) € C'(B) we conclude that G(y) is of class H""(B),
Vr € [1,00), and in particular of class C°(B). Hence, taking also G(p) = 0
on dB into account we finally infer that G(¢) € HY"(B), Vr € [1,00). Now
making use of the estimates (6.5) and (6.8) and the formula (6.28) for the
first derivatives of G(p) we shall follow the lines of the proof of Lemma 4.2
in [8] in order to prove that G(p) € C?(B) together with the formula in
(6.29) for its second derivatives. To this end we define

82

0
 Gwdw; G(w,y) vjdsy,

ap Ow;

u(w) == G(w,y) (p(y) — p(w)) dy + p(w)

for some arbitrarily chosen i, € {1,2} and

ulw) = 5 0P)w) = [ S (Glw ) nw,) o) d

for 2¢ < 1— | w |. We note that v. € C*(B) and derive by the symmetry of
G(w,y) ne(w,y) in y and w on (B x B) \ A as in (6.2):

S G ) ' 0) = (GOl ) (636)

for any fixed w* € B and y* € B\ {w*} and any s = (s1,s2) € {0,1,2}?
with | s |:= s1 + s2 < 2, and therefore together with the divergence theorem
applied to %(G( Sw)ne( -, w)) € C®(B):

9wy = [ 2
ow; ¢ N B Ow;jo0w;
82

= G , W) Ne\Y, W d
Bayjayi( (y, w) ne(y, w)) (y) dy

82
~ JB Oy;0y;

(G(w,y) ne(w, ) p(y) dy

(G(y, w) ne(y, w)) (p(y) — p(w)) dy
52

B 0Y;0y;

(G(y, w) ne(y, w)) (p(y) — p(w)) dy

0
0B ow;

+p(w) (G(y, w) ne(y,w)) dy
82

~ Jp oy;0u

+o(w) G(w,y) vjdsy,
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for 2¢ < 1— | w |, where we used (6.2) and n¢(-,w) =1 on B\ Ba(w) in
the last line. Now by this property of n. we compute:

) = o) =1 [ 5 (G00) (= ) (500) = ()
- ()((;z](aa Gy w) (1~ ey, w)))

Gl ) ) = Glow) 50 0)) (900) = ) |
U9 limionon [ (15 (5,000 0= ) |

1 o Gln) o) |+ Gl | 50 |) [y = | dy

Ay,
=:|| Vo |lpoo(Bae(w)) (I(€) + 1I(€) + I1(€)), (6.37)

for 2¢ < 1— | w |, where we used ¢ € C%(B). Firstly we can estimate:

e S/ ottt o) vy wldy
() Bze(w)<€27fly—w! 27T|y—w‘2>‘ |
262
:/‘T+hﬁ=66 (6.38)
0 €

Next we estimate:

21 1 2 [
I1(e) S/ ———— |ly—w| dy= / rdr = 4e, (6.39)
Bze(w)6277|y_w| €Jo

for 2¢ < 1— | w |. Finally we shall examine the most challenging term III(e).
To this end we compute:

8n@u0=#Uy_w51%_wi
Ay e Jely—wl

0 _ on(ly—wi\ 1 (y; — wj)(yi — wi)
8yj8yin€(y’w) — ( € );2 ly —w |?

——y
) ly—w|
b

sy —wN1l Yy w6y — (v —
(). >
€ € |y —w|

thus

2
0 ) I< consg.(n) n 4 1

- w —
‘ 8:{/]83/2776(3/’ € €|y—w|,
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V(y,w) € (B x B)\ A and any i,j € {1,2}. Thus we can estimate by
Holder’s inequality and (5.11):

2 3
2

3 0
IH(e) < (/Bze(w) G(y’w)gdy> (/Bzﬁ(w) ( | fyjayine(y’l") |y —w| 2 dy
< const.(3) (27r)§ </0 ‘ ((M + 4 1) r)§ rdr

€

< const.(3) (2m)3 </02€\/§ <00n5t(n)3 rs 4 (% %r

)
= const.(3) (2@(/026\/5 C‘m;(mrh (j)%r
)

wlro

, /95
= const.(3) (27)3 (2700”575-(77)

[N

where we used the inequality
(a+b)? < V2(a2 +b2),

for any a,b > 03, which follows immediately from the convexity of the func-
tion f(x) := x2 for x > 0. Hence, inserting (6.38), (6.39) and (6.40) into
(6.37) we arrive at
0
| u(w) = 5—ve(w) |<I Ve oo (Baew)) ((€) + 1) + 1H(€)) - (6.41)
J
220 3 _9\3 1

< Vo || Lo (B (w)) (66 + 4e + const.(3) (2m)3 <7const.(n)2 + 22) 63> — 0,

for € \, 0, uniformly for any w € B’ and any subdomain B’ CC B. Therefore
we achieve by %vg = %ge(@ by definition of v. and the C. (B)-
convergence of {Gc(¢)} in (6.35) that

Ge(p) — Glg)  in Cpoe(B),
which implies G(¢) € C?(B) and moreover in combination with (6.41):

2
O Gp)w) = =

= lim —w, =1
u(w) e{% Owj v (w) 6% 8wj(9wl-

g(p)(w),

8wj Gwi

for any w € B, just as asserted in (6.29). Now combining this with (6.9)
and (6.17) we obtain Vw € B:
—G(w, Y) v; dsy

Z«p o Ow;

/ G(w,y)dsy = —p(w).
8B
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Together with the L2-regularity theory, Theorem 8.12 in [8], we can prove
the Calderon-Zygmund inequality now also for our potential G in the special
case p = 2 and equation (6.30) even for any ¢ € L?(B):

Theorem 6.2 For any ¢ € L?(B) there holds the estimate
| G(@) |r22(By< const. || ¢ |l2(B)s (6.42)

G(p) € HY2(B) N H%2(B) and also equation (6.30) in L2(B) for any ¢ €
L?*(B).

Proof: The above theorem guarantees that for any ¢ € C2°(B) there holds
G(p) € C*(B), thus VG(p)n € CYB) Vn € CX(B). Therefore we derive
from (6.30) due to the divergence theorem:

/ VG(p) - Vndw :/ endw, (6.43)
B B

Vn € CX(B), and as we also know by the above theorem that VG(p) €
L2(B) we achieve (6.43) even V1 € H%2(B) by approximation, i.e. (6.30)
weakly on B. Now using that G(p) € H'2(B) the L2-regularity theory,
Theorem 8.12 in [8], yields that G(¢) lies in H??(B), satisfying the estimate

1G(@) 12205y < const.(I G(#) lL2(m) + | @ llL2(m)) < const. || ¢ [|12(s), (6.44)

where we also used the continuity of G : L?(B) — L°(B) which can
be derived from estimate (5.11) together with the symmetry of G(-, -) =
G( I ):

| G(p)(w) [<]| G(w, ) 2wl ¢ l2m) < const.(2) | ¢ llL2m),  (6:45)

Yw € B. Now let some ¢ € L?*(B) be given arbitrarily. Then we choose
some sequence {¢;} C C2°(B) satisfying ¢; — ¢ in L*(B). Thus by (6.45)
we also know that

G(pj) — Glp)  in L*(B) (6.46)

and by (6.44) that || G(p;) [[g22(p)< const., implying the existence of a
subsequence {y;, } which satisfies

G(p;) = G(y)  weakly in H*?*(B).

Hence by the weak lower semicontinuity of the norm || - ||f22(p) we obtain
together with (6.44) indeed:

1 G(9) ll225) < Timint || Glsps,) llmay < const. lmninf || 3, Il z2(s5

= const. || ¢ || 12(p),
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for any ¢ € L?(B). Now using this estimate and the linearity of our potential
G we obtain:

1 G(vj) = G(@) lm22B)=Il G(¥j — ©) la22(m) < const. || wj — ¢ |l2(3y— 0.

Now together with the closedness of FII’Q(B)OQ H?*2(B) in H*?*(B) w. 1. to
the H%>?(B)—norm we achieve that G(¢) € H“?(B) N H*?(B) and also the
equation (6.30) in L?(B) for any ¢ € L?(B) immediately.

<

Now defining the domain of the minimal Laplace operator to be Dom(A) :=
H?2(B) N C2(B) Theorems 6.1 and 6.2 imply in particular

Corollary 6.2 image(A) is densely contained in L2(B).

Proof: Let some ¢ € L?(B) be arbitrarily chosen and some sequence {p;} C
C>(B) with ¢; — ¢ in L*(B). Now by Theorems 6.1 and 6.2 there holds
G(pj) € H*?(B) N CZ(B) = Dom(A) and A(—G(y;)) = ¢j, V4 € N, hence

A(=G(pj)) =j — ¢  in L*(B).



Chapter 7

The Schwarz operators A’
and A" for 7 € K(f)

7.1 Dom(A7) = H**(B)n H'*(B) for r € K(f)

We consider the Schwarz operator A™ := —A + 2(KE)7, for 7 € K(f), on
the domain

Dom(AT) := {p € C*(B)Nn H"*(B) | A" (¢) € L*(B)} (7.1)

and the minimal Schwarz operator A™ on the domain H%%(B) N C2(B).
Using estimate (2.38) we are able to prove assertion (3.11) in [18]:

Proposition 7.1 For any ¢ € H>?(B) N C3(B) and any 7 € K(f) there
holds
N+3 ' .
| (KE) p(w) [ e(r,0) Y Jw—e™ |72 Ap |25 Vwe B
k=1
(7.2)

Proof: Let 7 € K(f) and ¢ € H>?(B) N C3(B) be arbitrarily chosen. If we
combine Green’s identity (6.18) with G(-, -) > 0 and Hélder’s inequality
we obtain for any p; € (0,1), any ps € (1,2) and p3 := (1 — %2)_1 € (2,00):

| p(w) |=] /BG(w,y)l_pl Glw,y)" Aply) dy |
< ([ @y i) ([ G bew = 1) (73

1

< const 1) ([ Gl ) | A gz

47
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where we applied (5.11) for p := (1 — p1)py (see (7.5) below), for p :=
(1- pl)pQ together with the symmetry of G(-, -) = G(, -) and that we have

by py' =1 -1

1\-1 -1
pzpézm(l——) =p2<1—1+@> =2.
D3 2

Now combining (6.5) with the symmetry of G(-, -) = G(-, -) and thus the
fact that G(-,y) = 0 on 9B, for any fixed y € B, by Prop. 6.1, and
with (6.2), we infer from the mean value theorem for an arbitrarily chosen
k € {1,...,N + 3} the existence of some point & on the open segment
(w, €™ ) such that
G(’UJ, y) :| G(wa y) - G(eiTkvy) |§| VwG(Elﬁy) | | w— eiTk ‘
A 1 1 ,
=|V,G(y, &) || w—e"|< = —— |w—¢€"F |, 7.4
| VyG(y, &) || | w]{k—y|| | (7.4)
for any y € B\ [w, ™). Now we choose p; := 1 — S and po := 14 § and
compute:

(1—p1)p = %(1 — é)_l - % (i;l)_l :2+% € (1,00), (7.5)

1 1+1
an 142 1_a_2a
p1P2P3=(1—§> =1 % c(1,2).
T2 8 278

Hence, combining this with (7.3) and (7.4) we can estimate:

1

[ p(w) |< const«pl,pg)( [ Gy rray) | A e

B\[w,¢ik)

1
< CO’]'LSt Wd )p2p3 | w — ZTk |1 2 || ASO ||L2(B

< ela) [w—e™ ['73] Ap |2, (7:6)

for each k € {1,..., N 4+ 3}. Hence, together with estimate (2.38) and the
existence of (K'E)" in any point of B we conclude:

N+3 ‘ - .
| (KE) p(w) |< const.( Z |w =™ [T c(a) [w — ™ |72 A |2

N+3
C(T,OL)Z | w— €™ |72 Agp lz2(B Yw € B.
o

In order to extend the above estimate onto H%2(B) N H2(B) we have
to prove
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Proposition 7.2 H*2(B)NCZ(B) is densely contained in H**(B)NH"2(B)
w. 1. to the H>%(B)—norm.

Proof: Let ¢ € H>2(B) N H'2(B) be chosen arbitrarily. We shall follow
the proof of Satz 2.23 on p. 108 in [1]. Firstly we consider the open annuli

Uy :={w e B|27% < dist(w,0B) < 427F},

for k € N, which yield a covering of B, i.e. |J;-, Uy = B, and a subordinate
smooth partition of unity {n;}. One can easily see that any fixed point w* €
B is contained in exacty two overlapping sets U, (w+); Uky(w+), k2(w*) =
ki(w*) + 1, i.e. with ng(w*) = 0 if and only if k # k1 (w*), k2(w*). Now we
define

Ss(¢) :z/BKa(- —yely)dy € C™(R?),

with some symmetric Dirac family { K5} with supp K5 = Bs(0) and f35 0) Ksdy
=1,Yd > 0. Now we fix some € > 0 arbitrarily. As we know by [1], p. 108,
that

Ss(w) — @ in Hyy(B),

loc

for 6 N\, 0, we can assign to each k some sufficiently small real number
Z(k) € (0, 51-) such that {Z(k)} is monotonically decreasing and such that

? 2k ¢
the functions

ke = Szmelp) € COO(RQ)
satisfy
| ke — ¢ lm22U,) < ck €, (7.7)

where we set
cr =27 mk 2y +1) 71 (7.8)
for each k£ € N. Now we define the function

Y= Mkpre on B
keN

and note that ¢, € C*°(B). As in the proof of Satz 2.23 on p. 108 in [1]
one can see by (7.7), (7.8) and supp 7, = Uy that

| D*¢e — D*¢ || 2By < const. Z | & Nlc2 )l re — @ lms2y)
keN

< const. Z | 7 le2 () cne < const.ez 27% = const.e,
keN keN

for s =0,1,2 and any fixed € > 0, thus indeed

s — ¢ in H**(B), (7.9)
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for § N\, 0, which shows . € H??(B) in particular. Now we choose some
w* € B arbitrarily and abbreviate k; := k;(w*), for j = 1,2. Then we
estimate by the properties of {Ks}:

|k, o(w) |< /B K0y —9) | 0(w) | dy

-/ Koy’ =) 10@) | dy <Il @ (e (710)
BZ(kj)e(w*)

for j = 1,2, where we used Z(k1) > Z(k3) and
Z(k1)e < 27" < dist(Uy,, 0B) < dist(w*,dB),
implying Bz,)c(w*) CC B. Moreover we compute by w* € Uy,:

sup{dist(w,OB) | w € By, (w*)} = dist(w*,0B) + Z(k1)e
<427k g9k —g5o ki (711)

Now let w € 9B be arbitrarily fixed and {w;} C B some sequence with
w; — w. Applying (7.11) to each point w; we conclude:

sup{dist(w, 0B) | w € Bk, (wy)c(wi)} <527 vieN,

which implies by ¢ € H*?(B) c C%*(B), Va € (0,1), ¢ = 0 on OB and
kl(wi) — OQ:

| ¢ HL“(Bz(kl(w,.))e(wi))S const.(a) 5 g—ki(wi)a __, 0, (7.12)

for i — oco. Hence, we can estimate by (7.10) and (7.12):

| oe(wi) 1< > me(wi) | @re(wi) 1= ) i) (W) | () e (wi) |

keN j=1,2
<2 ||LOO(BZ(k1(wi))e(wi))—> 0 Jor i — oo (7.13)

On the other hand we know ¢ € H>2(B) C C°(B), which implies
Ye(w;) — pe(w) for w; — w,

and therefore ¢ (w) = 0 due to (7.13), for any w € dB. Hence, we proved
e lap= 0. As we also have ¢, € C*>(B) we can conclude that ¢ €
H?*2%(B) N C3(B) in particular, for any ¢ > 0, which together with (7.9)
proves the assertion of the proposition.

Thus we obtain
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Corollary 7.1 Estimate (7.2) extends onto H**(B) N H'2(B) for any 7 €
K(f)-

Proof: This follows immediately from Prop. 7.2 together with the continuity
of the Sobolev embedding H?*?(B) «— CY(B).

Now we are able to prove
Proposition 7.3 For any ¢ € H>2(B)N HY(B) and any T € K(f) there
holds: 1
| 2(KE) ¢ [lr2(3)< 5 | D¢ 2y +c || @ ll2m)s (7.14)

for some constant ¢ = ¢(1) that only depends on 7.

Proof: We fix some 7 € K (f). If this statement was incorrect, then for each
m € N there would have to exist some ¢, € H*?(B) N H“?(B) such that

1 T
5 | Apm [lL2s) +m || om 2y <ll 2(KE)” ¢ lp2(m) -

Thus for the normalized functions v, := ”2(KE)f$ T € H*?(B) N
milL4(B
H'2(B) we could conclude:
1
5 H Awm HL2(B) +m H wm ”L2(B)< 1 VYm € N. (7.15)

Now from this we infer firstly:
| AYm N 23)< 2 = 2m || ¥m (123 < const. Vm € N.

Hence, the right hand side of (7.2) yields an L?(B)-majorant for the sequence
{(KE)" ¢, }. Secondly we derive from (7.15):

1 1
| ¥m [l2(3)< E(l -3 | At |lp2(B) ) — 0,
for m — oo. Thus we obtain a subsequence {1, } satisfying
(KE) Ym, (w) — 0 for a.e. w € B,

for k — oo, where we recall that (K E)” exists in almost every point of B.
Hence, Lebesgue’s convergence theorem implies:

| 2(KE)" Yy, | 22(8)— 0,

which contradicts the normalization || 2(KE)" ¢, [[12(gy=1 Vm € N.
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From this we can derive firstly that Dom(A™) = H*?(B) N C3(B) is
contained in Dom(AT), thus A7 C AT, and especially that A™ is densely
defined in L?(B), V7 € K(f). Moreover we have

Proposition 7.4 A7 is symmetric w. r. to (-, -)r2(py, i.e. AT C (A7),

VreK(f).

Proof: We fix some 7 € K(f). For any ¢ € Dom(A™) and ¢ € C°(B) we
have Vo1 € CL(B). Hence, by the divergence theorem we obtain:

(AT(), ) 120 = /B Vo Vi + 2 (KEY g dw = L7(p, ). (7.16)

Now let i € H'2(B) be arbitrarily chosen and {9j} C C(B) with ¢; —
¥ in HY2(B). By Holder’s inequality and Sobolev’s embedding theorem we
achieve due to 1 —2 =0 >0 — %, Vqel[l,o0):
[ (KE) ¢ (¥ —¥) I < (KE) om0 el 5 — ¥ lzam)

< (KE) o=l ¢ llr(m) const.(q) || ¥5 — % | gr2(3y— 0,
for j — oo, with 1% + % +% = 1 and p* € (1,%). Hence, recalling
that A7(p) € L2(B) we gain (7.16) in the limit also for ¢» € H'2(B), thus
especially for any ¥ € Dom(A™). Together with the symmetry of L7(-, -)
this yields for an arbitrary ¢ € Dom(A"):

(AT(p)s )23y = L7 (0, ¥) = L7(, ) = (0, AT(¥)) L2(B), (7.17)

V1p € Dom(A™), which shows indeed Dom(A™) C Dom((A™)*) and (A7)*(¢) =
A" (), just as asserted.

From this we derive

Corollary 7.2 A", A™ and A are closable in L*(B), V1 € K(f).

Proof: We fix some 7 € K(f) and show the assertion for A”. Let {¢;} C
Dom(AT) be a sequence satisfying

p; — 0 and A" () — v in L*(B),
then we infer from Prop. 7.4 especially for any ¢ € C°(B):
(A7 (p5) V) 2By = (95, AT(¥)) L2(B)
| !
(0, ) 2y = (0, AT(¥)) p2(By = 0.

Hence, we conclude that v = 0, which was to be shown. For AT and A the
assertion also follows from their symmetry on H*%(B)NC3(B) C Dom(A").

<
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Now we can prove

Corollary 7.3 There holds Dom(A) = Dom(AT) = H%2(B)n HY“%(B),

Ve K(f).

Proof: We fix some 7 € K(f) arbitrarily and choose some ¢ € Dom(A).
Thus there is a sequence {@,,} C H>%(B) N C3(B) = Dom(A) such that

om — ¢ and  Apm — Alp)  in L%(B). (7.18)
By (7.14) we see that
. 1. ,
I 2(EE) (on = om) 2= 5 | Bon = Lom [z + ¢ | on = om 23,
(7.19)

thus that {2(K E)7p,,} is a Cauchy sequence in L?(B). Now from (7.18) we
can deduce the pointwise convergence

(KE) pm, (w) — (KE) ¢(w) for a.e. w € B, (7.20)

for some suitable sequence {my}, which shows that (KE)" ¢, — (KE)" ¢
in L?(B) and therefore again with (7.18):

A™(pm) = —Dpm + 2K E) o — —A(9) + 2KE) g = A7(¢)

in L?(B), which proves that ¢ € Dom(?).
Now let some ¢ € Dom(AT) be given arbitrarily, which means that there
exists a sequence {¢,} C H?>%(B) N CZ(B) satisfying

om — ¢ and  AT(pm) — AT(¢)  in L%(B). (7.21)
For some arbitrary ¢ € H>%(B) N C3(B) we have by (7.14):
| A7) a2l A0 liegs) — 1| 20KV [l
> 21159 ez — 16 lzzco),
and therefore

| AY |2 < 2 | A7) |l2emy +2¢ || ¥ [l 22(m) -

Combining this with (7.21) we conclude that {A¢,,} is a Cauchy sequence
in L?(B), and therefore also {2 (KE)"¢m} = {Awm + A7(pm)} due to the
second convergence in (7.21). Now due to the first convergence in (7.21)
we conclude again (7.20) and thus (KE)" ¢,, — (KFE)" ¢ in L?(B) and
therefore again with the second convergence in (7.21):

Apm = —AT(om) + 2(KE) 0 — —AT(0) + 2(KE) ¢ = Ap
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in L(B), i.e. that ¢ € Dom(A).

Finally we have to prove that Dom(A) — H22(B) N HY2(B). Firstly let
Y € Dom(A) be chosen arbitrarily, thus there exists a sequence {¢,,} C

H?2(B) N C2(B) = Dom(A) satisfying (7.18). By (6.18), the Calderon-
Zygmund inequality (6.42) for our potential G and (7.18) we achieve:

| om llar2205y=1l G(spm) 228y < const. | Ao llz2(s) < const., (7.22)

Vm € N. Hence, together with the compactness of the embedding H%?(B) —
L?(B) and (7.18) we achieve the existence of a subsequence {¢,, } such that

Om, — ¢  weakly in H*?(B). (7.23)

This shows indeed ¢ € H*>?(B)N ﬁva(B) as H'2(B) is closed in particular
w. r. to weak H*?(B)—convergence and H“*(B) D> Dom(A). Finally

the inclusion H22(B) N HY2(B) C Dom(A) follows immediately from the
approximation result of Prop. 7.2.

o
7.2 Essential self-adjointness of A” and A"
Firstly we prove the essential self-adjointness of A, which requires
Proposition 7.5 There is a constant a > 0 such that

I A¢ 2> all ¢l Ve H¥*(B)NCGH(B). (7.24)

Proof: 1If this statement was wrong then there would exist a sequence
{om} C H*?(B) N C3(B) such that

: 1
| Apm [l2(8)< m | om lz2(B) Vm € N.

Hence, the normalized functions v, := W € H*%(B)N C3(B) would
milL4(B
satisfy:
: 1

Since G : L?(B) — L?*(B) is continuous by Theorem 6.2 we could derive
from (6.18) and (7.25) that

Vm = —G(Apy) — 0 in L*(B),

which contradicts || ¥m [|z2gy=1 ¥m € N.
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Now we can prove as in [37], p. 59:

Theorem 7.1 A is essentially self-adjoint w. . to (s )2y, Be. A=
(4)"

Proof: Firstly one can easily see that A C (A)* For let v, v € Dom(A) be
arbitrarily chosen, then there are sequences {¢m, }, {¢m} C H>?(B)NCZ(B)
that satisfy (7.18) respectively. Hence, Green’s second formula, which holds
true for pairs of functions in H*?(B) N C3(B), yields in the limit:

(Am, ¥m)r2(8) = (Pm> Dbm) 12(5)
! |

(&f’ﬂb)m(fa) = (p, &¢>L2(B)a

which shows that ¢ € Dom((A)*) with (A)*(w) = A(gp) Now we prove the
opposite inclusion (A)>k C A. To this end we firstly recall that image(A) is

densely contained in L?(B) by Corollary 6.2. Hence, for any g € Dom((A)*)
there exists a sequence {¢,,} € H*?*(B) N C3(B) = Dom(A) such that

Apm — (A)*(g)  in L*(B). (7.26)

This implies in particular that {Agpm} is a Cauchy sequence in L?(B), hence,
{¢m} turns out to be a Cauchy sequence in L?(B) as well on account of
estimate (7.24). Thus there exists some ¢ € L?(B) such that ¢, — ¢
in L?(B). Now combining this with the symmetry of A, i.e. with Green’s

second formula, and with (7.26) we achieve for any ¢» € Dom(A):

(g — @, M) 2y = 9, &@b)L?(B) — (¢, M) 2(py

= ((A)(9),¥)12B) — lim (o, AY)r2(p)

= <(A)*(9)a¢>L2(B) - %E%JASOWWL%B) —0.

As we know that image(A) is densely contained in L?(B) by Corollary 6.2
this implies that g = ¢, thus ¢, — ¢ in L?(B). Hence, together with
(7.26) we can conclude that A(g) = L*(B) — lim({Ap,}) = (A)*(g) and

g€ Dom(A), which completes the proof.

<

Together with estimate (7.14), for 7 € K(f), and the obvious symmetry
of (KE)T we infer from Theorem 4.4 in [24], p. 288:
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Corollary 7.4 £ = ;A + 2(KE)" is essentially self-adjoint w. r. to
(-, Vr2pys ie. A= (A7)", V1 e K(f).

<&

Now combining Prop. 7.4 with the fact that Dom(A™) is densely con-
tained in L?(B) w. r. to || - ||z2(p) we can derive by twice application of
Theorem 5.29 in [24], p. 168:

Corollary 7.5 (A7)* is densely defined in L?(B) and closed, (AT)** = AT
and (AT)" = (AT)* = ((A7)")™, V7 € K(f).

Summarizing all our results we achieve:

(A™)* are self-adjoint operators with

K(f).

Proof: We fix some 7 € K(f). Firstly there holds by Prop. 7.4: A" C
A" C (A™)*. Combining this with Corollaries 7.4 and 7.5 we achieve:

Theorem 7.2 (AT)

= AT = A7
domain H2(B) N H“2(B), V1 €

(AT)* — AT C AT C (Aq-)* — ((AT)*)** _ ((AT)**)* _ (AT)* - (AT)*
Hence, also noting that (A7)* = (A7)* by Corollary 7.5, we can conclude:
E — A_T — (AT)*

are self-adjoint operators with domain H22(B) N H2(B) by Corollary 7.4.
Furthermore applying Theorem 5.29 in [24], p. 168, to the densely defined
and closable operator A™ we obtain that (AT)* is densely defined in L?(B),

closed, i.e. (AT)>k = (AT)*, and (14T)*>k — AT, Now applying it to the densely

defined and closed operator (AT)>k again we gain that ((AT)*)** = (AT)*
Hence, we achieve together with Corollary 7.4 that

I (B = () = () ) = () = ()"




Chapter 8

The spectra and eigenspaces
of A7 and A"

We will denote SHY2(B) := {p € HY2(B) ||| ¢ | z2(3)= 1}, and analogously
S(H22(B)N HY2(B)) and SDom(A7). As in (7.16) we will use the bilinear
form

L7 (0, 0) = /B Ve Vi 12 (KE) ot du,

for ¢, ¢ € FILZ(B), thus especially J7(¢) = L7 (p, ¢). We fix some 7 € K(f)
and p* € (1, 52-) arbitrarily and abbreviate A := A™, £ := L7 and J := J7.

' 22—«
Firstly we need

Proposition 8.1 There exists some constant C(p*) such that:
1 . .
)25 [ Vel dw=Cw) | KE e VoeSHY(B). 1)
Proof: We consider the continuous embeddings
H'Y(B) — L%(B) — L*(B),

for any g > 2, where the first one is compact due to Sobolev’s embedding
theorem. Hence, we may apply Ehrling’s interpolation lemma, yielding

I ¢ o< el @ o +Clae) Vo SHA(B),

for any € > 0 and any ¢ > 2, where we used the requirement || ¢ HL2(B): 1.
Hence, together with Holder’s, Cauchy-Schwarz’ and Poincaré’s inequalities
we achieve for any ¢ > 0:

| KE@ [135)< )l KE oyl 1200
S| KE || o= gy (el ¢ Hﬁp,z(B) +C(p,€))’

< KE [ ) 2 ((Cp + 1) /B Ve | dw + O, ),

o7
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with # + l% =1, and therefore by the definition of J:

J(@) > (=4 | KE | (Cp+1)é) /B Ve dw

~4 | KE || =5y C(0',€)°,

for any ¢ € SH 1.2(B), which yields our assertion by a suitable choice of €.

<

Now we can prove

Theorem 8.1 The spectra of A and A coincide, are discrete and accumulate
only at oo, thus their eigenspaces are finite dimensional. Furthermore there
holds for their common smallest eigenvalue Amin:

Amin(A) = inf J= inf J= inf J = Amin(4). (8.2)
SDom(A) SHL2(B) S(H22(B)NH2(B))

Proof: Firstly the above proposition guarantees the existence of inf ¢ f12(B) J.

Hence, we may consider some sequence {¢;} C S H'2(B) such that J (v5)
infg 12 p) J; and again using (8.1) we conclude together with Poincaré’s in-
equality that || ¢; [|g1.2(py< const.. Thus we can extract some subsequence

{®j,.} such that
Qi — @ weakly in  H“?(B),

for some ¢* € H%2(B). Since this implies ©j, — " in LY(B), for any
q > 1, we infer ¢* € SH%?(B). Furthermore this implies:

I KE (@3, = (")) I < KE [l )l 5, = (") o ()= 0, (8:3)

with & + % = 1. Hence, J inherits the weak lower semicontinuity of the
Dirichlet integral:

J(e") = /B V" P42 (KE) ()2 du
ghminf/ | Ve, > dw+2 lim / KE ¢3 dw
k—oo B k—oo B
= liminf J(¢;,) = inf J, (8.4)
k—o0 SH'2(B)

thus J(¢*) = inf sinz(p) /- Now we construct recursively a filtration of
subspaces H2(B) =: U; D Uy D Us... of HY2(B) by

Ui := {77 € ﬁlg(B) | <7Ia@;’>L2(B) =0, yj=1,...,1— 1}5 (85)
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fori > 2, and SU; := UiﬂSﬁlvz(B), where we set ] := ¢* and the ¢} € SU;
have to minimize J:

J(p?) = inf J =: A (8.6)

We obtain those minimizers ¢}, ¢ > 2, exactly by the same procedure which
yielded ¢* above since the U;’s are closed w. r. to weak H'?(B)-convergence
and non-trivial, otherwise there would hold Span(%,..., 97 1)t = {0} (L
w. 1. to (-, - )2(p) in H'2(B)) which contradicts dimH"'2(B) = oo due to
the projection theorem. By construction of our filtration the sequence {\;}
is increasing. Furthermore {co} is its only point of accumulation since if
there were a bounded subsequence {)\;, } then we would conclude by (8.6),
(8.1) and Poincaré’s inequality that || ¢} ||g1.2(p)<const. Vk € N. Hence,
since the embedding H"?(B) — L?(B) is compact, {¢} } would possess a
Cauchy-subsequence w. 1. to || - || 12(p), which contradicts the fact that

(i =05, 0l =D 2wy =l @7 [Z2em) =240, 5) 2m)+ | @5 I72(m)= 22845,

Vi,j € N, due to ¢f € SU; and the construction in (8.5). Now we are going
to prove that the ¢} and \; are indeed eigenfunctions and eigenvalues of A
and A. For some fixed i we consider an arbitrary v € U; and the function

Ji©) = Il + ) = A | @ + €t [Bam  on [—eo, el

for €9 > 0 that small such that || ¢} + € [|2(p)> 0 Ve € [—€o, €0]. Since J
is a quadratic form and

J< @ + ey )

>inf J =\
| of + € [l2(m)

- SU;
we have that f; > 0 on [—€g, €o] and f;(0) = J(¢)) — X\i = 0 by (8.6). Thus
we obtain for any ¢ € U; and any i € N, abbreviating (-, -) := (-, - )2(p):
d * T % *
0= S lo=2 [ ViV 2(KEY i =2 (,0)

Now we have to verify this equation for some arbitrary ¢ € H 1.2(B), which
is already the case for ¢ = 1. To this end we consider the ”coordinates”
cj = (¢}, ¥)r2(py of ¥ w. 1. to the ¢7’s, set ;1 := Z;;ll cjp; for i > 2
and see that ¢ — ;1 € U; by:

i—1 i—1
(h ¥ — thic1) = (h ) — (05, D i 05) =cr— Y _ ¢jkj =0,
j=1 j=1

fork=1,...,i—1. Now combining this with (gpf,cpﬁ =0forj=1,...,i—1
by (8.5), the symmetry of L(-, ), ¢ € Uy C U; for j =1,...,i—1 and
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(8.7) we obtain indeed:

i—1

Ligi, ) = Mlet v = (L(o19) = L(gE wim1) + 0 £(9F, )
jfl

_<)"L<(P;kvw> <()017¢”L 1 +ZCJ (/7]7()01>>
7j=1

= (£ (SOfﬂ/) —hi—1) = Xilpi, ¥ — io1))

+ZCJ @]7901 >\<80;<7Q0:<>):07

for any ¢ € HY2(B) and i > 2, i.e.
Alg)) = Nig; weakly on B, (8.8)

Vi € N. Now we know that our coefficients 2(K E)™ — \; are of class C*°(B)
for any 7 € K(f) (see below (2.38)). Thus the L2-regularity theory, Theorem
8.13 in [8], yields that ¢} € C*°(B), Vi € N. Hence, if we test (8.8) with an
arbitrary ¢ € C2°(B) and apply the divergence theorem to Vi 1 € C°(B),
then we obtain:

Thus the fundamental lemma of the calculus of variations yields the equation
(8.8) even in the classical sense on B. In particular we see that ¢} € Dom(A),

thus indeed the ¢}’s and the A;’s are eigenfunctions and eigenvalues of A
and therefore also of A, Vi € N. Now we are going to prove

[e.e]

1o 1F2m=D_ ¢ (8.9)

j=1
for any v € ﬁIl’Q(B) and ¢; = (¢, 9). We gain by ¢ —; € U;41 and (8.5):

(i, —by) :ch (@5, =) =0

J=1

and together with (8.8) also:
L(hin ) — i) = > ¢ Ailf, 0 — i) =0,
j=1

Vi € N, which implies

19— i [F20my= (s % — i) =l ¥ 220y — Il i 72
and  J(p =) = L, — ) = () = T(h).  (8.10)
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Due to A\; /" oo we can now choose some N € N that large such that Ay > 0
and obtain by (8.8):

JW) = I(Ye0)) = D crenL(@lel) = 3 cjen s di

j=1 jk=1 jk=1
7 N
YN 230 = )
j=1 j=1

for any ¢« > N. Hence, also noting J(¢ — 1;) > Xiy1 || ¥ — s H%Q(B) due to
(8.6) and ¥ — 9; € U;11 we achieve together with (8.10):

1
0 <l 9 1728y = Il ¥i [ Z2(my=I ¥ — i | 7205 < o W)

=Ly - T <

Ait1

(J(¢¥) = J(¥n)) — 0,

Ait1

for i — oo, thus indeed by 1; = Zj’:l cj ey

K3 oo
2 . 2 . _ 2
|4 I Z2(m)= Jim || i |72(p)= Jim %:j ) o Gj = Ezj
Now we suppose that A & {\;} is a further eigenvalue of A and ¢ € ES\(A)
a corresponding eigenfunction. Since ¢ € H?2(B) N ﬁ[le(B) = Dom(A)
by Theorem 7.2 we have Vg1p € HY1(B) for any ¢ € C°(B). Hence, we
may apply the divergence theorem for Sobolev functions to V¢ in order
to obtain

L(¢, ) = (A(9), ¥) = A (9, ), (8.11)

and we achieve this equality also for any 1 € H L.2(B) exactly as in the
proof of Prop. 7.4 by approximation. Now testing this weak equation with
¢ := ¢f for an arbitrary ¢ € N we conclude together with (8.8):

Mo, @i) = L(9,7) = L9, 0) = Xi (¢, ),

hence, 0 = (A — N) (¢, ¢) = (A — Ni) ¢i, Vi € N, which would imply that
all the coordinates ¢; of ¢ would vanish. Thus together with (8.9) we would

obtain:
o0

0= Zci =| ¢ ||i2(3),
j=1

in contradiction to the assumption that ¢ # 0 is an eigenfunction. Hence,
indeed we proved {\;} = Spec(A), which yields {\;} C Spec(A) C Spec(A) =
{\i} and therefore also {\;} = Spec(A). Finally we note that we have due

to Dom(A) C Dom(A) = H>2(B) N H'2(B), ¢* € SDom(A) and (8.4):

inf J < inf J< inf J<J(p*)= _inf J,
SH12(B) S(H22(B)NH12(B)) SDom(A) SH12(B)
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which together with infsﬁla(B) J =X = Amin(A) = Amin(A4) completes also
the proof of (8.2).

We abbreviate Amin := Amin(A) = Amin(A) and prove

Theorem 8.2 (i) For an eigenfunction p* € ESy_. (A) there holds | p* |>

0 on B and therefore:
dimES,,_,, (A) = dim ES

min

A)=1. (8.12)

min (

(i1) Especially an eigenfunction * € ESy . (A) satisfies | ¢* |[> 0 on B.

Proof: Let ¢* € ESy_. (A) ¢ H*2(B) N H“2(B) with | ¢* lz2(py= 1 be
given arbitrarily. Firstly we note that | ¢* |€ H%2(B) and that

/ | V| ¢ H2 dw :/ | V* |2 dw. (8.13)
B B

Moreover as (8.11) holds true for any ¢ € Dom(A) and any ¢ € H"2(B) we
may apply (8.11) to ¢ := ¢* =: ¢. Thus together with (8.13) and (8.2) we
achieve:

J(l¢™ ) = J(¢") = (A(¢"), ©") 12(B) = Amin(¢", ©") 12(B)

= Amin = _inf J.
SIT2(B)

Hence, exactly as we obtained (8.8) we achieve now due to | ¢* |€ }01172(3);
Al @™ |) = din | ¢ | weakly on B.

Thus on account of KE € C*®(B) (see below (2.38)) we achieve | ¢* |€
C°(B) by Theorem 8.13 in [8] and moreover we may apply Harnack’s in-
equality, Theorem 8.20 in [8], to | ¢* |> 0 on any disc Byg(w) CC B:

sup | ¢* |< const. inf | " |. (8.14)
Br(w) Br(w)
Hence, if we had ¢*(wg) = 0 for some arbitrary point wy € Br(w) we could
conclude now that ¢* = 0 on Br(w), and a standard argument making a
successive use of Harnack’s inequality (8.14) would show that ¢* =0 on B,
which contradicts our assumption || ¢* |;2(gy= 1. Thus we have proved

indeed for an arbitrary eigenfunction ¢* € ES) . (A) that ¢*(w) > 0 or
< 0 Yw € B. Now we assume that dim ESy_. (A) > 1. On account of
the projection theorem we could choose two L?(B)-orthogonal eigenfunc-
tions *, @* in ES) . (A), i.e. with (¢*,¢")r2(3) = 0, in contradiction to
(", @")r2(B)y > 0 or < 0. As we have {0} # ES) . (A) C ES),, (A) points
(i) and (ii) of the theorem are proved at once.

min



Chapter 9

~

The component K ( f)i* of
K(f) is a closed C¥— curve

We shall prove the main result, Theorem 1.1, by contradiction. Thus we
assume the existence of some X* € M,(I") and some sequence {X"} C
M(T') with

X" — X*  in CY%B,R3). (9.1)

Thus by means of (2.5) the points 7% := ¥~ }(X*) € Ks(f) and 7" :=
P~ HX™) € K(f) satisfy

i in K(f), (9.2)
where we introduced the notation
Ko(f) == ¢~ (My(I)).

By K(f) ¢ K(f) 7 would be a non-isolated critical point of f and therefore
rank(D? f(7*)) < N —1. Moreover we know that X (-,7*) = ¢(7*) coincides
with ¢ (7%) = X* € M,(T") by Corollary 2.4. Hence, we have x(7*) = 0 and
could conclude now by Heinz’ formula (2.15) dim Ker AX(™) > 1, thus
0 would be an eigenvalue of A7 := AX("™) Moreover we know together
with Lemma 3.1 that there holds

J7T =X >0 on HY(B), (9.3)

thus in particular on Dom(A7 ). Therefore 0 would even be the smallest
eigenvalue of A7". For if there were some negative eigenvalue \* < 0 of A™
with some eigenfunction ¢*, we would obtain by the proof of the symmetry
of A™" in Proposition 7.4 that

T (@") = LT (0%, 0") = (AT (9"),0") 12(3) = A (#", 0" ) 123y < 0, (9.4)
which is a contradiction. Hence, together with (8.12) we would arrive at

dim Ker(A™) = dim ES)_. _o(A7 ) = 1. (9.5)

63
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In combination with «(7*) = 0 we could therefore derive from formula (2.15)
exactly rank(D?f(7*)) = N — 1. Hence, there would be a § > 0 such that

rank(D?f) > N —1 on Bj(t%), (9.6)

where we abbreviate Bs(7*) for BN (7*) NRY CC T. Due to f € C¥(T) we
know that K'(f) is an analytic set which possesses therefore a locally finite
analytic triangulation due to [27], p. 463, and is therefore especially locally
connected, such that a combination of (9.6) and (9.2) would lead to the

Contradiction hypothesis :
If the assertion of the main result, Theorem 1.1, were wrong, then there
would have to exist some point 7* € K (f) which is also contained in
the 1-skeleton K(f)' of the analytic simplicial complex K(f), i.e. 7% €

Es(f)NEK(f) #0.

Now this gives rise to the idea to analyze the following subset Z of
the connected component K(f)L. of the 1-skeleton K(f)! (of K(f)) that

contains 7*:
Z:={r e K(f)L | k(1) =0, rank(D*(f)(r))=N —1,J7 >0 on C(B)}.
Now we prove the following crucial

Theorem 9.1 The set Z (# () is an open and closed subset of K(f)L.,
thus Z = K(f)L..

9.1 Proof of Theorem 9.1

(a) By 7* € Z we know that Z is not empty.
b) Secondly we derive the ”openness” of the condition x(7) = 0 by Corollary
4.4:

Theorem 9.2 Let 7 € Z be some arbitrarily fived point, then there exists
some 6 > 0 such that k =0 on Bs(T) N K(f).

Proof: Since we have rank D?(f)(7) = N — 1 there exists some § > 0
such that rank D?(f)(r) > N — 1 for any 7 € Bs(7). Hence, together
with Heinz’ formula (2.15) we can conclude that 2x(7) < 1 for any 7 €

Bs(7) N K(f). Thus recalling Corollary 4.4 we achieve in fact x(7) = 0 for
any 7 € Bs(T) N K(f).

<

c) Next we show that x(7) = 0 and J™ > 0 on C°(B) are "closed
conditions”. To this end we combine Theorem 9.2 with Corollary 4.3 in
order to achieve
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Corollary 9.1 Let 7 € Z be some arbitrarily fized point, then there exists

some 6 > 0 such that there holds K (f)NBs(7) = K(f)NBs(7T). In particular,
this shows Z C K(f).

Proof: The inclusion ”2” follows from Corollary 2.4. ”C”: By Theorem
9.2 we know that there exists some 6 > 0 such that there holds kK = 0
on K(f) N Bs(7). Now if the assertion were wrong there would have to
exist some point 7* € K (f) N Bs(7) which is contained in K (f)\ K(f) and
therefore X (-,7*) € M(I')\ M(I") on account of Lemma 2.1 and points (v)
and (iii) of Theorem 2.1. By Corollary 4.3 this implies that X (-, 7*) would
have to possess a boundary branch point in contradiction to x(7*) = 0.

Now the second assertion follows from the first one due to Z C K(f) by its
definition.

<

Now we consider a sequence {7} C Z that converges to some point
7 € K(f)L.. On account of Corollary 9.1 and the closedness of K(f) we
have 7" — 7 in K(f). Thus by the properties of the points of Z, Corollary
2.4, (2.5) and Theorems 3.1 and 4.1, i.e. by the closedness of M(I'), we
see:

X)) =9") — (1) = X(-, 1) in (Ms(D), [ - lleosy)s  (9.7)

which means that #(#) = 0 and J™ > 0 on C>°(B), proving the closedness
of the conditions x(7) =0 and J” > 0 on C°(B).

d) Now we show the openness of the condition rank(D?f) = N — 1. As
already used in (9.6) we achieve for any fixed point 7 € Z the existence of
some 0 > 0 such that

rank(D?f) > N —1  on Bj(7). (9.8)

Now since K (f)L. is a piecewise analytic curve none of its points can be an

isolated critical point of f, which implies in fact by (9.8):
rank(D?f) = N -1 on B;(7) N K(f)L.. (9.9)

Moreover the condition rank(D? f ) = N—1isalso closed, for let {7} C Z be
some sequence converging to some point 7 € K(f)i, then rank(DQf(%)) <
N — 1, since otherwise 7 would be an isolated critical point of f . Inserting
this and x(7) = 0 (by (c)) into formula (2.15) we see that 0 is an eigenvalue
of A7. Thus as we also know J7 > 0 on Dom(A7) by (c) and Lemma 3.1 we
gain as in (9.4) that 0 is even the smallest eigenvalue of A™ and therefore as
in (9.5):

dim ESy_. (A7) = dim Ker(A) = 1.

min



Finiteness of the set of solutions of Plateau’s problem 66

Hence, inserting this and x(7) = 0 into Heinz’ formula (2.15) again we
achieve exactly rank(D?(f)(7)) = N — 1.

e) Finally we prove the openness of the stability condition, i.e. of J” > 0 on
C2°(B). To this end let

v (H(B)NHYA(B), || - |lm22s) < (LB, - ll2s)
denote the inclusion, thus image(t) = Dom(A7) for any 7 € K(f),
S(H**(B)NH"*(B)) := {p € H**(B)NH"*(B) ||| ¢ lln22(3)= 1}

and | - || the operator norm for operators L mapping (H22(B) N H“2(B),
H HH2 2(3 mto LQ(B), i.e.

I L == sup{|l Z(¢) ll2(m)| ¢ € S(H>*(B) N H"*(B))}.

Now we will combine Corollary 4.2, Theorem 9.2 and the proofs of Prop.
7.1 and Corollary 7.1 in order to achieve

Proposition 9.1 For any fited T € Z there exists some 5 > 0 and some
constant C(a) only depending on o, T and 6 such that there holds

N+3
| (KE) p(w) [< C(a) Y [w—e™ T3] Ap |l p2s Vw e B, (9.10)
k=1

for any T € Bs(7) N K(f) and any ¢ € H*%(B) N H“2(B).

Proof: Theorem 9.2 guarantees the existence of some neighborhood Bs(7T)
such that X (-, 7) is free of branch points on B for any 7 € Bs(7) N K(f).
Thus we obtain the existence of some § € (0, 4] such that estimate (4.18)
holds for any 7 € B3(7) N K(f) with some constant C' that does not depend
on 7. Applying this in the ending of the proof of Prop. 7.1 we achieve
estimate (9.10) for any 7 € Bs(7) N K (f) and any p € H*?(B)NC3(B) and
then even for any ¢ € H22(B) N H“2(B) by the proof of Corollary 7.1.

Now using this central estimate we are going to prove the crucial

Theorem 9.3 Let T be some arbitrary point of Z. Then there holds for an
arbitrary sequence {T"} C K(f) with 7" — 7:

| A" 01— ATou||— 0 for n — 0.



Finiteness of the set of solutions of Plateau’s problem 67

Proof: Suppose the assertion would be wrong. Set
Sp = sup{|| (KE)™" — (KE))¢ || 12(5)| ¢ € S(H**(B) N H"*(B))}
=[| A" o~ ATou |,

and let {e,} be an arbitrary null-sequence. By the definition of the supre-
mum there exists for each n € N some function ¢,, € S(H*?(B) N H“?(B))
that satisfies

0< Su— || (KE)™" = (KE) )ou ll12(5) < €n. (9.11)

We set g, := (KE)™" — (KE)")p, for each n. Firstly we infer from the
requirement that {7} C K(f) converges to 7 € Z that x(7") = k(7) = 0
and that 7™ and 7 are contained in K(f) for sufficiently large n > N on
account of Theorem 9.2 and Corollary 9.1. Thus we can see by Sobolev’s
embedding theorem due to 2 — 3 = 1 and || ¢, || 22(5)= 1 in combination
with Corollary 2.4, (2.5), Cauchy’s estimates and (2.37):

| gn(w) |<Il n [l (m) (KE)™ = (KE)T | (w)
< const. | (KE)" —(KE)T | (w) — 0  for n — oo, (9.12)

pointwise for any w € B. Furthermore on account of the facts that 7™ and
7 are contained in K (f) for n > N and 7" — 7 we can apply Prop. 9.1 and
obtain together with || Ay, [72(5)< 1 the estimate

| gn(w) 1< (KEY" pu | (w)+ | (KE) gn | (w)
N+3
<Ca) (3 Jw—e |71 4 e 71 ), (9.13)
k=1

for any w € B and n > N, with N sufficiently large. Now we verify the
requirements of Vitali’s theorem applied to {g,}. To this end let £ C B be
an arbitrary measurable subset with positive £2-measure and define R :=
VL?(E). Now 7™ — 7 implies in particular the existence of some number
d > 0 such that dist(7",0T") > d, Vn € N. Thus we can conclude that there
has to exist some R > 0 such that
2R< min {| e — ek || eThrt — i |},
k=1,..,N+3

with x4 := 71, uniformly Vn € N. Then we obtain the following estimate:

e S T

j=1
+/ . ’w_ei'r]? |—2+a dw
E\U}Z? Br(e'™)
R
< (N +2)R?™xR? 4+ 21 / r 2 dr + L2(E)RTET
0
2
= (N+2)7m+ — +1)R* —0
«
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for R > R\, 0, i.e. for £2(E) \, 0, uniformly for any n € N and for any
kE=1,...,N + 3. Thus by the same estimate for the summands in (9.13)
involving the 7 and by Minkowski’s inequality we achieve finally

I gn lr2gey— 0 if L(E)\,0,

uniformly for any n > N. Hence, together with (9.12) Vitali’s theorem
yields || gn || z2(g)— 0, for n — oo, and therefore together with (9.11):

0 <8 <|l gn llz2(B) +€n — 0 for n — oo.

Furthermore using that
Ao v (H**(B)NHY(B), | - |ln22) — (LB, | - ll2(5))

are bounded operators due to Prop. 7.3 and by image(t) = Dom(AT), for

any 7 € K(f), we can immediately conclude from the above theorem and
Theorem 2.29 on p. 207 in Kato’s book [24] that

AT — AT in the generalized sense, (9.14)

if K(f) > 7 — 7, for an arbitrarily fixed point 7 € Z, where we used
Kato’s terminology in [24], p. 202. Now since A7 has a discrete spectrum

only accumulating at oo, for any 7 € K(f), by Theorem 8.1 we can apply
Theorem 3.16 on pp. 212-213 in [24] which yields due to (9.14):

Corollary 9.2 Let 7 be some arbitrary point of Z, {7"} C K(f) an arbi-
trary sequence with ™ — 7 and d € R\ Spec(AT) arbitrarily fived. Then
there holds also d € R\ Spec(A™") and

dim @) ESA(A™") = dim @ ES\(A7)
A<d A<d

for sufficiently large n.

Now together with (b), (d) and formulas (2.15), (8.2) and (8.12) we can
prove

Theorem 9.4 For any 7 € Z there is some neighborhood Be(T) such that
JT >0 on Dom(A7) for any T € B.(7) N K(f)L..

Proof: We suppose the assertion to be wrong, i.e. that there exists some
sequence {7"} C K(f)L. with 7" — 7 and inf poparmy J7 <0 VYneN.
Hence, by (8.2) we achieve:

T

Amin(A™) = Anin(A7 )= inf  J7 <0 VneN. (9.15)
SDom(A™)
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Now by (b) and (d) we know already that 7 possesses some neighbor-
hood Bjs(7) such that there hold k(7) = 0 and rank(D?(f)(r)) = N — 1
V1 € Bs(7) N K(f)L.. Hence, in combination with Heinz’ formula (2.15)
we conclude that Ker(A™") # {0}, thus by Dom(A™") C Dom(A™") that
Ker(A™) # {0} for n > f and some sufficiently large . Therefore we
achieve together with (9.15):

dm@ESH(A™) =2 Vn>n. (9.16)
A<0

Now we know for 7 € Z by the definition of Z and formula (2.15) that
dim Ker(AT) = 1, thus especially that 0 is an eigenvalue of A7, and since
Lemma 3.1 yields J7 > 0 on Dom(A™) we can conclude as in (9.4) that 0
is even the smallest eigenvalue of A™. Hence, we infer from formula (8.12)
that

dim ES),,,—0(A7) = dim ES)_, —0(A7) = 1. (9.17)

Now on account of K(f) > 7" — 7 we can apply Corollary 9.2 with
d = A2 5 0 which yields together with (9.16), Amin(A7) = 0
and (9.17):
2 < dim P ESHA™") = dim P ESH (A7) = dim ESy(A7) =1
A<d A<d

for sufficiently large n, which is a contradiction.
o

Hence, in fact Z # () turns out to be an open and closed subset of the
connected set K (f)L., thus Z = K(f)L..

¢
Next combining the above corollary with the result Z = K (f)L. and the

implicit function theorem for real analytic functions, [5] p. 268, we finally
achieve

Corollary 9.3 The set Z = K(f)!

7+ 18 a closed analytic curve.

Proof: Firstly we know that K(f) is a closed subset of T" and therefore also
its 1-skeleton K (f)! and its connected component K(f)L.. Moreover we
know that Z = K (f)L. is contained in K(f) cC T, by Corollary 9.1, which
yields the closedness of the set Z w. r. to the standard topology of RY and
therefore its compactness. Thus together with the fact that the analytic set
K( f ) possesses a locally finite analytic triangulation Z = K ( f )L, can only
consist of a finite number of consecutive analytic arcs. Now we show that the

b
set Z is not only a piecewise but an entirely analytic curve, i.e. it does not
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have any ”corners”. Firstly there exists some § > 0 such that K (f)L.NB;(7)
is connected on account of the local connectedness of K (f)L.. Moreover we
fix some point 7 € Z and derive from its property rank(D?f(7)) = N — 1
and from the symmetry of D2f (7) the existence of a uniquely determined
permutation of the coordinates 7, ..., 7y in T such that there holds

det D2(V(f))(7, 7v) # 0,

where we denote by 7 := (11, ...,7n—-1) the tuple of the first N —1 permuted
coordinates. Hence we can choose the above § that small, depending on 7,
such that there holds

det D:(V:(f))(7,78) £ 0 YV (7,7n) =T € Bs(7T). (9.18)

Hence, we obtain by the implicit function theorem for analytic functions, [5]
p. 268, applied to V:f € C*(T,RN~1) that

M;5(7) == {(7,7n) = 7 € Bs(7) | V+(f)(7,7v) = 0} (9.19)

is a one dimensional analytic submanifold of Bs(7), containing K(f)L. N
Bs(7) in particular. Thus we can conclude that K(f)L. N Bjs(7) is a one
dimensional connected analytic manifold, possibly with boundary, which
proves that Z = K( f)i* is a one dimensional compact connected analytic
manifold, possibly with boundary, as the point 7 was chosen arbitrarily
in Z. Hence, we infer from the classification theorem of one dimensional
compact connected smooth manifolds (see the appendix in [10]) that Z is
either homeomorphic to [0, 1] or S'. Now we suppose Z 22 [0, 1] and consider
some boundary point 7 € 3Z. We note that there holds V;(f)(7) = 0 and
(9.18). Now fixing some sufficiently small § € (0,6] the implicit function
theorem for analytic functions yields the existence of some neighborhood
J :=[Tn — €1,Tn + €2] of Ty, depending on 5, and some CYmapg:J —
RN—! such that g(7y) = 7 and

graph(g | ;) = {(g(rv), 7v) | Tv € T} = M;(7). (9-20)
Hence, recalling definition (9.19) we conclude immediately that
graph(g | ;) O Z N B;(7). (9.21)

Now the continuity and injectivity of (g(-), -) on J implies that (g(-), - ) :
J = graph(g | ;) performs a homeomorphism. Hence, since Z N B3(7) is
connected we conclude that (g(-), -)~'(Z N B;(7)) is connected as well and
therefore an intervall I. Moreover we infer from 7 € 07 and (¢(7n),Tn) =T
that 7y € 0I. Thus we have either I C (Ty — €1,7n] or I C [Tn, TN + €2)
and we shall assume the first case without loss of generality. Then we infer
especially that

of

(9(rn),™v) =0  Vry el (9.22)
OTN



Finiteness of the set of solutions of Plateau’s problem 71

by Z = K(f)L.. Moreover since %(g( -), -) is analytic on J we can con-

clude by the identity theorem for real analytic functions that (9.22) extends
in fact onto J, i.e.

of

ﬁ(g(TN)vTN):O Vrn € J.

Now together with (9.19) and (9.20) this implies firstly (¢(7n),7n5) € K (f)N
B;(T) V1N € J. Next we know that K(f) N Bj(7) is contained in the one
dimensional manifold Mj(7) implying K (f) N B;(7) = K(f)' N B;(7), and
thus we obtain

graph(g | ;) € K(f) N B;(7) = Z N B;(7),

where we used that (g(7n), 7v) = 7 is contained in the connected component
K(f)L of 7 and thus the entire graph of g |j. Together with (9.21) and

:
the definition of I we obtain therefore:

graph(g | ;) = Z 0 B;(T) = graph(g |r).

Hence, we can infer that for any point 7']2\, € (TN, Tn +é€2) there would have to
: : 1 - = 1y 1y _ 2y 2
exist some point 7y € I C (Ty — €1, 7n]| such that (g(7y), 7n) = (9(7x), Tn)»
thus especially 7']1\, = 7']2\,, which contradicts 7']{, <7y < 7']2\, and proves in

fact Z = Sh.



Chapter 10

Strict monotonicity of Tomi’s
function F(X())

Now the implicit function theorem (in its C“-version) yields an analytic
regular parametrization 7 : [0,27]/(0 ~ 27) — Z of the analytic closed

curve Z = K(f)L., which corresponds via 9 to the closed path X* :=
X(-,7(t)) of minimal surfaces in M,(T"), where we recall that 1 and %
coincide on K(f) D Z by Corollary 2.4. Following an idea due to Tomi
in [35] and [36] we are going to consider the composition of the so-called
volume functional F (up to a factor %) with this path of minimal surfaces
Xt ie.

F(XY = / (XEAXE XYY dw, (10.1)
B
which we shall term Tomi’s function and whose existence is guaranteed by
estimate (10.2) below. Just as Tomi did we aim to derive its strict mono-
tonicity on [0, 27|, which contradicts 7(0) = 7(27) as a result of our contra-
diction hypothesis in Chapter 10 and thus proves Theorem 1.1.
We fix some 7 € T and | € {1,..., N} arbitrarily and infer from Theorem

2.1 (vii), (2.19) and (2.20) that there exists some § > 0 such that there hold
the estimates

| Xo(w, ) |< const.(8,7,k) | w— €™ |, (10.2)
for any k € {1,..., N + 3} and for k # [
| X, (w,7) |< const.(6,7,1, k) | w— e |PT] (10.3)

Vw € Bs(e™)N B and V71 € Bs(7) := BN(7)NRY cC T, but for k =1
only '
| X7 (w,T) |< const.(0,7,1) | w—e™ |, (10.4)

which we shall avoid in the sequel by using (2.22), thus the estimate

| X7 (w, 7) + Xp(w, 7) |< const.(0,7,1) | w— et ]'DH, (10.5)

72
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Vw € Bs(e!™)NB and V7 € B;(7), where we abbreviate p := ming—1,_n43p} €
(—1,0] for the smallest exponent of the p;?, for j = 1,...,pr and k =
1,..., N + 3. Now we consider the functions

ql(w,T) = (Xy(w, 7) A Xy(w, 1), X7 (w, 7))
= (Xy(w, 7) AN Xy(w, 1), Xo (0, 7) + X (w, 7))

fori=1,...,N,w e B\ {e™} and 7 € T, where we used that
(X A Xy, X,) (1) = (X A Xy X)) — 0 (X A Xy X, (w) = 0
for any X € C1(B,R?) and w € B. Moreover we infer from (10.2)—(10.5):
| ¢ (w,7) |< (0,7, 1, k) | w— e |2, (10.6)

Vw € Bs(e™)N B, k=1,...,N+3, and V7 € Bs(7). In the sequel we
will denote A, (7) := B\ s> B, (ei™), for o < 4, and prove for any fixed
l=1,...,N:

Proposition 10.1 The function Q'(-) := [5¢'(w, -)dw is continuous on
T.

Proof: Firstly we can infer from estimate (10.6) that the function Q' exists
in any point 7 of 7. Now we fix some o € (0,0) and 7 € T arbitrarily and
introduce the functions Q' (7) := fAU(?) ¢'(w,7)dw, for T € Bs(7) cC T,
which are well-defined again due to estimate (10.6). We have:

| Q6 (7) — Q5(7) IS/ | ¢ (w,7) = ¢ (w,7) | dw. (10.7)

Do (T)

By Hilfssatz 1 (A) in [17] X7, (-, -) is uniformly continuous on A, (7) x Be (T)
due to e € B%(eﬁk) for | 7 —7|< g, Vk € {1,...,N + 3}. Hence, for
every € > 0 there is some p(€) > 0 such that

| X7 (w0, T) — X7 (w, 7) |< €,

if | (w,7) — (w,7) |< o, Le. if | T —7 |< o uniformly for any w € A, (7),
which means that

X, (1) — X(-,7) in CO(N, (7)), (10.8)

for 7 — 7. Furthermore we know by Hilfssatz 1 (A) in [17] resp. point (vi) of
Theorem 2.1 that D, )X (-, -) is uniformly continuous on A (7) X Bg (7)
again due to e € Be(e) for |7 — 7 |< g, Vk € {1,...,N + 3}. Hence,
as above we obtain that

D)X (+,7) — Dy X (-, 7) in CY(A, (7)), (10.9)
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for 7 — 7. Thus combining (10.8) and (10.9) we infer
ql('vT) —)ql("i—) in CO(AU(%))’

which yields together with Lebesgue’s convergence theorem and (10.7):

No (T

| QL (7) — QL (7) |< / | ¢t (w,7) — ¢ (w,7) | dw — 0,  (10.10)

for 7 — 7 and any fixed o < §. Moreover we obtain by estimate (10.6) for
any o € (0,9) and 7 € Bs(T):

! —QL(7) |= Hw, 1) dw — Hw, ) dw
Q4(r) QA)IIAﬂ(,)d /U ¢! (w, 7) du |

Do (7)
N+3
<>/ g w,7) | duw
; - (eTk)NB
N+3 '
<Y (6,7, 1K) / | w—e™ % dw.  (10.11)
el Bo(ek)NB

Now we estimate for any k =1,...,N +3 and o € (0,6):

/ | w— €™ |2 dw
Bd(ei-?k)

§/ \w—e”’“\gpdw—i-/ | w— €™ > dw
Bo(e'k) Bo (e'Tk)\Bo (e'"k)

g L . P —+ 2
<on / PP dr | Bole™) \ By(e™) | 0% < 2125 g2
0 p

Hence, together with (10.11) and 2p 4+ 2 > 0 we achieve:

2
| Q' (7) — QL(r) |< (N +3) const.(6,7,1) ’;L To2t2 0, (10.12)

for o ™\, 0, uniformly in 7 € Bs(7). Now we split:

Q') - Q)| (10.13)
<[ Q7)) = Qo(7) | +1 Qo (7) = Qo(r) | + | Q4(7) — Q'(7) |

for any o € (0,6) and 7 € Bs(T). We choose some ¢ > 0 arbitrarily and
obtain by (10.12) the existence of some 7(€) € (0,d) such that

| QZ(T) — Qé(T) |< % uniformly V7 € By(7). (10.14)

Next we know by (10.10) applied to o := &(e) that there exists some §(¢) €
(0,0) such that

Q7 ~Qh(r) <5 VT e By(7). (10.15)
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Hence, combining (10.13), (10.14) and (10.15) we achieve that for any € > 0
there exists some sufficiently small 6(e) € (0, ) such that
| Q'(7) — Q'(7) |

<[ Q'(7) = Q6(7) | + | Q6(7) = Q5(r) | + 1 Q5(1) = Q'(7) I< 3% =6

if 7 € Bs(7), which proves the continuity of Q' in 7, for the arbitrarily
chosen point 7 € T, and thus its continuity on T.

<

Due to the analyticity of 7 and %X t= Zf\; 1 % Xﬁl the above proposi-
tion implies in particular that the integral

O (1) = /B o <X§ AXE, %Xt> duw (10.16)
1

depends continuously on ¢ € [0,27]/(0 ~ 27). Now we are going to prove

Proposition 10.2 There holds

/ <Xf0 A XY QXt> ds — 0 in C°([0,2x]), (10.17)
9B, (0) ot

forr /1.
Proof: We consider for some fixed [ € {1,..., N} the functions
h(p,7) == (Xp(re'®, 1) A X (re'?, 1), Xy, (re’, 7))
= (Xp(re', ) AN X(re'?, 1), X5 (re'?, 1) + X, (re'?, 7)), (10.18)
for r € (0,1), 7 € T and ¢ € [0,27]/(0 ~ 27). Again we fix some 7 € T

arbitrarily. Firstly we derive a uniform bound for | X (-, -) | on B x B.(7T)
for some ¢ > 0. We know that there exists some § > 0 such that there
hold (2.17) and (10.2) on Bs(e'™) x Bs(7) for k = 1,..., N + 3. Moreover

we may apply Theorem 2.1 (vi) to the domain D := A;(7) which yields a
- 2
uniform bound b(,7) of | Xy(-, -) | on As(7) x Be(7) for any € € (0, %)
due to €™ € Bs (e for | T—7 |[<e < % Hence, we can estimate for some
2

arbitrarily chosen k:

1 1
| X(07) = Pl [ GXGem el [C] DX, )|
0 0

1-6 1
:/ 2 | Xo(te™, 1) | dt+/ 2 | Xo(te™ 1) | dt
0 1-6
1

<2b(6,7) (1 —9) +/ 2¢(6,7, k) | te'™ — e | dt
1-46

§
=20(6,7) (1 =9) + 20(5,7",/4:)/ y” dy
0

_ — 5ﬁ+1
=2 (b(6,7) (1-0) + (6.7 ) > o).
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and therefore
Ld
| X(w,7)|<| X(0,7) | + | / aX(tw,T)dt |
0

1
S\X(O,T)H—/ | DX (tw,7) || w| dt
0

p+1

<| Py | +2 (b(d,%) (1=96)+ c(6,7,k) d

),

for (w,7) € As(T) x Bo(7T) and an arbitrarily chosen k. Hence, together with
(2.17) on Bs(e'™) x Bs(7), for k =1,...,N + 3, and p+ 1 > 0 we achieve
the desired uniform bound for | X(-, -) | on B x B.(7) for any € € (0, g)
Moreover we obtain by Hilfssatz 1 (A) in [17] that X, (-, ) is uniformly
continuous on Ag(7) x B:(T) for any € € (0, %), in particular uniformly
bounded, due to e € Bg(eﬁk) for |[7—7|<e<$,Vke{l,....,N +3}.
Hence, together with (10.3) we have proved the existence of some 6 > 0
such that | X, (-, -) | is uniformly bounded on (B \ Bs(e'™)) x B.(7) for
any ¢ € (0, %) Thus taking also (10.2) and (10.5) into account we conclude
that there holds for any ¢ € (0, 3):

N+3
| kb (p,7) |< const.(8,7,1) > | re' — €™ |7, (10.19)
k=1
Vr € (0,1), Yo € [0,27] and V7 € B.(7T), where we abbreviate p :=
mink:LA._,NJrg{p'f} € (—1,0] for the smallest exponent of the pé? for j =
1,...,prand k = 1,..., N + 3. Now we estimate | re’¥ — ™ |? indepen-
dently of r € (0,1). To this end we fix some 7 € B.(7), k € {1,...,N + 3},
r € (0,1) and ¢ € [0,27]\ {7} and choose some R € (0, §) arbitrarily. Now
there are two possibilities:
(I) There holds | 7€’ — '™ |< R or (II) | re’¥ — e'™ |> R.
Case (I): We consider the angle v :=| angle(e’™ — e¥? re'® — ') | which
depends on the fixed ¢ only and note that v € (7, §) by the requirement of
Case (I) and ¢ # 7. Now we compute

| re’ — '™ |2 (10.20)
=| e’ — e |2 + | e — e ]2 —2 | re"? — e || e — e | cos(7)
=(1=7r)4|e¥ —e™ 2 —2(1—r) | ¥ — €™ | cos(y)
and consider this expression as a quadratic function of 1 — r, i.e. look at

q(z) =2+ y* — 22y cos(7) = (z — ycos(y))> + (y sin(7))?

for x € [0,1] and y :=| €9 — €' |. Obviously there holds ¢ > (y sin(y))? on
[0, 1], thus by (10.20)

| re’® — €™ |= \/q(1 — 1) >| ¥ — ™ | sin(vy),
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and therefore by p € (—1,0]:

| rei® — €™ [P<] ¢ — ¢ | sin(y). (10.21)
Moreover we recall that | e/? — ¢/ |= 2 sin <|“0_277’“|) Now by sin(6) > g for
6c0,2] and T > ol we have
(- |) | — 7 |
> . 10.22
Sm( 2o )= 4 (10-22)

Furthermore we gain by v € (7, 5) that sin(y) > 3 and therefore

together with (10.21) and (10.22):

yreirp_eirk |p§ (2Sin(|90—27'k|>>p81n <|90_7'k|>

for every ¢ € [0,27] \ {7} and k € {1,...,N + 3}. On the other hand in
Case (II) we have | re®¥ — ei™ |?< RP. Hence, we achieve in any case the
estimate

%\

| re’? — '™ |P< <7‘ Ld ;Tk |>p + RP, (10.23)
for any k € {1,..., N + 3}, and therefore together with (10.19):
l N43 ’ ©— Tk ‘ o
ey €6 m ) Y () + ), (10.24)

Vr e (0,1), Vo € [0,27] \ {7j}j=1,..N+3, VT € B:(T), yielding a Lebesgue
dominating term for the family {hL.(-,7)}.c(0,1) in L'([0,27]) for every 7 €
B.(7T) on account of p > —1. Furthermore we conclude from the property
X(e*, 1) €T for (p € [rj, i), = N +3, (TN4a:=71) V7 €T that
X, (e, 1) € T; — Pj = Span(Pj11 — P) and also X7, (e, 1) €
Span(Pji1 — j) for l=1,...,N, ¢ € (1j,7j41) and any 7 € T (see also
(4.74) in [18]). Inserting this into (10.18) we obtain

hi((p, T)— 0= hll(rp, T) forr /1, (10.25)

pointwise for every ¢ € [0,27] \ {7;};=1,... n+3 and for any 7 € T". Moreover
we have:

(160 7 X, X)) 0,7)

= (Xor ANX, X)) (w0, ) + (X A Xy, X)) (w, 7) + (X A X, Xop) (w, 7),
Vw € B and for any 7 € T. Hence, by formulas (2.19)—(2.21), estimates
(10.2)—(10.4) and again (10.23), with p replaced by 2p — 1, we achieve
N+3 ' '
| —hl (p,7) |< const.(6,7T,1) Z | et — i 2P0

k=1
N+3

<e(,70) Y ((M)ZH + RQP—l), (10.26)

4
k=1
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Vr e (0,1), go € [0,27] \ {T]}] 1,...N+3 and V7 € B.(T), where we fixed
some ¢ € (0 ,2) and R € (0,3) arbltrarlly Now we choose some € > 0
arbitrarily small One can easily see that for an arbitrary 7 € T' there holds
dist(7,0T) = \/lenj 1. ~n+3{| 71— |} Hence, the union (Y By (7,
of intervalls is disjoint for any 7 € B.(7) if we choose s € (0, %),

and we can estimate by (10.24) for those s:

| hi(e,7) | rdp
/ufj 43 Bu(r)
N+3 | . |
< ¢(8,7,1) (N +3) Z/ L4 ’f) + R dg,
sTk
— = 2 ’ L P
— o(8,7,1) (N +3) 2(/0 (2 do+ 5 R7)

p+1

= c(6,7,1)2(N + 3>2(m

—l—st),

Vr € (0,1) and uniformly V7 € B.(7). Thus due to p+ 1 > 0 we achieve

the existence of some 5(¢€) € (0, %) such that
[ e rdo <, (10.27)
k= 1 s(é (Tlc) 2

Vr € (0,1) and uniformly V7 € B.(7). Moreover we obtain by the mean
value theorem, h! (¢, 7) = 0, for every ¢ € [0,27] \ {7;}j=1.. N+3 and any
7€ T by (10.25), and (10.26):

| b, 7) | rde
/[072”]\Uiv_ﬁ3 By (k)

_ I gl
—Amwﬁiwwmww W(p.r) | rdp

< 27 const.(0,7,1) (N + 3) <<S(46))2p_1 + R2p—1) (r —12)

Vr € (0,1) and uniformly V7 € B.(7). Thus there exists some radius 7 < 1
(near 1) depending on 5(e), i.e. on €, such that

| hL(p,7) | rdp < < (10.28)

/[O,QW]\UQV_JEB Bs(ey(Tr) 2

Vr € (7(e),1) and uniformly V7 € B.(7). Hence, combining (10.27) and
(10.28) we achieve for any e > 0 the existence of some radius 7(¢) < 1 such
that

27
/IM@ﬂMw<e
0
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for any r € (7(¢), 1) and uniformly V7 € B.(7), which implies that

27
H! = h(p, Yrde — 0  in C°(B.(7)), (10.29)
0

for r /' 1. Hence, since T was arbitrarily chosen in T" we can conclude for
any compactly contained subdomain 77 CC T with Z C T” that

H — 0  in CYT, (10.30)

for r /1 and for any [ = 1,..., N. Now noting that %Xt = Zf;%Xt

~ T
and | ‘fl—; |< const. on [0, 2] we infer immediately from (10.30):

N -

0 dT N )

t t oyt _ “lh l 0

/BB 0 (XLAxt, 2 x")ds ML) — 0 in C°(0,2n)),
(0) I=1

forr /1.
o

Moreover we are going to use the integral identity (1.9) in [13] due to
Heinz (see Lemma 3.3 in [22] for a proof):

Lemma 10.1 For Y, Y? € C°B,R3) N H“?(B,R3) there holds the for-
mula

FooY' +Y2) = P =3 [ (EAYLYdw (103)
(0)
s evieviviavdaess [ onviael-vas
-(0) 9B,.(0)

,
for a.e. r € (0,1).

Using %Xt =N % X! we may infer from (10.8), (10.9), Lebesgue’s
convergence theorem and the analyticity of 7 that the functions

B, (t) = / <be A XY, Qxf> dw (10.32)
+(0) ot

are continuous in ¢t € [0,27]/(0 ~ 2m) for any r € (0,1) (compare with
(10.16) for » = 1). Together with Theorem 2.1 (i), (iv), (vi) and Lemma
10.1 we can prove the following connection between these integrals ®, and
Fp,0)(X)):

Proposition 10.3 There holds for a.e. r € (0,1) the formula

d 1

d
— XH =3, - Xt AXxt —Xxt 10.
=T, 0)(X") = 30.(t) + T/?BT(O)< LAXY S >ds (10.33)

vVt e [0,2n]/(0 ~ 27).
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Proof: Without loss of generality we may only consider some arbitrary point
€ (0,27). We obtain by (10.31) applied to Y! := X! and Y2 := X! - X
for an arbitrarily chosen r € (0,1) which (10.31) holds for:

Xt — Xt . . Xt Xt
fBT( ) ‘7:37‘( ) — 3/ <Xt Xt >d’LU

t—t* Ut —t*

t oyttt .
+/ <2Xt* +Xt,WA(Xt—Xt )U>dw
B -

1 . Xt Xt .
- Xt 2T, axt —Xt>d 10.34
o (xS X - XD (103)

with B, := B,(0). Firstly we consider the first integral on the right hand
side. By Theorem 2.1 (vi) and by the analyticity of 7 we know that
t t*
Xt (w) — X" (w) . 9
t—t* ot

XV (w) pointwise Yw € B (10.35)

and t — t*. Now combining (10.8) for some ¢ < 157 with the analyticity of
7 and applying Cauchy’s estimates to the harmonlc functions atX ¢ 8 7 X &
we achieve:

%Xt %Xt* in C*(B,(0)) (10.36)

for t — t*, which implies in particular together with the mean value theorem:

Xt — Xt 0

t
Moo= s 15X e

< const.(r,h), (10.37)

for some sufficiently small chosen h > 0 and | t — t* |< h. Hence, recalling
(10.35) we infer by Lebesgue’s convergence theorem:

* * X Xt * * *
/ <Xt A XY dw — / Xt axt D xt >dw — (1Y),
B

ot

(10.38)

for t — t*. Now we examine the second integral in (10.34). Using that

Xt = (7(t)) = ¥(7(t)) due to Z ¢ K(f) and Corollary 2.4 we have by

Theorem 2.1 (i) and the analyticity of 7 that X* — X' in C%(B) for

t — t*. Thus together with Cauchy’s estimates applied to X! — X" we
achieve:

Xt—x"  in CYB,(0)) (10.39)

for t — t*. Moreover we infer from (10.36) together with the mean value
theorem:

X Xt* 0
e HCO(B © ))< sup || aXﬁ HCO(BT(O))g const.(r, h),

(t*—h,t*+h)
(10.40)
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for some sufficiently small chosen h > 0 and | t — t* |< h. Hence, together
with (10.39) we achieve by Lebesgue’s convergence theorem:

. Xt - Xt .
/ <2Xt + X, (tt)“ A (X - X )U> dw — 0 (10.41)

T

for t — t*. Finally we examine the third integral in (10.34). We deduce
from (10.39) especially:

XL — X;* in C°(0B,(0)),

for t — t*. Thus together with (10.35) and (10.37) we infer again by
Lebesgue’s convergence theorem:

. Xt — XU . « 0 .
/ <Xt,7/\(2Xt —Xt)>d5%/ <Xt,—Xt /\Xt>ds
0B, t— * 14 4 9B, at 4

_ / <Xt*/\Xt*,gXt*>ds,
om, V¥ Bt

for t — ¢*. Now combining this with (10.34), (10.38) and (10.41) we see in-

deed that lim;_,4+ T, (X?:t]iBT (X*) exists and coincides with the right hand
side of (10.33) for any t* € (0,27), thus V¢ € [0,27]/(0 ~ 27), and for a.e.

r € (0,1).

<

In the sequel we have to examine some notions considered in [34] in order
to use Sauvigny’s result, Satz 2 in [34], correctly:

Definition 10.1 Let X € M(T) be a fized minimal surface without any
branch points. For any map Y € C°(B,R3) we consider its normal compo-
nent w. r. to X:

. 1
Y* .= <Y,§>§:Y—E((Y,XH>XU+(Y,Xv>XU) on B,
where & denotes the unit normal field of X, as defined in (2.54).
Furthermore we have to compare our definition of the quadratic form
JX assigned to a minimal surface X with the following one, considered in

[34]:

Definition 10.2 Let X € M(T') be a fized minimal surface without branch
points. For any ¢ € CY(B,R3) N HY2(B,R3) we define:

I* () :=/ (@) 2+ (60)" 2 +%(<¢mXu> (Dv; Xo)=(Pu, Xo) (bo, Xu)) dw.
B
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Definition 10.3 We term the normal space of a minimal surface X €
M(T) without branch points:

Nx :={p e CYB,R*)NC*B,R*NH"*(B,R*) | ¢ || ¢ on B}.
As pointed out on p. 173 in [34] we are going to prove now

Lemma 10.2 Let X € M(I) be a minimal surface without branch points.
For any ¢ € Nx there holds ¢ := (¢,¢) € HY?(B) N C°(B) and

I*(¢) = J* (). (10.42)
Proof: We have ¢ = ¢* = (¢,€) £ and therefore:
u= (0, ul+ (0, §) &  on B. (10.43)

Thus recalling the fundamental equations (see Lemma 1 in [31])

E NE=KX, NX,=KEFE¢ on B,
‘{u ’:’ v ’a <§U75v> =0 on B,

we obtain  (&,,§) =0 = (&,,£) on B in particular and conclude that

(¢u)* = <¢7£>u£ on B.

Hence, we achieve | (¢,)* ‘2:| (6,6)u |2E’ Pu |2 and analogously | (¢y)* ‘2:
| v [?, yielding

[ (@) P +1(60)" P=| Vo |*  on B, (10.44)

which implies especially ¢ € H'2(B)NC°(B) by ¢ € Nx and £ € C°(B,R3)N
C'(B,R3). Moreover we compute by (10.43):

<¢U7Xu> = <¢7£> <€uaXu> =—¢plL on B,

and analogously we obtain

<¢W7X”U> = <¢7§> <§’U7X”U> = _SONa
<¢U7XU> = <d)7£> <£U7Xv> = _(PM = <¢U7XU>7

where we used the notation in [6], p. 17. Therefore we arrive at:

%«%, Xu) (bv, Xo) = (Pus Xo) (Dv, Xu)) (10.45)
2
~F

(see p. 19 in [6]). Thus together with (10.44) we achieve (10.42).

(LN — M%) ¢* =2KE ¢,
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Now by Satz 1 in [34] we can derive as in Satz 2 in [34]:

Theorem 10.1 Let T be some arbitrary point of Z, then D2f(f) 1S positive
semidefinite.

Proof: As in [34], pp. 174-182, we consider for an arbitrarily fixed vector
a € RY the following family of harmonic surfaces:

Y(-,€):=X(-,T+eq) on B, for e € (—e,e€0),
where €y > 0 is chosen sufficiently small. By Satz 1 in [34] we know that

6= (2¥ (-0 o ) € N

and that there holds

2 2
% F7 + ca) leco= DY () lemo> 21X (). (10.46)
€ de
Moreover we know that J7 > 0 on H'2(B) by definition of Z and Lemma
3.1. We may apply this to the function ¢ := (¢,§) since Lemma 10.2
guarantees that (¢,&) € HY2(B) N C%(B). Hence, we conclude by (10.42)
and (10.46):

~ 2 ~ —
(o, D2f () a) = %f(% Fea) o> 27(0) > 0,

for any o € R, which proves the assertion of the theorem.

o
Now we are able to prove
Theorem 10.2 There holds F(X)) € C([0,27]) with
d t
ﬁf(X ) =3(t) for t € [0, 27]. (10.47)

In particular, F(X()) is strictly monotonic on [0,2x]/(0 ~ 27).

Proof: As trace(7) = K(f)L ‘we have Vf(#(t)) = 0 implying f(7(t)) =
const., where we used that K(f).. = Z is an analytic curve, and therefore:

@2 - i 2z . ) )
:<%’Dz(f)(%(t))%>, (10.48)
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n [0,27]/(0 ~ 27). Moreover Theorem 10.1 yields the positive semidef-
initeness of D2?(f)(7(t)) ¥Vt € [0,27]. Together with the symmetry of
D2(f)(7(t)) we achieve the existence of a symmetric root of D?(f)(7(t)),
i.e. there exists some symmetric matrix R(t) with D2(f)(7(t)) = R(t)- R(t),
which yields together with (10.48):

= (¥ (7)) DY = (T myT - R Y = By & P,

vVt € [0,2r]. Hence, we arrive at

e dr
D) T =

U

7’1

R R() 5

R(t)0=0  Vtelo,2n].

Thus on account of Satz 1 in [18] we can conclude that
t di 7(t)
<5 Z > e Ker(AT®), (10.49)

with &8 = % Now due to (7(-)) = 0 by definition of Z we infer from
Corollary 2.2 that the functions {X%}le{l,..., ~} are linearly independent on

B for any t € [0,27]. Hence, by the regularity of the parametrization 7 of
Z,i.e. by % £ 0 on [0, 27], we gain that

di

dt
k=1

L#0 on B, (10.50)

Vt e [0,2n]. Now on account of Satz 1 in [18] Heinz assigns to any 7 € K(f)
the linear map

CT VT ={Y = ZakXTk 1) | @ € Ker(D*(f)(1))} — Ker(AT),

defined by Y +— (£(7),Y). By (5.7), (5.7") and (5.17) in [18] we know the

formula
dim Ker(C") = 2k(7) — §{boundary branch points of X(-,7)},

for any 7 € K(f). Now by s(7(t)) = 0 we infer dim Ker(C7T®") = 0, i.e.
that C7(") is injective V¢ € [0, 2], which implies by (10.49), (10.50) and
)\mjn(A%(t)) =0:

(6. 2x) = (.3 xt ) € B, (470 (0}

k=1
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Vt € [0,27]. Hence, we infer from Theorem 8.2 (ii) and | X% A X! |
=1|DX"|?>>0o0n B:

)
(XIAXE =X")|>0 on B, Vtel0,2n]. (10.51)
u v at

Now we choose some arbitrary sequence of radii r, 1 such that formula
(10.33) holds for each r, and conclude together with (10.32) that

O, (t) <Dy () or B (t)>®,. (1) Vte[0,2r], (10.52)

Vn € N. Lebesgue’s convergence theorem guarantees that ®, (t) — ®1(¢)
pointwise for any ¢ € [0, 27]. Since we know by (10.16) and (10.32) that the
functions @, are continuous on [0, 27| for any r € (0, 1] we can apply Dini’s
theorem to the monotonic sequence in (10.52) yielding

&, — ®;  in C°[0,27]), (10.53)

for n — oco. If we insert also the convergence (10.17) into formula (10.33)
we obtain together with (10.53):

%me (X)) —3®;,  in C°0,27]), (10.54)

for n — oo, which especially implies the equicontinuity of {Fp, (X ())} on
[0,27]. Furthermore due to the existence of Fp(X?) by estimate (10.2) we
can infer from Lebesgue’s convergence theorem:

Fa,,(X") — Fp(X") pointwise V¢ € [0, 27]

and for n — oco. Hence, combining this with the proof of Arzela-Ascoli’s
theorem and (10.54) we obtain:

Fp,, (XU)) — Fp(X)) i C*([0,27]),
for n — oo, which shows indeed by (10.54):

d d

—Fp(XY) = lim —Fp, (X)) =3d0.(t) Vte]o,2n].

dt n—oodt ™

Now together with (10.51) and (10.16) we can conclude that %fB(X( ) >0

or < 0 on [0,27], i.e. that Fz(X (")) is strictly monotonic on [0, 27].
o

Since we trivially have Fg(X°) = F5(X?™) by 7(0) = 7(27) in contra-
diction to the strict monotonicity of Fp(X(")) on [0,2n] we finally proved
Theorem 1.1.

Now together with the compactness of the set (M(T'), || - |[co), on account
of Theorems 3.1 and 4.1, we immediately infer its finiteness.



Chapter 11

Local boundedness of

f(Ms(T))

In this chapter we shall extend the result of Theorem 1.1 to the ”local
boundedness” of (M (")), i.e. precisely to Theorem 1.2. To this end we also
have to extend our notation. Firstly we note that we have a correspondence
between ”admissible” vertex tuples P := (P, ..., Pyy3) € R3VF? (see (1.3))
and their resulting polygons I'(P). For any such fixed P we shall consider
now the maps (P, -) and ¢(P, -) as defined in (2.3) and (2.4) for the
polygon I'(P), resp. f(P,-) := D(P,-)) a~nd f(P, ) = D(P, -)),
where we will use the notation X (-, P,7) for ¢)(P,7) again. Moreover we
will use the abbreviations A7) := AX("P7) for the Schwarz operator and
JE) .= JX(CPT) for the quadratic form assigned to some minimal surface
X(-,P,7). On account of point (v) of Theorem 2.1 we can introduce the
notation

K (f(P, ) = ($(P, )" (Ms(D(P))) (11.1)
for the set of critical points of f(P, -) that correspond to the immersed sta-
ble minimal surfaces in C*(I'(P)).

Remark 11.1 We shall remark here that Ms(I') is nonvoid for any extreme
stmple closed polygon I'. To see this we shall consider a global minimizer X
of A on C*(I), i.e.

A(X) = Cl*r(llﬁ) A, (11.2)

whose existence, harmonicity and conformality are guaranteed by Theorems
2 and 8 in [21]. In fact Alt’s papers [2], [3] yield that such a minimal surface
is free of branch points on B, and X does not have any boundary branch
points neither on account of the extremeness of I' and Theorem 4.1, hence
X is immersed. Moreover X is stable due to X + epf € C*(T), for any
¢ € CX(B) and any € € R, and thus J* (p) = j—;A(X + €0 &) |e=0> 0 by

(11.2), where we used that the normal & of X is smooth on B.

86
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Now we fix some extreme simple closed polygon I'* C R?® with vertex
tuple P* which meets the requirement that the angles at its vertices are
different from 0, § and 7. Following Tomi’s ideas of the proof of Lemma 4
in [36] we shall prove analogously:

Lemma 11.1 Let U CC T be some arbitrary open neighborhood of the
(nonvoid) finite set Ks(f(P*, -)). Then there exists some neighborhood O
of P* in R3NT9 such that there holds

K (f(P,-))cU VPeO.

Proof: We suppose the statement was wrong. Thus there would have to
exist some sequence {P"} in R3V*+9 with

P" — P*, for n — oo, (11.3)

and according points 7" € K (f(P", -)) N U ¥n € N. Clearly there exists
some converging subsequence {7}, which we rename {7} again, and we
claim the limit point 7* to be contained in 7', i.e.:

™ —T1"eTnNU". (11.4)

For let us assume that there would hold dist(7",9T") — 0. By the definition
of T this assumption implies the existence of some subsequence {7} and
some consequtive indices ly,los =13 +11in {1,..., N +3} (where l; := N +3
iflo =1orly:=1if I3 = N + 3) and some angle ¢ € [0,7]/(0 ~ 27) such
that

T p— Tk
151 12 lo -

Now we consider the null sequence 6, := g +max;—1 2{| e”’jk —e% |} which
we may assume to be contained in (0,1) for any k£ € N. By the Courant-
Lebesgue Lemma, applied to the surfaces X (-, P™ 7™), there exists some
pr € (8k, /) such that there holds

Ar D(X (-, Prx, 7))
logi

| X (wf, P, %) — X (wh, P, 7)) |< \/ (11.5)

in the points {w¥, w§} := 0B, (e!¥) N OB and Vk € N. Moreover by (11.3)
the corresponding polygons I'" := I'(P™) satisfy a uniform chord-arc condi-
tion, i.e. there exists some constant C' such that there holds for any fixed
n € N and any pair of points Q1, Qs € I'™:

LI [(@1,0) <C [ Q1 - Q2 ], (11.6)

where L(I'" [, 0,)) denotes the length of the shorter subarc I |, 0,)
on I'™ connecting ()1 and (3. Furthermore we know that there exists some
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constant L such that £(I'") < L Vn € N again due to (11.3). Finally,
since the 7" are assumed to be critical points of f(P", -) implying that

X(-,P",7") = ¢(P", ) coincide with ¥ (P",7") by Corollary 2.4 and
thus are elements of M(I'") the isoperimetric inequality yields:

D(X(-, P, ™) = A(X(-,P", ™)) < %B VneN. (11.7)

Now combining this with (11.5) and (11.6), applied to Qf = X(w}“, Pk )
for j =1, 2, we arrive at:

CL
L™ |k giy) € ——==—0  for k— oc. (11.8)

,/logi

Together with (11.3) this shows in particular that I'"* |(Q’f,Q§) can contain at
most one of the points {P]T\L/il}l:172,3 of the respective three point condition
for sufficiently large k. Moreover B, (¢’¥)N0B can contain at most one of the
three points {e'", e’%”, 1} of the three point condition for sufficiently large k
on account of p;, < /8, — 0. Together with the weak monotonicity and the
three point condition imposed on the boundary values X (-, P 7") |55

this guarantees that

trace(X (-, P™,7™) |, @eynon) =T lgtory ~ YE>K,  (11.9)
for some large K € N. Moreover there holds e 4 € By, (e'?) N 0B, for any
k and j = 1,2, by pr > 0 and the definition of J;. Thus we can infer from
(2.2) and (11.9) that P’ = X (e, P, gm) € T [(gr on, for j = 1,2
and k > K, and thus together with (11.8):

| P = PR I< L™ [gr gy — 0 for k — oo,

which contradicts | P;'* — P [—| P — P [> 0 by (11.3). Thus we proved
in fact (11.4). Now we know by Satz 2 in [16] that X(-, -, -) behaves
analytically about a point (w, P*,7*) in B x R3V*9 x T for any fixed w € B,
where we use the additional requirement on P* that the angles at the vertices
Pr, j=1,...,N + 3, are different from 7 (Requirement (H) in [16]). Thus
we conclude in particular by (11.3) and (11.4) that

X(w, P ") — X (w, P*,77) for k — oo, (11.10)

pointwise for any w € B. Moreover (11.3) implies the Frechét convergence
of {T"™} to I'*. Thus together with X (-, P", 7™) ¢ M(I'") and (11.7)
we see that all requirements of a compactness result for boundary values
due to Nitsche (see [29], p. 208) are fulfilled which implies the existence of
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some further subsequence of {X (-, P™ 7" )} (to be renamed again) that
satisfies:
X(-,P™ 1) |sp—> v  in C°(OB,R3), (11.11)

for some continuous, weakly monotonic map v : B — I'* onto I'* satisfy-
ing the appropriate three point condition y(e™+!) = P¥, 4 for 1 =1,2,3.
Now let X denote the unique harmonic extension of v onto B, thus being
contained in C*(I'*). Due to (11.11) we infer from the maximum principle
for harmonic functions and Cauchy’s estimates:

X(-,P™ ™) — X in C°(B,R®) and C}.(B,R3) (11.12)

for k — oo. In combination with (11.10) we obtain especially that X and
X (-, P*,7%) coincide on B and thus on B and that they are contained in
M(T™) on account of the properties of v and (11.12). Now since the minimal
surfaces X (-, P™,7") do not have any branch points on B and are stable
we can apply Sauvigny’s Theorem 1 in [31], i.e. Prop. 3.2, which yields that
the limit surface X is free of interior branch points again. Moreover since
X is bounded by the eztreme polygon I'* we infer from Theorem 4.1 that X
does not have any boundary branch points, thus it is an immersed minimal
surface. Moreover (11.12) yields by Prop. 3.1 that X is also stable again.
Hence, all together we infer that X = X (-, P*,7*) € M,(I'*). By point
(iif) of Theorem 2.1 we obtain especially that X = ¢)(P*,7*) = ¢(P*,7*).
Thus we arrive at 7% = (P*, -)"1(X) € K (f(P*, -)), in contradiction to
T ¢ U by (11.4).

11.1 Proof of Theorem 1.2

Now we can finally derive the

Proof of Theorem 1.2:

Let P* be the vertex tuple corresponding to the polygon I'*. Since I'* is
required to be an extreme closed polygon we infer from Theorem 1.1, Remark
11.1 and (11.1) that K(f(P*, -)) is a nonvoid and finite set. Now we choose
one of its points 7% arbitrarily and recall that X (-, P* 7*) = 1/;(P*,7'*)
coincides with t(P*,7*) by Corollary 2.4 and is thus an element of M (I'™*).
Therefore we have JF*7) >0 on C2°(B) and thus on H2(B) by Lemma
3.1, which implies that there can arise only the following two cases for the
smallest eigenvalue )\min(A(P *77*)) of AP"7) on account of Theorem 8.1:
Case 1: )\min(A(P*’T*)) > 0 or Case 2: /\min(A(P*’T*)) =0.

In Case 1 we infer that kernel(A(”"7)) = {0}. Thus in combination with the
fact that X (-, P*,7*) is an immersed minimal surface we can immediately
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derive from formula (2.15) that
rank D?(f(P*,7%)) = N. (11.13)

Since f is real analytic, thus smooth in particular, about the point (P*,7*)
by Satz 3 in [16] there exists some neighborhood O* x U* of (P*,7*) in
R3N*9 % T such that there holds:

det D (V. f(P,7)) #0  Y(P,7) € O* x U*. (11.14)

Also noting that the point (P*,7*) solves the N equations V,f(P,7) = 0
the implicit function theorem in its real analytic version (see e.g. [5], p. 268)
applied to V. f € C¥(0* x U*,RY) yields:

There exist neighborhoods Uy C U* of 7% and O7 C O* of P*, where O
has to be chosen sufficiently small depending on the choice of U, and some
function F' € C¥(0O7,Uy), such that there holds F/(P*) = 7* and

{(P,7) € 07 x UL | V- f(P.7) = 0} = {(P,F(P)) | P € O} = graph(F).
Hence, for any P € O7 there holds:

K(f(P, ) nU; ={F(P)}

and thus by K(f(P, -)) C K(f(P, -)) on account of Corollary 2.4:
HKL (PP, ) NUT) < 1. (11.15)
In Case 2 we infer from Theorem 8.2 that

dim Ker(A®"7)) = dim ER, (AFT)) =1,

min=0
which implies again by formula (2.15) that
rank D2(f(P*,7%)) = N — 1. (11.16)

Thus on account of the symmetry of D2( f) there exists a uniquely deter-
mined permutation of the coordinates 71, ..., 7y in T and furthermore some
neighborhood O* x U* of the point (P*,7*) in R3V*9 x T such that there
holds:

det D:(V:f(P,(7,78))) #0  Y(P,(,7n)) € O* x U*, (11.17)

where we abbreviated by 7 := (71,...,7n—-1) the tuple of the first N — 1
permuted coordinates in T'. Now let UcRVN1and I Cc Rbe neighborhoods
of 7% and 73; respectively such that Ux1I c U*. Also noting that (P*,7*, )
is a solution of the N — 1 equations V5 f (P,7,7n) = 0 the implicit function

theorem in its real analytic version applied to Vs f € C¥(O* x UxlI, RN-1)
(by Satz 3 in [16]) yields:
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There exist neighborhoods U; c U of 7, O] C O" of P* and I} C I of
Thr» where OF and I; have to be chosen sufficiently small depending on the
choice of U1, and some function F € C*(0* x Iy, U;) such that there holds
F(P*,13) = 7" and

{(P,#,75) € OF x Uy x I | Vi f(P,7,7n5) = 0} (11.18)
={(P,F(P,7n),7n) | (P,7n) € O] x I} = graph(F).

Now let some P € Of be arbitrarily chosen, then a point (F(P,7n),7TN) €
Up x Iy is contained in K(f(P,-)) N (Up x I1) if and only if it satisfies
V. f(P,F(P,Ty),7n) = 0, which is by (11.18) equivalent to

of

(P, 7N) := ——(P,F(P,7n),7n) = 0. (11.19)

oTN
Now &, being an element of C*(OF x I1,R), can be developed into a power
series about the point (P*, 7y ):

O(Pry)= D> Y Baj(P—P)(ry —Tx)

NG+ =0

for any pair (P,7x) € OF x I;. Now we prove the existence of some positive
integer q with

‘19070 = (13071 =...= (I>0,q—1 =0, but (I)qu #0. (11.20)
Firstly we note that there holds in particular

* * 8~ * * * *
(I)O,OZ(I)(P7TN):87:;(P’F(P7TN)’TN):0

due to (F(P*,7x),7x5) = (7, 7x5) € K(f(P*, -)). But on the other hand if
®(,; would vanish for any j € Ny, then we could conclude that ®(P*, -) =0
on I, which would imply together with (11.18) that {(F'(P*,7n),7n) |
v € I1} would be an analytic curve of critical points of f (P*, -) passing
through the point (F(P*,7y),7x) = 7" which is contained in K,(f(P*, -)).
But this is exactly the hypothesis at the beginning of Chapter 10 which is
shown to lead to a contradiction in the course of Chapters 10 and 11, in
order to prove the finiteness of the set Ks(f(P*, -)) = M4(I'*). Thus there
exists in fact some integer ¢ > 1 satisfying the assertion in (11.20). Hence,
all requirements of Weierstrass’ preparation theorem (see [25], p. 152) are
satisfied which yields the existence of some neighborhood O3 x I of (P*, 77;),
of some Weierstrass polynomial

W(P,7y5) = (T8 —7k)4aq_1(P) (TN —13) T 4. . .+ar(P) (T —75) +ao(P),
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defined on O3 x I, with coefficients a; € C¥(O3,R) satisfying a;(P*) = 0,
for j =0,...,¢—1, and of some non-vanishing function V"€ C*(0j; x I, R)
which fulfill

‘I)O,q

(P, 1N) = m

W(P,7y) Y(P7y) € 04 x L. (11.21)
Thus the zeroes of ®(P, -) and W (P, -) coincide on Iy and their number
is bounded by the degree ¢ = q(P*,7*) of W (P, -) uniformly for any fixed
P € O;. Thus together with Corollary 2.4, (11.19) and I C I; we infer that

B (F(P, ) N (U1 x L)) < BK(F(P, ) N (U1 x I2))
= number of zeroes of ®(P, -) on Iy < q(P*,7%) VP e O;.

Now we know that K(f(P*, -))(# 0) consists of only finitely many points
{Tj}j:L_”J that satisfy Case 1 or 2, thus that possess disjoint open neigh-
borhoods U7 in T for which hold:

H(Ks(f(P,-))NUY) < ¢ (P*,77) VPeO, (11.22)

for j = 1,...,J = §(Ks(f(P*,-))), where ¢/ are degrees of Weierstrass
polynomials depending on P* and 77 only and where O7 are sufficiently
small neighborhoods of P* in R3V*9 As the disjoint union O;-]:lUj =U
is an open neighborhood of K(f(P*, -)) in T the above lemma yields the
existence of some neighborhood O of P* in R3¥*9 such that there holds
Ks(f(P,-)) CU VP e€O,ie. we have:

K(fP, ) =) K(f(P,-)nUI  vPeo. (11.23)

J=1

Now choosing this neighborhood O of P* sufficiently small such that there
holds also O C (/_; O7 we obtain by (11.22) and (11.23):

J

HES(f(P, ) = > (K (f(P,-))nTY)
j=1
J
<> @(P77)=B(P") VPeO.
j=1

Thus together with the correspondences Ks(f (P, -)) = M (T'(P)) viay(P, -)
and P «—— T'(P) we finally obtain the claimed result of Theorem 1.2.
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