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Introduction

This research is devoted to a very interesting and important class of homogeneous spaces
of real Lie groups. We suppose that all considered homogeneous spaces are Riemannian
manifolds. This assumption allows us to use a lot of geometrical methods.

Let X = G/K be a connected Riemannian homogeneous space of a real Lie group G. We
assume that the action G : X of G on X is locally effective, i.e., K contains no non-trivial
connected normal subgroups of G. Denote by D(X)¢ the algebra of G-invariant differential
operators on X and by P(T*X)% the algebra of G-invariant functions on 7*X polynomial
on fibres. It is well known that P(7*X)“ is a Poisson algebra, the Poisson bracket being
induced by the commutator in D(X)¢.

Definition 1. The homogeneous space X is called commutative or the pair (G, K) is called
a Gelfand pair if the following five equivalent conditions are satisfied:

(0) the algebra D(X)Y is commutative;

(1) the algebra of K-invariant measures on X with compact support is commutative with
respect to convolution;

(2) the algebra P(T*X)% is commutative with respect to the Poisson bracket;
(3) the representation of G on L?*(X) has a simple spectrum;

(4) the action of G on T* X is coisotropic with respect to the standard symplectic structure
on the cotangent vector bundle.

Condition (1) was first considered by Gelfand in [18]. The equivalence of (0) and (1)
is proved by Thomas [42] and Helgason [19], independently. Clearly, (0) implies (2). The
inverse implication is proved by Rybnikov [40]. The equivalence of (1) and (3) is proved e.g.
by Berezin et al. in [5]. Finally, the equivalence of (2) and (4) is proved by Vinberg [43].
Good references for the theory of Gelfand pairs are [16] and [43].

Symmetric Riemannian homogeneous spaces introduced by Elie Cartan are commutative.

In case X is compact, this was proved by Cartan himself. The theory of symmetric spaces
is well developed. Works of Elie Cartan [12] and Sigurdur Helgason [19], [20], [21] describe



their structure and also deal with harmonic analysis on such manifolds. The common eigen-
functions of D(X )% that are invariant under K are called spherical functions on X. Many
special functions arise in this way.

There is a more general geometrical condition sufficient for commutativity. In his cel-
ebrated work [41] on the trace formula, Selberg introduced a notion of weakly symmetric
homogeneous space. He proved that each weakly symmetric homogeneous space is commu-
tative.

Let ¢ be an automorphism of G such that o(K) = K. Define an automorphism s of X
by s(gK) :=o(g9)K.

Definition 2. The homogeneous space X is said to be weakly symmetric with respect to o,
if for every pair of points x,y € X there is g € GG such that gr = sy, gy = sxz. X is said to
be weakly symmetric, if it is weakly symmetric with respect to some automotphism o.

Selberg pointed out that his "trace formula” is true not only for the weakly symmetric
spaces but for all commutative ones as well. He did not know if the second class of spaces is
strictly larger. In 2000, Lauret [26] constructed the first example of a commutative but not
weakly symmetric homogeneous space.

Due to lack of non-trivial examples weakly symmetric homogeneous spaces were forgotten
for almost 30 years. Clearly, each symmetric space is weakly symmetric. It is well known
that the second class is larger. For example, as was noticed by Selberg, a homogeneous space
(SLy(R) x SO42)/SO4 is weakly symmetric but not symmetric. Recently weakly symmetric
homogeneous spaces were intensively studied by several mathematicians, see, for example,
(1], [6], [7], [8], [9]. In particular, new examples of non-symmetric weakly symmetric ho-
mogeneous spaces have been constructed. These works show that weakly symmetric spaces
possess a fairly interesting geometry.

Definition 3. A real or complex linear Lie group with finitely many connected components
is said to be reductive if it is completely reducible.

Let F' be a complex reductive Lie group and H C F' a reductive subgroup.

Definition 4. An affine complex F-variety X is called spherical if a Borel subgroup B(F') C
F has an open orbit in X. If X is a linear space and a spherical F-variety then it is called a
spherical representation of F. If a homogeneous space F//H is spherical, then the pair (F, H)
and the subgroup H are also called spherical.

Let G be a real form of a complex reductive group G(C). Suppose K C G is a compact
subgroup. We call the real homogeneous space G/ K, the subgroup K and the pair (G, K)
spherical if the complexification X (C) = G(C)/K(C) is a spherical G(C)-variety. In case
of reductive G the notions of commutative and weakly symmetric homogeneous spaces are
equivalent, see [1]. Moreover, weakly symmetric spaces are real forms of complex affine
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spherical homogeneous spaces, [1]. These latter spaces are classified by Kréamer [25] (if G(C)
is simple), Brion [10] and Mikityuk [30] (if G(C) is semisimple).

Homogeneous space X of a reductive Lie group G is spherical if and only if each G-
invariant Hamiltonian system on T*X is integrable within the class of Noether integrals,
see [30]. In case of non-reductive GG, the notion of spherical homogeneous space does not
exist. The notions of weakly symmetric and commutative homogeneous spaces are natural
substitutes for it. It would be interesting to realise whether this result of [30] extends to all
Gelfand pairs.

Note that the classifications in [10, 30] are not quite complete, because the case of non-
principal homogeneous spaces is not treated there. This gap is fixed here, see Theorem 2.1.
The real forms of homogeneous spherical spaces, i.e., commutative homogeneous spaces of
real reductive groups are explicitly described in Section 2.1. We obtain many new examples
of weakly symmetric Riemannian manifolds. Most of them are not symmetric regardless of
the (or under some particular) choice of a G-invariant Riemannian metric.

The principal result of this work is the complete classification of Gelfand pairs. Our main
tool in obtaining classification is a criterion for commutativity of homogeneous spaces, which
is also useful and interesting in its own right.

Fix some notation that will be used throughout the text. Lie algebras of Lie groups are
denoted by corresponding small Gothic letters; for instance, n = Lie N. Unless otherwise
explicitly stated, all Lie groups, algebras, vector spaces are assumed to be real. If G is a Lie
group, then G is the identity component of G; G’ is the commutator group of G; Z(G) is
the connected centre of G|

G(C) is the complexification of a real Lie group G;

R[X] is the algebra of real-valued regular function on an affine algebraic variety X;

R[X] is the subalgebra of G-invariants in R[X].

If a reductive Lie group F acts on a linear space V', then F, (V') denotes a generic stabiliser
for this action and F), the stabiliser of y € V.

Some necessary conditions for the commutativity of arbitrary homogeneous spaces are due
to Vinberg. If G/K is commutative, then, up to a local isomorphism, G has a factorisation
G = N XL, where N is the nilpotent radical of G, K C L, L and K have the same invariants
in R[n], and [[n,n],n] = 0, see [43]. Without loss of generality, one may assume that L’ is
a real form of a complex semisimple group and the centre of L is compact. Hence, L is a
reductive group.

The following is our commutativity criterion.

Theorem 1. X = (N X L)/K is commutative if and only if all of the following three
conditions hold:
(A) R[n]* = Rn]*;

(B) for any point v € n* the homogeneous space L. /K., is commutative;



(C) for any point B € (I/€)* the homogeneous space (N N K3)/Kg is commutative.

It is always assumed below that G = N N L, K C L, and X = G/K is a commutative
homogeneous space. Let P denote the ineffective kernel of the action L : n. Then P is a
normal subgroup of L and GG. Let us indicate some important consequences of Theorem 1.
By condition (A), we have L/P C O(n). Hence, L, is reductive for any v € n*. Therefore
condition (B) actually means that L. /K, is spherical, and one can use classification results
for spherical homogeneous spaces. Because the orbits of the compact group K in n are
separated by polynomial invariants, L and K have the same invariants in R[n] if and only if
they have the same orbits. In other words, condition (A) means that there is a factorisation
L = L,(n)K or, equivalently, L/P is a product of L.(n)/P and K/(K N P). All non-trivial
factorisations of compact groups into products of two subgroups are classified by Onishchik
[32] (see also [34, Chapter 4]).

Our classification is based on the following principles and conventions.

e A homogeneous space G/K is called indecomposable if it cannot be presented as a
product G /K1 xGy/ Ky, where G = G1xGq, K = K1 x Ky and K; C G;. Obviously, Gy /K X
G2/ K, is commutative if and only if both spaces G/ K; and G/ K, are commutative. Hence,
it suffices to classify only indecomposable commutative homogeneous spaces.

e Commutativity is a local property, i.e., it depends only on the pair of algebras (g, £),
see [43]. Therefore we may assume that G and K are connected, N is simply connected,
L =Z7(L)x Ly X ...%x Ly, where Z(L) is the connected centre of L, and the {L;}’s are
the simple factors of L. We also assume that L; are real forms of simply connected complex
simple groups and the action of Z(L)/(Z(L) N P°) on n is effective. Given a pair (g, ), it
may happen that there is no effective pair (G, K) satisfying these assumptions, so we admit
not only effective actions G : (G/K), but locally effective as well.

e Assume that 3o C [n,n] is an L-invariant subspace, and Z, C N is the correspond-
ing connected subgroup. Then the homogeneous space X/Zy = ((N/Zy) N L)/K is also
commutative, see [43]. The passage from X to X/Zj is called a central reduction. A commu-
tative homogeneous space is said to be mazimal, if it can not be obtained by a non-trivial
central reduction from a larger one. Clearly, one can consider only maximal commutative
homogeneous spaces.

e In Chapters 1 and 3 we impose on G/K two technical conditions. The first of them
concerns the behaviour of Z(K) with respect to the simple factors of L and the action
Z(L) :n. Let n/n’ =w,&---Pw, be a decomposition of the L-module n/n’ into irreducibles.
Since P is a normal subgroup of L, it is reductive. We say that G/K is principal, if P is
semisimple, Z(K) = Z(L)x (LiNZ(K))x...x(L,NZ(K)),and Z(L) = Cy x...xC,, where
C; C GL(w;). The second condition, “Sp,-saturation”, describes the behaviour of normal
subgroups of K and L isomorphic to Sp;. The precise definition is given in Section 1.5. Both
these constrains are removed in Chapter 4.

In Chapter 1, we obtain a partial classification of Gelfand pairs. The simplest and
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most important results are obtained for simple L. Note that if L is simple, then G/K is
automatically principal and Sp;-saturated.

Denote by H,, the (2n+1)-dimensional real Heisenberg group. In tables and theorems we
write U, instead of U; x SU,, and sometimes SO,, instead of Spin,,. The symbols R" and C"
stand for simply-connected Abelian groups, which are regarded as standard L-modules.

Theorem 2. Suppose X = (N X L)/K is an indecomposable commutative space, where L is
simple, L # K and n # 0. Then X is one of the following eight spaces.

(C* X\ SUs,)/Sp,; (R® X Spin,)/Sping; (R® X SOg)/Spin;
(R?" X\ SO2,)/Up; (R® X\ SOg)/(Spy x SU,).

Commutativity of (N X L)/K implies that of (N X\ (L/P))/(K/(K N P)). Therefore we first
describe the indecomposable commutative spaces with trivial P (Sections 1.2 and 1.3) and
then study possible kernels P in Section 1.4. The classification results of Sections 1.2-1.4
can be summarised as follows.

Theorem 3. Let X = (NXL)/K be a mazimal principal indecomposable commutative ho-
mogeneous space and Ly <\ L a simple direct factor acting on n non-trivially. If Ly # SU,
and Ly ¢ K, then either L is simple (and X appears in Theorem 2) or X is one of the
following four spaces:

(HyuMUs,)/(Sp,,-U1),  (Hs~(SOgxUy))/(Spin,xUy);

((R*"XS0,,)xS0,)/S0,,, ((H,XU,)xSU,)/U,.
(In the last two items, the normal subgroups SO, and SU,, of K are diagonally embedded
into SO, xS0O,, and SU,, xSU,,, respectively.)

A commutative homogeneous space (N X\ L)/ K is said to be of Heisenberg type if L = K.
The following is the main classification result of Chapter 1.

Theorem 4. Any indecomposable mazimal principal Sp,-saturated commutative homoge-
neous space belongs to the one of the three classes:

1) the commutative homogeneous spaces of reductive real Lie groups;

2) the homogeneous spaces listed in Theorems 2 and 3.

3) the commutative homogeneous spaces of Heisenberg type.

Chapter 2 is devoted to commutative spaces of reductive Lie groups. As we have already
mentioned, they are real forms of spherical affine homogeneous spaces. Let (G(C), H) be
a spherical pair of complex reductive groups. We describe real commutative spaces corre-
sponding to G(C)/H. Assume that G(C), H, and G are connected. The subgroup K is
a maximal compact subgroup of H. For G we can take any real form of G(C) containing
K. The subgroup K is always contained in a maximal compact subgroup of G(C). For a
non-compact G, we have the following result.



Theorem 5. G = (G(C)™%)°, K = H", where ¢ is an involution of G(C) acting trivially on
H, and T is a compact real structure on G(C), commuting with ¢ and preserving H.

Recall that in case of reductive G the notions of commutative and weakly symmetric
spaces are equivalent.

Denote by Aut(G, K) the set of automorphisms of G preserving K. We call an automor-
phism o € Aut(G, K) righteous, if it defines a weakly symmetric structure on X = G/K,
i.e., if X is weakly symmetric with respect to o.

Suppose weakly symmetric homogeneous space X = G/K is a real form of a spherical
affine homogeneous space Y = G(C)/H. Denote by V) the irreducible representation of
G(C) with the highest weight A. Let

C[Y}: @ V)\a

AEA(Y)

be the decomposition into irreducible representations of G(C). Note that this decomposition
is canonical [45].

The following theorem characterise all righteous automorphisms of weakly symmetric
homogeneous spaces of reductive Lie groups.

Theorem 6. An automorphism o € Aut(G, K) is righteous if and only if o(Vy) =V for
each weight A € A(Y).

Let X = G/K be weakly symmetric with respect to o. One can introduce a G-invariant
Riemannian metric on X. This metric will be also o-invariant. The Riemannian manifold
X can be symmetric even if X is not symmetric as a homogeneous space of G. For example,
an odd dimensional sphere S*"~! = SU,, /SU,,_; = SO, /SOs,_; is a symmetric Riemannian
manifold and simultaneously a non-symmetric weakly symmetric homogeneous space of SU,,.
To understand whether a given Riemannian metric is symmetric, it is sufficient to know the
isometry group of the pair (X, u) or its identity component P = Isom(X)°. Let @ be the
stabiliser of e € X in P. Clearly, there is a factorisation P = G@. The Riemannian
manifold X is symmetric if and only if @) is a symmetric subgroup of P. Factorisations of
reductive groups into products of two reductive subgroups are described by Onishchik [32],
[33]. This allows us to classify non-symmetric weakly symmetric Riemannian manifolds with
reductive isometry group. In case of a non-compact X we prove the following theorem.

Theorem 7. An indecomposable (as a homogeneous space) non-symmetric non-compact ho-
mogeneous space of a semisimple group G is not a symmetric Riemannian manifold regardless
of the choice of a G-invariant metric.

Classification results in the compact case are presented in Table 2.6 (Subsection 2.2.4).



Chapter 3 is devoted to homogeneous spaces of Heisenberg type. Recently, these spaces
were intensively studied by several people, see [3], [27], [31], [43], [44]. We complete the clas-
sification of principal Sp;-saturated commutative spaces of Heisenberg type, started in [3]
and [43], [44].

Since L = K, we have D(G/K)Y = U(n)X, where U(n) is the universal enveloping
algebra of n. In particular, if n is an Abelian Lie algebra, then G/K is commutative. It is
called a commutative space of Fuclidian type. Such a space is completely determined by a
K-module structure on n. Therefore, there is no harm in assuming that n is not Abelian.
Recall that [n,[n,n]] = 0 if G/K is commutative. For the spaces of Heisenberg type, it was
already proved in [3]. Commutative homogeneous spaces of Heisenberg type such that n/n’/
is a simple K-module are classified in [43] and [44]. In general, n is a sum of an Abelian
ideal and algebras listed in [43, Table 3] and [44]. But the problem of classifying possible
sums is not trivial.

Interest of commutative spaces of Heisenberg type is explained by their connections with
spherical representations. Recall relevant structure results. Consider a homogeneous space
(NXK)/K, where n is two-step nilpotent and dim[n,n] = 1. Set 3 = [n,n]. Decompose n into
a K-invariant direct sum n = (rw@3)®V, where V' is an Abelian ideal and w@®j is a Heisenberg
algebra. A nonzero covector a € 3* determines a non-degenerate skew-symmetric form &
on tv; namely, &(&§,n) = «a([€,n]) for £,n € ro. Therefore the complexification of o, w(C),
is simultaneously an orthogonal and symplectic K(C)-module. Hence, mo(C) ~ WaW™* for
some K (C)-module W. By [3] and [48], (NXK)/K is commutative if and only if W is a
spherical representation of the complexification of K,(V'). In the simplest situation when
V' = 0 this means that W is a spherical representation of K(C). Classification of spherical
representations was obtained by combined efforts of Kac [22], Brion [11], Benson and Ratcliff
[4], and Leahy [28] (see historical comments in [24]).

The list of commutative homogeneous spaces (N XN K)/K, where N is a product of
several Heisenberg groups, is given in [3]. That article also claims to classify all commutative
homogeneous spaces (N N K)/K such that n =ng @V, where V' is an Abelian ideal and ny
is a direct sum of several Heisenberg algebras. The authors of [3] erroneously assume that if
Ny C N is the subgroup with Lie Ny = ng and (No X K)/K is commutative, then (NXK)/K
is commutative as well. The simplest counterexample is ((C? x Hy) X\ SUy)/SU,. By [43,
Prop. 15], this space is not commutative, whereas (Hs X\ SUs)/SUz is commutative.

Theorem 8. All indecomposable Sp,-saturated mazimal principal commutative homogeneous
spaces (N N K)/K with non-commutative n and reducible n/n’ are given in Table 3.2 in a
sense that n is a K-invariant subalgebra of wimaz-

In Table 3.2, the Lie algebra nmax is described in the following way. Each subspace
in parentheses represent a subalgebra w; @ [to;, tv;], where o; C (n/n’) is an irreducible
K-invariant subspace with [r;, ;] # 0. The spaces given outside parentheses are Abelian.



Notation (SU,, U, Uy xSp,, ,) means that this normal subgroup of K can be equal to either

of these three groups. Appearance of the symbol Sp,, , means that n is even.

Table 3.2.
K Nmax
1 U, (C"®R) @ suy,
2 Uy (C*oA’C* o R) O RS
3 U; x Uy, (C"oR)® (A2C"®R)
4 SU4 (C*® HS?H? ® R) ® RS
5 Uy x Uy (C2® C*e HA2C?) o RS
6 SU4 x Uy, (C'eC"®R)®R®
7 Un x U, (C"RC"oR)® (C"dR)
8 Uy x Sp, x Uy (H" @ R) & (H" & R)
9 Sp; x Sp,, x Uy (H" @ Hp) © (H" ® R)
10 Spy X Sp,, X Spy (H"™ ® Hop) @ (H™ @ Hy)
11 Sp,, X (Spy, U1, {e}) x Sp,, (H™ @ Hp) @ H" @ H™
12 Sp,, x (Spy, Uy, {6}) (H™ @ Hy) & HS%H”
13 Spin, x (SO, {e}) R¥EBR") ®R” @ R?
14 U; x Spin, (C"®R)®R8
15 U; x Spin, (CPoR)® R’
16 U; x Uy x Sping (CEaR)® (CE®R)
17 U; x Spinyg, (C o R) @ R
18 | (SUp, Up, Uy X Sp,,/9) x SUy (C"RC?2R) @ suy
19 | (SU,,U,,U; x Sp,,/5) x Us (C"eC?oR)® (C2oR)
20 | (SUn, Un, Ui xSp,, /) xSUzx (C"eC?*aR)a (C20C" @ R)
X (SUp, U, U XSSPy, /9)
21 | (SU,, U,, U1 xSp,,/5)xSUsx Uy (C"2C?0R)®(C?CieR)ORS
22 Uy x Uy R6 @ (C*®@C? D R) @ suy
23 Uy x Uy x Uy Ré@(CiC20R)®(C2?RCIaR)DRE
24 U; x Uy x SUy (C*oR)® (C*@R)DRS
25 (U1 x)SU4(xS07) (C*®R) ® RS ® R?

In Chapter 4, we classify non-Sp;-saturated and non-principal commutative spaces. This
classification is done in terms of certain weighted graphs I';. To each graph the attache
a triple (F, F,V) such that F = Sp;xE, §f C so(V) and a Lie algebra n generated by V.
Using these data we construct non-Sp;-saturated commutative spaces. Let us start with the
description of the correspondence between graphs I', and triples (F, EV).

Let I'; be a connected rooted graph with vertices 0,1,...,¢q, where 0 is the root, and
maybe one special vertex as. Attach to each vertex i a weight d(7), which is either a positive
integer or co. We say that a vertex ¢ is finite if d(i) < oo, an edge (7,j) is finite if both
i and j are finite. Assume that d(0) = d(as) = 1, each infinite vertex has degree 1, and
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if (4,7) is infinite edge with d(j) = oo, then d(i) > 1 and there is at most one infinite
vertex t # j such that (i,¢) is an edge of I';. To each non-special vertex i we attach
a group H(i) = Sp,;. To the special vertex a, we attach a group H(a,) and a linear
representation H(as) : V(as). Moreover, the pair (H(as),V (as)) is one of the following:
(U1, {0}); (Spy,R3); (Spyx(S)Uy, C20C* & RY); (Spy;x(S)U,,, C?°@C™) with m > 3. Set
Wi = HYO @y H) for each finite edge (i,7). If (i,7) is infinite and d(j) = oo, we set
Wiy o= HSFH™ = susy/spy. Since Ty is connected, here d(i) < oo. Let H be a
product of H (i) over all finite vertices, H a product of H (i) over all finite vertices except
for the root, and W a direct sum of W;; over all edges of T',. Set V := W @ V(a,). Then
h C so(V). Suppose I'; contains no triple edges, then the normaliser Ngov)(h) is locally
isomorphic to (U;)"xH. We define F' to be a product of (Uy)*x H, where (Uy)* C (Uy)",
and set F' = (U;)!'x H. Clearly, f C so(V).

Consider a homogeneous space X = (V X F)/(U;xF), where F = Sp,xE, U; C Sp,,
and V' is an Abelian Lie group. According to Theorem 1, X is commutative if and only
if F,(V) = Sp;xE,(V). On the other hand, F,(V) = Sp,xE,(V) if and only if the triple
(F,F,V) corresponds to a tree T, which has no special vertices and satisfies the following
two conditions:

(I) if d(i) > 1, then the vertex ¢ has degree at most 2;

(IT) if there is an edge (4,7) with d(¢) > 1, d(j) > 1, then either i or j has degree 1.
We illustrate the structure of X by the following diagram.

Uy Sp1 Tq

Here the direct factor Sp, of L corresponds to the root of Tj,.

If I'; contains a special vertex or a double edge we can define an F-invariant Lie algebra
structure either on V or on V @ R (see Lemma 4.10), i.e., we attach to I'; a Lie algebra
n = n(l'y). In case I'; is a tree with no special vertices n is Abelian. The classification
of principal maximal non-Sp,-saturated commutative spaces, which are not of Heisenberg
type, is done in terms of trees T} satisfying conditions (I), (II) and graphs I',, described in
Lemma 4.9. The result is given in Theorem 4.11.

Let Fry be a forest of s-trees satisfying conditions (I), (II). Let X, = (No X Ky)/ K
be an Sp,-saturated commutative space of Heisenberg type with nj # 0. Suppose Ky =
Z(L)XLyx ... XLgXLgi1X ... XLy, where Ly = Ly = ... = Ly = Sp, and a triple (F, F, V)
is attached to F'r,. We assume that each L; corresponds to the root of the i-th tree of F'r,.
Set K = Z(L)XLoy1 % ... XLy x(Sp;)*xF, n =10, @V, where for each edge (j,t) of the i-th
tree [W,+, W] is non-zero only if j = 0 and [; C n{, in that case [Wy;, Wy can be [;. (We
do not require that [Wp,, Wy| = [; for all edges (0,¢) of the i-th tree.) One can show that
X = (N X K)/K is commutative. We say that such X is a space of a wooden type. We
classify those indecomposable commutative homogeneous spaces of Heisenberg type, which
are not of wooden type.
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Here we come across yet another difficulty. Suppose n = H" @ H,, K = Sp,, X Sp;. Then
both homogeneous spaces (N XSp,,)/Sp,, and (N X (Sp,,xSp;))/(Sp,, XSp; ) are commutative.
It follows that any representation (Sp;xH) : V of a compact group Sp; x H gives rise to a
new commutative space ((VxN) X (Sp,,xSp;xH))/(Sp,,xSp; xH)). In Theorem 4.15 and
Lemma 4.16, we describe several non-Sp,-saturated commutative spaces of Heisenberg type
in terms of graphs T;, and I'y. To conclude the classification of principal commutative spaces,
we need the following construction.

Table 4.1.

S Sp,, : (H" @ spy) ® HSZH" | [Spy]- Sp, X Sp,,, : (H" © spy) @ H @ H”
[Spy| - Sp, - Sjl  (H" @ spy) @ H” -sljl - Ha sp,

Ty Ty

Take r commutative spaces X; containing in Table 4.1. Suppose X, = (NZ PN f(,)/f(, and
K; = Spy x H;, where Sp, is the direct factor in the box. Take any linear representation
V of a compact group (Spy)*xF. Set K := HxHyx...xH.xF, where H is a subgroup
of (Spy)"x(Spy)®, n := m@d...En, BV, where V is a commutative subspace, and let X =
(N'X K)/K be a homogeneous space of G = N X\ K.

Theorem 9. Suppose X is a principal mazimal indecomposable non-Sp,-saturated space of
Heisenberg type. Then either X 1is listed in Theorem /.15 or Lemma 4.16, or is obtained by
the procedure described above.

In Section 4.2, we describe possible connected centres of L and K. We suppose that P
is semisimple. If this is not the case, then G/K is commutative if and only if (G/Z(P))/K
is commutative, where Z(P) is the connected centre of P.

Let X = G/K be a non-principal maximal indecomposable commutative space. We can
enlarge groups L and K and obtain a principal commutative space X such that L' = L,
K' = K' and N = N. In general X is decomposable X = X; X ... x X,. Each X; =
(N; ) L;)/K; is a central reduction (maybe trivial) of a maximal principal indecomposable
commutative space. For each ¢ either ZZ or I?Z has a non-trivial connected centre. Suppose
we have such a product X = X, x ... x X,. Let C; be the connected centre of ZZ and Z;
of [? ;. In order to classify all commutative homogeneous spaces, we have to describe all
subgroups Z(L) C C1 x ... x C; and Z(K) C Z; X ... X Z, such that (N X L)/K, where
L=2ZL)x L, K =Z(K) x K', is commutative. In case of reductive G it was done in
Chapter 2, another particular case is considered in [4] and [28].

Via sequence of reductions, our problem is reduced to the situation where Z(L) C Z(K)L'
and each (N; X L!)/K! is not commutative, if X; is not of Heisenberg type. We denote by

11



)N(Helb the product of all direct factors of )N( which are of Heisenberg type and by )N(red of
all direct factors, which are commutative spaces of reductive (semisimple) groups. Suppose
X = X1 - X X X XHels X Xred

Denote by Zg a connected central subgroup of Liteis = KHelS such that (LHels) (n )Zg{eis =
Zg X LHels Let Z(L) be a subgroup of €7 x -+ x C X Z(Lyeis) and Z(K) a subgroup of
Zy X o+ X Zy(Kieis) X Z(Kyeq). Assume that Z(K) is contained in L := Z(L) x L' and set
K = Z(K) x K', X = (NXL)/K.
Theorem 10. Suppose X = )?1 - X X X XHels X Xred 1s a commutative prmczpal homo-
geneous space such that there is no sphemcal subgroups in Lred between K rq and Kred, and

(N; N L)) /K! is never commutative. Assume that Z(L) C Z(K)L'. Then X is commutative
if and only if Z(K) is a product Ty x Ty such that

T, C <H Zi> X Zg X Z(Keed), Ty = Z(K) N Z(Kyeis), (H Z) (Kred) C T1 Ze,
=1

and the action Ty X Kl : WHeis 15 commutative.

It remains to describe possible connected centres of K for commutative spaces of Heisen-
berg type. Given Z(K) we describe a simple algorithm, which allows one to check whether
X is commutative or not, see Lemma 4.19.

We illustrate the general classification scheme by the following diagram.

Indecomposable maximal
commutative spaces

X=G/K,G=NXL

G = L is reductive \

G#L
Section 2.1 / 7
/
Heisenberg type T
-k L#*#K
/ /
Sp;-saturated
Sp;-saturated
Chanter 3 Chapter 1
& Theorem 1.19
-Spy-saturated
non-Sp,-saturated Hon pl'sa Hrate
: Section 4.1
Section 4.1 Theoremm 411
rem 4.
e ~
non-wooden type wooden type non-principal
Theorem 4.17 see pages 10,76 Section 4.2
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In Chapter 5, we classify principal maximal Sp;-saturated weakly symmetric homoge-
neous spaces. Recall that commutative spaces of reductive Lie groups are weakly symmetric
according to [1]. Commutative spaces of Euclidian type are symmetric.

For one class of commutative spaces we prove a general statement.

Theorem 11. Suppose n is a direct sum of several K-invariant Heisenberg algebras and
X = (NXK)/K is commutative. Then X is weakly symmetric.

For all other spaces, we check case by case whether they are weakly symmetric or not. To
state the result we use notation of Table 3.2.

Theorem 12. There are only eight maximal principal Sp,-saturated indecomposable com-
mutative spaces, which are not weakly symmetric. They are: ((R*QR®) X\ SOg)/Spin, and
seven spaces of Heisenberg type with K = Sp,, n = H'®HSH"®H,; K = Sp, XSp,,,
n = (H"eH,)eH"@H™; K = Sp,, n = (H'®H,)®HSZH"; K = Spin, - (SO, {E}),
n = (R¥&R")BR'®@R?; and K = (U;-)SUy, n = (C'oR)BRCQR2. There is only one non-
trivial central reduction of a mazimal principal Sp,-saturated indecomposable commutative
space, which is not weakly symmetric, namely, (N X K)/K, where K = Sp,,, n = H"®H.

Let us say that § € AutG is a Weyl involution of G = N X L, if (L) = L and 0|, is a
usual Weyl involution of L. (Note that the condition #(N) = N is automatically satisfied.)
We show that if G/K is commutative, then a Weyl involution of G exists and can be chosen
such that (K) = K. As in the reductive case, if G/ K is weakly symmetric, then it is weakly
symmetric with respect to a Weyl involution of G.

To prove that G/K is not weakly symmetric, we show that for any automorphism o
of G preserving K, there is a K-invariant homogeneous polynomial f in R[g/¢] such that

o(f) # (=1)%s/f.

Acknowledgments. [ am grateful to my scientific advisors Professors Vinberg and
Manin for inspiring suggestions and permanent attention to this work. I owe special thanks to
Professor Ballmann for writing a third report on the Dissertation and Professors Hamenstadt
and Harder for the agreement to be my Priifer.

I would like to thank the Max-Planck-Institut fiir Mathematik (Bonn) for invitation,
financial support, and warm hospitality.
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Chapter 1

Principal Gelfand pairs. First
classification results

Let G be a real Lie group, K C G a compact subgroup and X = G/K.

1.1 A commutativity criterion
Let U(g) stand for the universal enveloping algebra of g. There is a natural filtration:
Up(g) CU(g) C...CUpn(g) C...,

where U,,(g) C U(g) consists of all elements of order at most m.
The Poisson bracket on the symmetric algebra S(g) = grU(g) is determined by the
formula

{a+Un1(0), b+ Una(8)} = [0, 6] + Unim—2(g)  Va € Un(g),b € Un(g).

Let X = G/K be a Riemannian homogeneous space. It is well known, see, for example, [43],
that there is an isomorphism of the associated graded algebras:

gtU(9)"/(U(g))" = erD(X)" = P(T"X)“ = S(g/8)".

The space (U(g)€)X is an ideal of U(g)X, also (S(g)8)X is a Poisson ideal of S(g)X. The
well defined Poisson bracket on the factor S(g)%/(S(g)€)" = S(g/€)¥ coincides up to a sign
with the Poisson bracket on P(T*X)%. In particular, X is commutative if and only if the
Poisson algebra S(g/€)* is commutative.

If X = (N X\L)/K is commutative, then R[n]Z = R[n]® [43]. The orbits of a compact
group are separated by polynomial invariants. Hence, the last equality holds if and only if L
and K have the same orbits in n. Next, a K-invariant positive-definite symmetric bilinear
form on n is automatically L-invariant. In particular, n and n* are isomorphic as L-modules.

14



Therefore, ad*(¢)y = ad*(l)y for each v € n* and hence [ = £ + [,. Moreover, the natural
restriction

T [*—>[§

(which is also a homomorphism of L,-modules) determines an isomorphism of K,-modules
(1/8)" and (L, /t,)".

Recall that g = [+ n, where n is a nilpotent ideal and [ is a reductive subalgebra. Let n
and [ be Abelian Lie algebras of dimensions dimn and dim [, respectively. Consider new Lie
algebras §; = [+ n and §, = [@ n, where [, ft are Abelian ideals and i 2 n as an [-modules.
That is, g; and g, are two different contractions of the Lie algebra structure on g.

Denote by {, }; and {, }, the Poisson brackets on S(g;) and S(g2). There is a K-
invariant bi-grading S(g) = € S™!(g), where S™!(g) = S™(n)S(l). We may identify S(g),
S(g1), and S(g2) as graded commutative R-algebras.

Lemma 1.1. For any bi-homogeneous elements &€ € S™(g),n € S (g), we have

(&} ={&nta +{Em},  with {€,n}a € ST (g), {6, n} € ST ().

In other words, the Poisson bracket on S(g) is a direct sum of the brackets { , }, and { , }.

Proof. The Poisson bracket of bi-homogeneous elements & = &...5,,7 = n1..n, € S(g) is
given by the formula

&} = Z[&,m]&-.-5---£nn1--~77j--~77m- (1.1)

This expression for {£,n} contains summands of three different types, depending on whether
& and 7, are elements of [ or n. Because [[,n] C n and [, n are subalgebras, if §;,n; € n, then
(€5, m;) € S"TTHHE(g), otherwise [€,7;] € ST (g). O

In case of g, we suppose that € is an Abelian subalgebra of [ of dimension dim¢. The
Poisson brackets on the Poisson quotients S(§2/8)% = S(§2)"/(S(§2)€)" and S(g,/8)¥ =
S(g1)%/(S(g1)8)X are still denoted by {, }, and {, }, respectively. Here g;, i = 1,2, are
isomorphic to g as K-modules. Then {a, b}, € S"*#V'=1(g/€) and {a, b}, € S*+' =L+ (g/k)
for any a € S™!(g/€),b € S™V(g/t) (a,b € S(g/8)¥).

Lemma 1.2. The Poisson bracket on S(g/€)X is of the form {, } ={, }a+{, }
Proof. This is a straightforward consequence of Lemma 1.1. O

Corollary 1. Let (NNL)/K be a commutative homogeneous space and N a simply connected
Abelian Lie group with Lie algebra #. Then (N X\ L)/K is also commutative.

Denote by Y/ F' the categorical quotient of an affine algebraic variety Y by the action of
a reductive group F. Set m := [/¢.

15



Theorem 1.3. The homogeneous space X = (N XN L)/ K is commutative if and only if all
of the following three conditions hold:

(A) RIn" = Rfn]¥;

(B) for any point v € n* the homogeneous space L. /K., is commutative;

(C) for any point B € m* the homogeneous space (N N Kg)/Kg is commutative.

Remark 1. The statement of the theorem remains true if we replace arbitrary points by
generic points in conditions (B) and (C).

Proof. As was already mentioned, Vinberg proved in [43] that the condition (A) holds for
any commutative space. So let us assume that it is fulfilled.
Let 7 be a point in n*. Recall that the K,-modules [/¢ and [, /¢, are isomorphic. Hence,
S(I/®) is isomorphic to S([,/¢,) as a graded associative algebra and also as a K.-module.
Consider the homomorphism

py o S(a/t) — S(a/8)/(€ =) §en)=5/8) = 5(1,/¢,).

Evidently, ¢, (S(g/8)%) C S(1,/&,)5.
Let £ € L, n € n. Then v({§,n}) =~([§,n]) = —[ad™(§)7](n) = 0= {&,v(n)}.

It can easily be deduced from the above statement and from the formula (1.1), that for
arbitrary bi-homogeneous elements a,b € S(g/€)%, which can be regarded as elements of
S((I, ®n)/t,), we have

vy ({a, b}0) = {p4(a), o, (D)},

where the second bracket is the Poisson bracket on S(I,/¢,)*. In other words, ¢, is a
homomorphism of the Poisson algebras S(g; /€)% and S(L, /€, )%
Given § € m*, consider the homomorphism

wp: S(g/t) — S(g/8B)/(€—HE): £ em)=S5(n).

Clearly, ¢5(S(g/€)*) c S(n)Xs. Note that ¢z is a homomorphism of Poisson algebras
S(g2/€)% and S(n)%s. For arbitrary bi-homogeneous elements a,b € S(g/€)* we have

po({a,b}n) = {ps(a), ps(b)},

where the second bracket is a Poisson bracket on S(n)s

) = Rlg"],
R[n*/ Kpg].

Now we show that homomorphisms ¢, and ¢g are surjective. We have S(g
S(g/O)" = R[(g/8)1" = R[(g/)"/K] and S(L,/¢,)" = Rm*/K,], S(n)"s =
Note that

m* K, = (Ky xm") [K C (g/8)" )/ K;

nJKg = (0" x KB)JK C (g/¢)" K.

Moreover, K+ and K 3 are closed in n* and m*, respectively. Hence the subsets (Ky®m*) /K
and (n* @ K3) /K are closed in (g/€)* /K. Thus, the restrictions R[(g/£)*]* — R[Kvy®m*]¥
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and R[(g/€)*]" — R[n* & KJ|¥ are surjective. It is therefore proved that ¢, and g are
surjective.

(<=) Suppose conditions (B) and (C) are satisfied. Clearly, X is commutative if and only
if both Poisson brackets {, }, and {, }; equal zero on S(g/€)*. If {a,b} # 0 for some
elements a,b € S(g/t)* then there is a (generic) point v € n* such that ¢, ({a,b})) #
0. But ¢,({a,b})) = {p,(a),o,(b)} = 0. Analogously, if {a,b}, # 0 for some elements
a,b € S(g/®)%, then there is a (generic) point 8 € m* such that ¢g({a,b}) # 0. But
p5({a, 1) = {3(a), 2a(b)} = 0.

(=) Suppose X is commutative. Then both Poisson brackets {, }, and {, } vanish
on S(g/€)*. Hence {p,(a),,(b)} = 0, {vs(a),ps(b)} = 0 for any a,b € S(g/€)**. The
homomorphisms ¢, and ¢g are surjective, so the Poisson algebras S(I,/€,)* and S(n)%»
are commutative. O

Ezample 1. Making use of Theorem 1.3, we verify that (Ha, X Us,)/Sp,, is commutative.
We regard Lie Hs,, as C*" @ R, where R is the centre and C?" is the standard Us,-module.
Since Uy, and Sp,, are transitive on the sphere in C**, R[C?*"|Y» = R[q] = R[C?"]5P=,
where ¢ is an invariant of degree 2.
The generic stabiliser for Sp,, : C*" is equal to Sp,,_;. The space Uy, _1/Sp,,_; is a compact
real form of the complex spherical space GLa,_1(C)/Sp,,,_5(C), and, hence, is commutative.
It remains to check that condition Theorem 1.3(C) holds. Here we have m = uy, /sp,, =
A?C?. 1t is a classical result that K,(AC™) = SU, x ... x SUs. As a K,(m)-module

-~

n=0,P...00, R, where v; = C? for every i. Each tll-nis acted upon by its own SU,.
Note that [v;,0;] = 0 for i # j. For K,(m)-invariants we have S(n)%™ = R[t,,... t,,&],
where ¢; is the quadratic SUs-invariant in S?(v;) and € € b,. Evidently, ¢; and ¢; commute
as elements of the Poisson algebra S(n), and £ lies in the centre of S(n).

1.2 Properties of commutative spaces

In this and subsequent sections, the commutativity criterion (Theorem 1.3) is applied to the
classification problem of Gelfand pairs. As always, X = G/K = (NXL)/K is a commutative
homogeneous space and P is the ineffective kernel of the action L : n. As a consequence
of Theorem 1.3(A), we have L/P C O(n), L = L,(n)K (or, equivalently, L/P is a product
of L,(n)/P and K/(K N P)), and L., is reductive for each v € n*. The latter implies that
L,/K, is commutative if and only if it is spherical.

We will frequently use the following result.

Proposition 1.4. [43, Corollaries to Proposition 10| Let G/K be commutative. Then
1) for any normal subgroup Q@ C G the homogeneous space G/(QK) = (G/Q)/(K/(Q N
K)) is commutative;
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2) for any compact subgroup F' C G containing K the homogeneous space G/F is com-
mautative;
3) for any subgroup F C G containing K the homogeneous space F/K is commutative.

In particular, (G/P)/(K/(K N P)) is a commutative homogeneous space of G/P = N X
(L/P). In this section we consider commutative spaces satisfying condition

(%) L # K and the action L : n is locally effective, i.e., P is finite.
This implies that L is compact.

Definition 5. Let M, F', G, K be Lie groups, with /' C M and K C G. The pair (M, F)
is called an eztension of (G, K) if

GCM, M=GF, K=FnG,

Condition (A) means that (L, K) is an extension of (L.(n), K.(n)).

Below we state and prove several properties of generic stabilisers and extensions of spher-
ical pairs. They will be the basic classification tools.

Denote by B(F(C)) and U(F(C)) ¢ B(F(C)) a Borel and a maximal unipotent sub-
groups of a complex reductive group F(C).

Lemma 1.5. Let a symmetric pair (M = F x F, F) with a simple compact group F be an
extension of a spherical pair (G, H). Then G contains either F' x {e} or {e} x F.

Proof. Let G; and G2 be the images of the projections of G onto the first and the second
factors respectively. The group G x G acts spherically on F = M/F = G/H. If neither G
nor G5 equals F', then due to [2, Theorem 4] we have dim B(G;(C)) < dim U(F(C)). Hence,
dim B((G} x G2)(C)) < 2dimU(F(C)) < dim F(C) and the action (G; x G3) : F' cannot
be spherical. Assume that G; = F but F' x {e} is not contained in G. Then G = F and
H = {e}. But the pair (F,{e}) cannot be spherical. O

Lemma 1.6. Suppose a compact group F' C Sp,, acts irreducibly on H" and F'|eg = Sp, for
generic & € H". Then F' = Sp,,.

Proof. Let F(C) C Sp,,(C) be the complexification of F. Take a generic subspace C* C
C? and let SLy X Sp,,_, be the subgroup of Sp,,(C) preserving it. Then the intersection
F(C)NSLy x Spy,_, contains a subgroup H = SLy acting on C? non-trivially. Hence, F'(C)
acts on C*" locally transitively. It was proved by Panyushev [38] in a classification-free way,
that under our assumptions F'(C) = Sp,, (C). O

Lemma 1.7. Suppose [ C so(V') is a Lie algebra. Let l; be a non-Abelian simple ideal of
[. Denote by m the projection onto ;. If 7(l.(V)) = l; and Wi is a non-trivial irreducible
[-submodule of V' that is also non-trivial as an ly-module, then l; = suy and W7y is of the
form H' @y H", where [ acts on H" as sp,,.
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Proof. Set | = [ ®1;. We may assume that V' = W;. The vector space V' can be decomposed
into a tensor product V = V;; ®p Vi of [; and [,-modules, where D is one of R, C or H.
Here [; acts trivially on V}' and I, acts trivially on Vi,1. Both actions [; : 'V} and [y : V! are
irreducible.

Let v = 211 ® x1 € V be a non-zero decomposable vector. Because Vi1 is a non-trivial
irreducible [;-module, (Iy), # [;. We have [, C [, up to conjugation.

Evidently, [, C ny(z) @ ng(z), where n;(x) = {£ € [; : & € Dz}, Since [} = w(l,) C ny(z),
we have ny(x) = ;. Hence, Dz, is an [j-invariant subspace of V; ;. Thus Vi, = Dz, and
[, C gly(D). If D equals R or C, gl,(D) is Abelian. If D = H then [;(z) C sp,. Thus we have
shown that [; = sp; = suy and W; = H' @y H". Moreover, ly|g, = sp;. To conclude, notice
that [ has to act on H" as sp,, by Lemma 1.6. O]

Lemma 1.8. Suppose [ is an ideal of a Lie algebra f C so(V'). Denote by 7 the orthogonal
projection of § to I. Then 1.(V') is an ideal of 7(§f.(V)) and w(f.(V))/L(V) is a direct sum

of several copies of suy and an Abelian Lie ideal.

Proof. Without loss of generality, we may assume that [ is semisimple. A generic stabiliser
is defined up to conjugation. Therefore, suppose that [,(V) C f.(V). Then [.(V) = f.(V) NI
is an ideal of f.(V'). Hence, [.(V) = m([.(V)) is an ideal of 7(f.(V')). Write f = [ & a, where
a is the complementary ideal. Then V' can be represented as a direct sum

V:(‘/1®]D)1 Vl)@@<‘/p®ﬂ)pvp)7

where V; are irreducible [-modules, V' are a-modules; [ (resp. a) acts trivially on each V*
(resp. V;). In each summand, the tensor product is taken over a skew-field D;, which equals
R, C or H depending on V; and V*. Set [ := @ 1;, & := € a;, where

[ =s0(V;), a;=s0(V") forD, =R,
[=su(V;), ay=u(V') forD; =C,
l; = 5p(VZ), a; = sp(Vl) for D; = H.

Here sp(V;) is a compact real form of the corresponding complex symplectic Lie algebra. By
the construction, [ C [, a C a. It suffices to prove the assertion of Lemma for the larger
algebra [ @ a in place of §.

Therefore we may assume without loss of generality that a = a. To make the next
reduction, we set f = [ ® a, and denote by 7 the orthogonal projection of f to I. Then
LOV) =INL(V), 7(5.(V)) = (N 7(5.(V)). Hence, n(§,(V))/L.(V) C 7(}.(V))/L(V). That
is, it is sufficient to prove the Lemma for the pair (f,1).

Recall a classical result concerning generic stabilisers; namely, if n < m, then

(O % Op)o(R? @ R™) = ({£1})" X O
(Up % U)o (C* @ C™) = (U)" X Uppon;
(Spn X Spm)*(Hn ® Hm) = (Sp1>n X Spm—n
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Hence 7(f.(V))/1.(V) = @F_, t;, where ; is trivial, if D; = R; Abelian, if D; = C; and if
D; = H, then t; = suy @ ... ® suy (d; times), where d; = min(dim V;, dim V*). O

Set L, := L.(n), K, := K,(n). Recall that there is a factorisation L = Z(L) x Ly X ... X Ly,.
Denote by m; the natural projection L — L;.

Theorem 1.9. Suppose G/K is commutative and satisfies condition (x). Then any non-
Abelian normal subgroup of K distinct from SUs is contained in a simple factor of L.

Proof. Assume that K; is a normal subgroup of K having non-trivial projections to, say, L
and L. Consider the subgroup M = Z(L) x m(K) x my(K) X L3 X ... X L,,. Evidently,
K C M. According to Proposition 1.4, we can replace L by M without loss of generality
or better assume from the beginning that L; = m;(K) = m(K;) = Ky (1 = 1,2). Let m5
denote the projection of L onto Ly x Ly. By Theorem 1.3(A), Ly X Ly = K;ym2(L,); and
by Theorem 1.3(B), L./K, is commutative, hence (L., K,) is a spherical pair. The pair
(m12(Ly), m12(K)) is also spherical as an image of a spherical pair. Clearly, m 2(K,) C
m2(K) Nm2(Ly). Thus the symmetric pair (L; X Lo, K7) is an extension of the spherical
pair (m2(Ly), m12(K) Ny 2(Ly)). By Lemma 1.5, the group 7 5(L,) contains L; or Ly (we
can assume that it contains L;). Then m(L.) = Ly and L; = SUy by Lemma 1.7. O

In Table 1.1, we present the list of all factorisations of compact simple Lie algebras
obtained in [32].

Table 1.1.
g g' o' g’ o u
SUo,, sp,, il SUoy_ 1 w; +1 sp,_q
SUy,—1 PR sp,_; @R
§09,44 | $02,43 | @01 +1 SUp 42 W1 + Wnt1 SUp 41
S, 10 G R sup41 O R
504, | S04p—1 | w1 +1 sp,, wy + w1 SP,_1
sp, DR sp, 1 OR
sp,, D sus 5P, 1 D sl
5016 5015 | wi+1 509 w4 507
503 507 w3 507 wy +1 Ga
507 Go w1 505 w1 +1+1 Sy
505 D R suy, &R
506 wy +1 SUs

Here g!, g? are subalgebras of g, g = g* + g% u = g Ng? In all cases n > 1, ¢! and ¢?
are the restrictions of the defining representation of the complexification g(C) to g*(C) and
g%(C) (whose highest weights are indicated), t,, are the fundamental weights, T is the trivial
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one-dimensional representation. Note that all algebras g' in Table 1.1 are simple; if g2 is not
simple, then g? = g @ a, where g? is simple, a =R or a = suy and g = g* + g¢°.

Lemma 1.10. Let L be a simple non-Abelian subgroup of SO(V). Suppose [ # su,, vi=
{0}, and there are proper subgroups f(, F c L such that f/*(V) 15 a normal subgroup of F,
f/1,(V) C suy, L = FK, and the pair (F, F N K) is spherical. Then the triple (L, K, V) is
contained in Table 1.2a. (If V. =V; 4+ V5 is a reducible ﬁ-module, then it is assumed that
cach (L, K, V;) is also an item of Table 1.2a.)

Proof By our assumptions L = FK, hence, [ = f+? Since L is simple, the factorisation
[= f—{—E occurs in Table 1.1. In partlcular [ is either suy, or 50,,. Suppose [ = g, f = g;, and
b= g;, where {i,j} = {1,2}. Then fﬂE = u, therefore the pair (g, u) is spherical. By the
hypotheses, [,(V) is an ideal of  and §/I,(V)) C suy. Thus [,(V) is one of the algebras: g;,
g, 9:/5p,, where the last case is only possible if g; = sp,, @ sp,. It can be easily seen from
Table 1.1, that [,(V) is non-trivial (and even non-Abelian). Hence, the representation [ : V
is contained in the Elashvili’s classification [14].

Suppose [ = g = suy,. Then L(V) is one of the algebras: sp,,, sus, 1, s, 1. According
o [14], either V = C?, then we obtain the first row of Table 1.2a; or V = R® with [ = suy,
then ([:, K, V) = (SUy4, Us, RY) is a particular case of item 3 up to a local isomorphism.

Suppose now that [ = so0,,,. According to [14], if m > 15, then [.(V) = s0,,_ and V is
the sum of k copies of R™. It follows form Table 1.1 that k = 1 and (V) = § = s0,,_1.
According to Kramer’s classification [25], the pair (f,u) is spherical only in one case, namely
(802,43, 85U, 1 @ R). The corresponding triple is item 3 of Table 1.2a. For smaller m one has

to check several cases by direct computations. The result is given in rows 2a, 2b, 4a, and 4b
of Table 1.2a. O

Proposition 1.11. Let (N X L)/K be a commutative homogeneous space satisfying condi-
tion (x). Suppose there is a simple direct factor Ly C L such that Ly # SUy, Ly ¢ K and
nf C w'. Then the triple (L, K,n) is contained in Table 1.2b.

Proof. According to Theorem 1.9 m(K) # L;. Then, by Lemma 1.7 and Theorem 1.3,
there is a non-trivial factorisation L; = m(L,)m (K), or equivalently, [; = (L) + m1(€).
Set F' := m(L,). Due to Lemma 1.8, (L;).(n) < F and F/(L1).(n) is locally isomorphic
to a product of (U;)? and (SUg)". It follows form Table 1.1 that F/(L;).(n) is either finite
or locally isomorphic to U; or SU,. The pair (F,m(K,)) is spherical as an image of the
spherical pair (L., K,). Moreover, since m(K,) C F N (K), the pair (F, FNm(K)) is also
spherical. Hence the triple (L, m (K),n/(n*)) satisfies the assumptions of Lemma 1.10 and
thereby is contained in Table 1.2a.

Set V :=n/(n*") and let Nso()(L1) be the normaliser of L; in SO(V). Recall that by
our hypothesis n%1 C n’. Since the action L : n is locally effective, the actions L : (n/n’) and
L : V are locally effective as well. Thus L is contained in SO(V') and, hence, in Ngovy(L1)
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up to a local isomorphism. If (L, m(K), V) appears in row 2b, 3 or 4b of Table 1.2a, then
V' is an irreducible orthogonal Li-module and L = L;, K = m;(K). These are items 2b, 3
and 4d of Table 1.2b.

It can be easily seen form Table 1.2a, that there at most three subgroups between L and
NSO(V)([A/). Thus each triple (L, K, V) yields at most three possibilities for L and K. For
several arising triples conditions (A) and (B) of Theorem 1.3 are not satisfied. For instance,
assume that (L, m(K), V) is a triple pointed out in row 2a of Table 1.2a and L = SO7xS0O,.
Then K C GyxS0,, (L,)" = SOs, (K.)? = SUy. But SU, is not a spherical subgroup of
SO5. Hence, condition (B) is not satisfied. We get the same non-spherical pair (L., K,) in
case (L, K, V) = (SOgxS03, Spin, x SOz, R¥QR?).

All triples (L, K, V) such that L = L.(V)K, (L.(V), K.(V)) is spherical and VL1 = 0
are contained in Table 1.2b.

Now we describe possible Lie algebra structures on n. We claim that n’ # {0} only if the
pair (L, K) is contained in the row 1 or 4a of Table 1.2b.

Set a := n’. One can identify V with an L-invariant complement of ain n,i.e.,n = a®V.
Recall that by our assumptions a C n’. Hence n =V + [V, V].

Note that V is reducible only if L = SOg, K = Spin,. In that case V = R® ® R® is a
direct sum of two isomorphic L-modules. It follows from [43, the proof of Prop. 15] that
[V,V] =0. Hence, n =V is an Abelian Lie algebra.

Suppose now that V' is an irreducible L-module. Then n = V @ a and a = [V, V].
There is an L-invariant surjection AV + [V, V]. Because representation of L in A?V is
completely reducible, [V, V] can be regarded as an L-invariant subspace of A>V. In particular,
a C (A2V)L1. The space A%V contains non-trivial L;-invariants only in cases 1 and 4a. In
both these cases dim(A%V)% =1 and n is either an Abelian or a Heisenberg algebra. O]

Table 1.2b.
Table 1.2a. L K n
L K 4 1 (S)Uy, Sp,.(-Uy) ban, C*"
1 | SU,, Sp,, Cc* 2a SO, Gy R”
2a | SOy Go R” ® R 2b Spin, Sping R®
2b | Spin, Sping RS 3 SOq;, U, R
3 | SOa, U, R2" 4a | SOgxSOy | Spin,; xS0, | hg, REQR?
4a | SOg Spin, | R®*@ R @RS 4b SOq Spin, R3QR?
4b | SOg | SpyxSUy R3 4c SOg Spin- R®
4d SOg Spy x SU, R®

The first row of Table 1.2b represents actually six commutative spaces. Namely, L can be
either SU,, or Uy,; if L = U,,, then there are two possibilities K = Sp,, or Sp,, x Uy;
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independently, n can be either C*" or b, with N being Abelian or the Heisenberg group
H,,,. Similar, row 4a of Table 1.2b represents two commutative spaces. Commutativity of
each item of Table 1.2b can easily be proved by means of Theorem 1.3. For the homogeneous
space contained in row 1 it was done in Example 1. Consider two more examples.

Ezample 2. The homogeneous space (Ra, N SOg,)/U,, indicated in row 3 of Table 1.2b,
is commutative. Since n is Abelian here, condition (C) of Theorem 1.3 is automatically
satisfied. For condition (A), we have R[R?"]592» = R[q] = R[R**]Y». It is easily seen
that L, = SOy,_; and K, = U,_;. The corresponding homogeneous space SOs,,_1/U,_1 is
spherical by Kramer’s classification [25].

Ezample 3. The homogeneous space (Hg X (SOgxS0O5))/(Spin,; xS0,), indicated in row 4a
of Table 1.2b, is commutative. Here L, = SO7, K, = Gs. The pair (SO7, G) is spherical,
see [25], and according to Table 1.1 SOg = G2SO7. It remains to check condition 1.3(C). We
havem = [/¢ 2 R", K,(m) = SU; xSO,, and (n/n’) = C*@C = C*¢C* as a K, (m)-module.
Then (Hg X (SU4xS032))/(SU4xS0O,) is commutative. according to [3].

Proposition 1.12. Suppose X = (N X L)/ K is an indecomposable commutative space such
that n # 0, L is simple, and L # K. Then X is contained in Table 1.2b.

Proof. The action L : n is non-trivial, otherwise X would be a product N x (L/K). Set
a :=nf. According to [43, Prop. 15] [a,n] = 0, i.e., a is an Abelian ideal of n. Assume that
aZn'. Thena= (ann’)®agand X = Ay x ((N/Ag) N L)/K, where Ay C N, Lie Ay = ay.
Thus, a C n’ and X is contained in Table 1.2b by Proposition 1.11. O

Now we can partially extend Theorem 1.9 to normal subgroups SU; <1 K.

Lemma 1.13. Suppose a commutative homogeneous space (NXL)/K satisfies condition (x)
and K1=SUy is a normal subgroup of K. Then either Ky C L; for some direct factor L; < L,
or K is the diagonal of a product of at most three direct factors of L isomorphic to SUs,.

Proof. Suppose m;(K;) # {e} and L; # SU,. Then m;(K) # L;. Set a = ni. As we
have seen in the proof of Proposition 1.11, the triple (L;, m;(K),n/a) satisfies conditions of
Lemma 1.10, and, hence, is contained in Table 1.2a. Note that K is a normal subgroup of
mi(K). Thus, L; = SOg, m;(K) = Sp, x SUs. If K; had a non-trivial projection onto some
other simple factor of L, then the pair (SOg x SUs, Sp, x SUy) would be spherical. (Here
SUs is embedded in SOg as the centraliser of Sp, and in SUs isomorphically.) But this is not
the case. To conclude with, note that the pair ((SUz)?, SU,) is not spherical either. O

Let G/K be a Gelfand pair and (L*, K*) a spherical subpair of (L, K), i.e., L* < L,
K* <1 K and K* = L* N K. Denote by 7* the projection L. — L*.

Lemma 1.14. If (LA,KA) = (SU2 X SU2 X SUQ,SUQ) or (LA,KA) = (SUQ,Ul) then
7(Ly) = L*, if (L*, K*) = (SUy x SUy, SUy) then 2 (Ly) equals either L*, or SUy x Uj.
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Proof. The group SU, has only trivial factorisations, besides, (7 (L), 7(L.) N K*) is a
spherical pair. In particular, 74 (L,) N K* is not empty. This reasoning explains the second
and the third cases. It remains to observe that in the first case the group 7*(L,) can not be
SUs x SUs x Uy, because the pair (SUs x SUs x Uy, Uy) is not spherical. O

Results of this section provide a basis for further classification of Gelfand pairs; for
example, see Theorem 1.15.

1.3 Principal commutative spaces

Keep the previous notation. In particular, X = G/K = (N X\ L)/K is commutative, L =
Z(L) x Ly X +++ X Ly,, and P is the ineffective kernel of L : n. Decompose n/n’ into a direct
sum of irreducible L-invariant subspaces n/n’ =w; @ ... & to,,.

Definition 6. We say that G/K is principal if P is semisimple, Z(K) = Z(L) x (L1 N
Z(K))x...x(Lp,NZ(K)) and Z(L) = Cy x ... x Cp, where C; C GL(tv;).

The condition of “principality” concerns only properties of Z(L) and Z(K). The classifi-
cation of commutative homogeneous spaces can be divided in two parts: (1) the classification
of principal commutative spaces and (2) description of possible centres of L and K. In this
Chapter, we concentrate on part (1). Part (2) is considered in Section 4.2.

Suppose 39 C [n,n] is an L-invariant subspace, and Z, C N is the corresponding connected
subgroup. Then X/Zy = ((N/Zy) N L)/K is also commutative, see [43]. The passage from
X to X/Zy is called a central reduction.

Definition 7. A commutative homogeneous space is said to be mazimal, if it cannot be
obtained by a non-trivial central reduction from a larger one.

Theorem 1.15. Let X = (N X\ L)/ K be a maximal indecomposable principal commutative
homogeneous space satisfying condition (x). Then either X is contained in Table 1.2b (and
L' is simple); or (L, K) is isomorphic to a product of pairs (SUs x SUs x SUs, SUs), (SUy X
SU,, SUs) or (SUs, Uy) and a pair (K', K'), where K' is a compact Lie group.

Proof. Suppose first that each normal subgroup L; # SUs, is contained in K. Then the
spherical pair (L, K) is a product of the “SUy-pairs” and (K', K'), where K contains the
connected centre of L and all simple normal subgroups L; # SUs,.

Suppose now that there is a simple normal subgroup L; # SU, of L, which is not a
subgroup of K. Then we prove that X is contained in Table 1.2b.

Set a = n% and let n = a @ V be an L-invariant decomposition. Denote by P the
identity component of the ineffective kernel of L : V and set L := L/P, K := K/(K N P),
i :=V +[V,V]. Then (N X L)/K is commutative by Proposition 1.4. Due to Theorem 1.9
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m;(K) # L;. Hence, L;, which is a simple direct factor of I:, is not contained in K. Therefore,
(N'X\ L)/K satisfies conditions of Proposition 1.11 and is contained in Table 1.2b. We can
identify L with the maximal connected subgroup of L acting on V locally effectively. Then
L = L-P. We show that if P is non-trivial, then X is either decomposable or not maximal.

Since X is principal, Z(L) = C' x C', where C' = GL(V) N Z(L). Hence, C C L, C' C P
and L = L x P. Similarly, the connected centre Z = Z(K) is a product Z = Z(L)x Z x 7",
where Z ¢ L' and Z' C P'. According to Table 1.2b, L = C' x L;. Let K; be a simple
non-Abelian normal subgroup of K such that m;(K;) # {e}. If K; 2 SU,, then K; C L; by
Theorem 1.9. If K; = SU,, then K; C L; by Lemma 1.13. We conclude that K=LnK
andK:f(xF,whereFCP.

Evidently, a is a subalgebra of n. Moreover, because different L-invariant summands of
n commute (see [43, Prop. 15]), we have [V, a] = 0. Let A C N be a connected subgroup
with Lie A = a. Recall that either L = L; or L = Uy x L;. Anyway, L acts on a tr1v1ally

Assume that X is not contained in Table 1.2b, i.e., X # (NN L)/K. If [V,V] C V, we
obtain a non-trivial decomposition X = (NXL)/K x (AX P)/F. But by our assumptions X
is indecomposable, hence, [V, V] ¢ V and &’ # 0. According to Table 1.2b, & = V &3, where
3 = Ris a trivial L-module. Let ay be an L-invariant complement of 3 in a, i.e., n = V@ 3D a,.
If ay is a subalgebra of n (then it is an ideal), we again obtain a decomp081t10n of X. If
3 C [ag, ag], then X is a central reduction of (N X\ L)/K x (AX P)/F by a one dimensional
subgroup embedded diagonally into N’ x A’. Hence, X is not maximal. O]

Item 1 of Table 1.2b is maximal if and only if n = hs,, and it is principal if and only if
L =SU,,, K = Sp,, or L="U,, K=U;- Sp,,; item 4a of Table 1.2b is maximal if and only
if n = hs. Homogeneous spaces corresponding to other rows of Table 1.2b are maximal and
principal.

1.4 The ineffective kernel

The symbols G, L, N, K have the same meaning, as above. In this section we describe
possible ineffective kernels P of actions L : n. Let L° be the maximal connected normal
subgroup of L acting on n locally effectively. Then L can be decomposed as L = P - L°. We
assume that G/K is indecomposable and G is not reductive, hence P # L. In this section
we frequently use classification of spherical pairs [25], [10, 30].

Lemma 1.16. Let G/K be commutative. Suppose a normal subgroup K; # SUs of K is
contained in neither P nor L°. Then either K1 = SO,, withn > 5, or K; = SU,, withn > 3;
and there are simple direct factors Py, LS of P, L°® such that Ky C PyxL$, P, = LY = K;.

Proof. It can be seen from the classification of spherical pairs, that K; C L; x L;. Suppose
that K1 C P, x L. The action K; : n is non-trivial, otherwise K; would be a subgroup
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of P. Denote by 7§ the projection onto K; in K and by 7 ; the projection onto Py x L
in L. By Lemma 1.7, 7i(K.,) # K. Recall that (L., K,) is spherical. Hence, the pair
(m11(Ly), m11(KL)) is also spherical. Note that L, = P-L$(n). Hence, w1 1(L.) = Py x7§(Ly),
where 77 is a projection onto L in L.

We claim that (K; x mf(K,), 7% (K,)) is spherical. Without loss of generality, we can
assume that P, = Ly = K;. If this is not the case, we replace L by a smaller subgroup
containing K, namely each of P; and LY is replaced by a projection of K onto it. We
illustrate the embedding 7 1(K.) C 7 1(Ls) by the following diagram.

7T171<L*) = K1 X 7T<1>(L*)
ma(Ky) = i (K.)
Because the pair (m1(L), m11(K,)) is spherical, (K; x 7 (K.), 7¥(K,)) is also spherical.
According to the classification of spherical pairs, there are only two possibilities: either
Kl = Son+1, W{((K*) = SOn, or Kl = SUn+1, W{((K*> = Un
Assume that either Py or L is larger than Kj. Then, according to classifications [10, 30],
(PyxL§,m1(K)) is one of the following six pairs.

SUy  SU, (S, 1)  SP,40(SP,0) SPy SO §0,11(50,1)

N AN

s, U sp, 50,

In particular, either P, or L is equal to Kj.

Suppose first that P; = K; and Lj is larger than K;. Then we get a non-trivial factori-
sation L] = 7§ (L.)7{(K). Moreover, 7§(L,) N7 (K) contains either SO,, or U, depending
on K. According to Table 1.1, (P x L, m1(K)) = (SUz x SUy, Us) and 7$(L.) = Sp,.
We have m1(K,) C Spy N Us = Sp; x U;. But Sp; x U; is not a spherical subgroup of
m11(Ly) = SUz x Sp,. Hence, the pair (m1(L.), m11(K)) is not spherical. A contradiction.

Suppose now that L$ 2 K, and P, is larger that K. Denote by 7f the projection onto
Py. We can decompose 7' (K) into a locally direct product 7’ (K) & F-K;. Then F-nf (K,)
should be a spherical subgroup of P;. But it is not in any of six cases listed above. O]

Ezample 4. The homogeneous spaces ((R" X SO,,) x SO,,)/SO,, and ((H, x U,,) x SU,)/U,,
where the normal subgroups SO,, and SU,, of K are diagonally embedded into SO,, xSO,, and
SU,, xSU,, respectively, are commutative. We prove it for the second space. Commutativity
of the first one can be proved by the same method.

We have L, = SU,, x U,,_; and K, = U,,_;. Clearly L = L,K. According to [10, 30],
L,/K, is spherical. Thus conditions (A) and (B) of Theorem 1.3 are satisfied. To check
condition (C) we show that S(n)%*(™ is commutative. Recall that m = [/€. Here K,(m) =
(Ut and n =0, & ... Do, ® R, where v, = R? is an irreducible K, (m)-module for every
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1 < i < n. Each v; is acted upon by its own U;. Note that [v;,0;] = 0 for ¢ # j. For
K, (m)-invariants we have S(n)%<(™ = R[t;,... t,,&], where t; is the quadratic U;-invariant
in S%(v;) and € € w'. Evidently, ¢; and ¢; commute as elements of the Poisson algebra S(n),
and ¢ lies in the centre of S(n).

Theorem 1.17. Suppose X = (N X L)/K is a mazimal principal indecomposable commau-
tative homogeneous space. Then either X is one of the spaces ((R™ X SO,,) x SO,,)/SO,,
((H, N U,) x SU,)/U,, or each non-Abelian simple normal subgroup K, # SUs of K is
contained i P or L°.

Proof. Let K; # SU, be a non-Abelian simple normal subgroup of K that is contained in
neither L°® nor P. Then, by Lemma 1.16, either K; = SO,, or K; = SU,, and there are
P, = [§ = K, such that K1 C P, x L}. Choose an L-invariant decomposition n = eV,

Consider first the case K; = SO,,. Recall that m ; stands for the projection L — P; x L.
The pair (my 1(L), m1(/K,)) is spherical as an image of the spherical pair (L., K.). According
to [10, 30], 71,1 (Ls) = SO,, x SO,,—1. It follows that L.(V) = SO,,_; and using [14] we obtain
V =R" It is easily seen that [V, V] =0 and ((R" X SO,,) x SO,,)/SO,, is a direct factor of
X. But X is indecomposable, and we are done.

Consider now the second case K, = SU,,. Here my 1(Ly) = SU, x U,_1, L.(V) = (S)U,_1,
and V = C". Set Cy = Z(L) N GL(V). Since X is principal, Cyy C K and Cy acts trivially
on nff Nn'. Assume that Cy is trivial. Then m1(Ly) = SU, x SU,_y, m1(K,) = SU,_;1.
But the pair (SU,, x SU,,_1,SU,,_1) is not spherical. A contradiction. Thus Cy = Uj.

Denote by n; := V + [V, V] the Lie subalgebra generated by V', and by N; C N the
corresponding connected subgroup. Assume that X # ((Ny X\ U,) x SU,,)/U,,. Then L =
(U, xSU,,) x F, K =U,, x H, where H C F and F acts on V' (and hence on n;) trivially.
Let a C n’f be an L-invariant complement of n; in n. Similar to the proof of Theorem 1.15,
we show that X is either decomposable or not maximal. If a is a subalgebra, then it is an
ideal, and X is decomposable. Assume that [a,a] ¢ a. Since the action L{ : a is trivial
[a,a) NV = 0. Thus [V, V] C [a,a] and X is not maximal.

We have proved that X = ((N; X\ U,) x SU,,)/U,,. Since V is an irreducible L-module
VN [V,V] = {0}. Hence, [V,V] is a trivial L-module. It follows that either n; = C" or
n = bh,. Butin case ny = C", X is a a central reduction of ((H, X\ U,) x SU,)/U,, and,
therefore, is not maximal. Thus ny = b,. O

Proposition 1.18. Let G/K be a maximal principal indecomposable commutative space.
Suppose there is a direct factor L; # Spy, L; ¢ P such that m;(K) # L;. Then X is
contained in Table 1.2b.

Proof. The commutative space (G/P)/(K/(K N P)) is contained in Table 1.2b due to Theo-
rem 1.15. In particular, (L°)" = L,;. Assume that P is not trivial. Since G/K is principal and
indecomposable, there is a simple direct factor Ky < K which is contained in neither L° nor
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P. According to Theorem 1.17, K1 = Sp;. Then, as we can see from Table 1.2a, L; = Sping.
But as was already mentioned, the pair (SUy X Sping, SUy X Sp,) is not spherical. O

Let K; = SUy be a normal subgroup of K. Suppose it has a non-trivial projections
onto P, and L; C L°. If Ly # SU,, then m(K) # Ly and L; = Sping. But the pair
(SUy x Sping, SUy X Sp,) is not spherical. Thus L; = SUs.

If 78(K,) # Ky, ie., 7F(K,)? = Uy, then K; C P, x L and P, = SU,. But if
7K(K,) = K; (and this can be the case), then P, can be larger and K; can have a non-

trivial projection onto some other simple factor P, or L§ = SUj.

Ezample 5. Let Sp,,_;; be a non-compact real form of Sp,,,(C). Set P := Sp,, ;; X Spy,
L® := Sp; x Sp,,, K := Sp,,_1 X Sp;_; X Sp; X Sp,, and take for N an Abelian group H".
The inclusions and actions are illustrated by the following diagram.

SPr—1,1 Sp, Sp, Sp,,
SDm—1 Spy_4 Spy SP, H"

The homogeneous space ((N X\ L°) x P)/K is commutative. Here L, = Sp,, ;; X Sp; X Sp; X
Spp—1 and Ky = Sp,,_y X Sp;_y X Sp; X Sp,,_;.

1.5 Sp;-saturated spaces

Keep the previous notation. Let L; be a simple direct factor of L. By our assumptions L is
a product L = Z(L) x L; x L', where L' contains all direct factors L; with j # i.

Definition 8. A commutative homogeneous space X is called Sp,-saturated, if

(1) any normal subgroup K; = SU, of K is contained in either P or L°;

(2) if a simple direct factor L; is not contained in P and m;(L,) = L;, then L; C K;

(3) if there is an L-invariant subspace to; C (n/n’) such that for some L; the action
L; : w; is non-trivial and the action Z(L) x L’ : to; is irreducible, then L; acts on (n/n')/w;
trivially.

Note that the commutative homogeneous space described in Example 5 is not Sp;-
saturated. Condition (1) is not fulfilled there.

Ezample 6. Set X = ((N X (Sp,, X Spy)) % Sp;)/(Sp,, X Sp;), where n = H" & Hj is a
two-step nilpotent non-commutative Lie algebra with [H" H"] = H,, Hy is the space of
purely imaginary quaternions, the normal subgroup Sp, of K is the diagonal of the product
Sp; X Sp;. Here H" = H" ®y H, where Sp,, acts on H" and Sp; acts on H'; Hy = sp; as an
L-module, i.e., Sp,, acts on it trivially and Sp, via adjoint representation.

Evidently, X = (N X\ L)/K is not Sp,-saturated. We show that it is commutative. First
we compute the generic stabiliser L. Recall that (Sp,, X Sp;)«(H") = Sp,,_; X Sp;. Clearly

28



L.(Hy) = Sp,, x Uy x Spy, (Sp,, X Uy).(H") = Sp,,_; x U;. We have L, = Sp,,_; x Uy x Spy,
K., =KnL,=Sp,; x U, K.m)= Sp, X ((Spy)«(sp;)) = Sp,, x U;. One can easily
verify conditions (A) and (B) of Theorem 1.3. Tables of [43] and [44] shows that (C) is also
satisfied.

If X is a non-Sp;-saturated commutative homogeneous space, then it can be made Sp;-
saturated by slightly enlarging K, L and, possibly, N. For instance, if a simple factor
Sp; of K has non-trivial projections onto P and L°, then we replace P by P x Sp; or
P x Sp; x Sp; (the second replacement is needed if Sp; has non-trivial projections onto two
simple factors of P). The group K is replaced by K X Sp,. Starting with the commutative
spaces from Example 6, we construct an Sp;-saturated commutative homogeneous space
(Sp; X Sp;/Sp;) X (N X K/K), where K = Sp,; x Sp,, and N is the same as before.

Example 7. Set L = K = Sp,, X Sp; X Sp,,,, n = H" & H™ & H,, where both subspaces H"

and H™ are not commutative and [H", H"] = [H™, H™] = H,. We have S(g/€)% = S(n)X =

R[4, &9, m], where & € S2(H")SPr, & € S?2(H™)Pm, 5 € S?(Hy)SP1, so the corresponding

homogeneous space (N X\ K)/K is commutative. The third condition of Definition 8 is not

fulfilled. If we want to enlarge L, we also need to enlarge N. As an Sp,-saturation we get

a product of two commutative spaces (N; N K;)/K;, where ny = H" & Hy, K; = Sp,, X Spy;
= H" ¢ H,, Ky = Sp,,, X Sp;.

The procedure that is inverse to Sp,-saturation can have steps of three different types.
First, one simple factor Sp,; of K is replaced by Uy; second, two of three simple factors Sp,
of K are replaced by the diagonal of their product; third, several simple factors Sp, of L are
replaced by the diagonal of their product, K is replaced by the intersection of the former K
and new L and probably N is decreased.

Suppose F C SO(V), where V is a finite dimensional vector space, F' = Sp,;xF, and
R[V]F = R[V]F, ie., F = F,(V)F or, equivalently, F,(V) = Sp,-F,(V). Then one can
construct several non-Sp,-saturated commutative homogeneous spaces, for instance, ((V X
F)xSpy)/(FxSpy), (VN F)xSp,,)/ (FXxSpyxSpy_y), (VN F)xSp,, 1)/ (FxSpyxSp,y,),
(VX F)/(UyxF), where V is regarded as a simply connected Abelian Lie group.

Thus, in order to classify all commutative homogeneous spaces, one should determine all
such triples (F, F', V). This problem is rather technical.

Ezample 8. Suppose F' = (Sp,)", V = nH and the action F : V is given by the following
diagram.

AVAVA / N/

H & H & H®...9® H & H
Then F.(V) = Sp,, F.(V) = {e}, F.(V) = Sp, x F.(V), and, hence, F = F,(V)F.
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The description of all such triples (F, F, V') can be stated in terms of certain weighted
trees. But the commutative spaces obtained in this way do not differ much from either
reducible ones or spaces of Euclidian type. In this chapter we classify Sp,-saturated com-
mutative spaces and postponed technical details until Chapter 4.

Theorem 1.19. Any mazimal indecomposable principal Sp,-saturated commutative homo-
geneous space belongs to the one of the following four classes:

1) affine spherical homogeneous spaces of reductive real Lie groups;

2) spaces corresponding to the rows of Table 1.2b;

3) homogeneous space (R"XS0O,,) xSO,,)/SO,, ((H,x\U,)xSU,)/U,, where the normal
subgroups SO,, and SU, of K are diagonally embedded into SO,, x SO,, and SU, x SU,,
respectively;

4) commutative homogeneous spaces of Heisenberg type.

Proof. Let X = G/K be a commutative homogeneous space. If G is reductive, X belongs
to the first class. If L = K then it is a space of Heisenberg type.

Assume that G is not reductive and L # K. Suppose a simple factor K; of K has
non-trivial projections onto both P and L°. Then due to condition (1) of the definition
of Sp;-saturated commutative spaces, K; # SUs. By Theorem 1.17, X belongs to the 3-d
class. If all simple factors of K are contained in either P or L°, then, because X is principal,
P°/(P°N K) is a factor of X. But X is indecomposable and G is not reductive, so P° is
trivial. Thus, X satisfies condition (x).

If there is a simple factor L; of L such that m(L,) # K and L, ; K, then, according
to Theorem 1.15, X is contained in the second class. If there is no such factor, then also
by Theorem 1.15, (L, K) is a product of pairs of the type (SUs x SU, x SUg, SU,), (SUjy X
SU,, SUs,) or (SUs,, Uy) and a pair (K!, K'), where K is a compact Lie group. But these
pairs (except (K*', K')) are not allowed in Sp;-saturated commutative space. The second
condition of the definition of Sp,-saturated commutative space contradicts conditions of
Lemma 1.14. Thus, L would be equal K, but this is not the case. O
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Chapter 2

Commutative spaces of reductive Lie
groups

In this chapter we suppose that G = L. We keep all assumptions concerning L and K, for
instance, G = Z(L) x Ly x --+ x L,,. Denote by G(C) the complexification of G and let
H C G(C) be the complexification of K. We use the same definitions of indecomposable
and principal homogeneous spaces as was given in the real case.

Let F' be a complex reductive group. Strictly speaking, a subgroup Fy C F' is a real
form of F' if Fy = F'7, where 7 is a real structure on F, see [35, §1 of Chapter 5] for precise
definitions and explanatlons. It will be convenient for us to say that Fy is a real form of F

if (F)°C Fy C F".

2.1 Classification

Note that G/ K is commutative if and only if G'/K,., where K, = K/(Z(L)N K), is commu-
tative. In this section we suppose that G is semisimple.

Commutative homogeneous spaces of real reductive Lie groups are real forms of spherical
affine homogeneous spaces, see, for example, [43]. Spherical affine homogeneous spaces
of simple Lie groups are classified by Kramer [25], of semisimple groups by Brion [10] and
Mikityuk [30], independently. Note that the paper [10] deals only with principal homogeneous
spaces. In [30] one class of non-principal spherical homogeneous spaces is described. First,
we give a complete classification of spherical affine homogeneous spaces. We do it on the Lie
algebras level.

Take a finite set {(g;(C), h;)|i = 1, ..., n} of indecomposable principal spherical pairs such
that each h; has a non-trivial centre 3;. It follows from classification, that the centre of b; is

!/

) is not spherical only for 1 < i < p, Where p < n.

(2

Set g(C) = @gz( ), b= @ h:. Let 3 be a central subalgebra of h. Set b := (@b )@ 3. Let

one dlmensmnal Assume that (g:(C), b
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7y be the projection onto the sum of the first p algebras g;.

p
Theorem 2.1. (i) The pair (g,b) is spherical if and only if 7)(3) = D 3
i=1

(ii) It is decomposable if and only if 3 can be represented as a sum 3 = 3' @ 32, where

3 C@a, 3°C @ (I,J C{l,...,n}) and the intersection I N J is empty.
il icJ

(11i) All non-principal spherical pairs are obtained as the result of the above procedure.
Proof. (i) Denote by gj, and 3p, the sums of the first p algebras g;(C) and j3,, respectively.
Suppose (g(C), b) is spherical. Then (g, 7 (h)) is also spherical. Let b C gj, be a Borel
subalgebra such that g = 7 (h) + b. Clearly, b = @ b;, where b; C g;(C) is a Borel
subalgebra of g;(C). For each 1 < i < p, we have b; + b, + 3, = g;(C). If for some
1 <i<p, 3 C (b;+0h)), then b, + b, = g;(C) and (g;(C), h’) is spherical, which is not

the case. Hence, (b + 7, (h')) N3 = 0 and +gp) = (b + 7(h')) @ 3. On the other hand,
) () = 71 (0') @ 7 (3). Thus gy = (b + mp)(h")) S 71 (3) and 71(3) = 3
If 7 (3) = 31y, We take a Borel subalgebra b = 6—91 b; C g(C), where b; C g;(C) are Borel

subalgebras, such that g;(C) = h; +b; for 1 <i < p and g;(C) = b, +b; for p < i < n. Then
g(C) =h+ b and (g(C),b) is spherical.

(ii) This statement is absolutely clear.

(iii) Let (g(C), h) be an indecomposable non-principal spherical pair. Denote by b the cen-

~ n

traliser of h in g(C). Then (g(C), ) is a principal spherical pair. Let (g((C),H) = @P(g:(C), h,)

=1

be the decomposition into the sum of indecomposable spherical pairs. Because (g(C), ) is in-

decomposable, each b; has a non-trivial (one dimensional) centre 3;. Clearly, h = (@ b)) B3,
i=1

where 3 is a central subalgebra of H O]

Suppose that G/K is a Riemannian homogeneous space. Then H is a reductive subgroup
of G(C) and Y = G(C)/H is an affine algebraic variety. It can be easily seen, that the
homogeneous space G/ K is commutative if and only if Y is spherical, see, for example, [43].

Suppose (G(C), H) is a spherical pair of connected complex reductive groups. Let K be
compact real form of H. Each real form G of G(C) containing K gives rise to a commutative
homogeneous space G/K and all of them arise in this way. The subgroup K is contained
in a compact real form (maximal compact subgroup) of G(C). Non-compact connected real
forms G of G(C) containing K are described by the following theorem.

Theorem 2.2. Suppose G is a connected non-compact real form of G(C) such that K C G.
Then G = (G(C)™)°, K = H™, where  is an involution of G(C) acting trivially on H, and
T s a compact real structure, commuting with @ and preserving H.

Proof. Suppose that K is contained in a connected non-compact real form G C G(C). Then
there is a maximal compact subgroup G¥, defined by an involution ¢ of G, such that K C G*.
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We can extend ¢ to an involution of G(C). We get H C G¥(C) = G(C)¥ ¢ G(C). The
group G¥ is contained in the maximal compact subgroup G(C)™ C G(C). Clearly, o7 = ¢
and G = (G(C)™)°.

On the other hand, suppose that G = (G(C)™)° and H C G(C)?. Set K = H". Then
K C G N G(C)", hence K C G. The subgroup G(C)?" is determined by ¢ up to the
conjugation. O

If (G(C), H) is an indecomposable symmetric pair, then G(C)? = H and there is only
one non-compact real form of G(C) containing H. This case is well-known, see, for example,
[21].

Assume that H is not a symmetric subgroup of G(C). First consider the case of simple
G(C). There are 12 non-symmetric spherical pairs (G(C), H) with simple G(C), [25]. They
are listed in Table 2.1.

Theorem 2.3. [46, Lemmas 2,3, Theorem 3] Let (G(C), H) be a non-symmetric spherical
pair with simple G(C). Then all symmetric subgroups F = G(C)¥ such that H C F are
listed in Table 2.1. All non-compact non-symmetric commutative homogeneous spaces G/ K
of simple real groups G are listed in Table 2.2 up to a local isomorphism.

All groups in Table 2.1 are complex, all groups in Table 2.2 are real.

Table 2.1.

G(C) H F Table 2.2.
2 | SLop41 Spy,, - C* SLo, - C* 1 | SUpk—n | SUg x SU,_g
3 | SLap+1 SPa,, SLo, - C* 2 SUan 1 Sp,, - T
4 SPa, | SPan_a X C* | Spy,_s X Spy 3 SUan 1 Sp,,
5 | SOgy,41 GL,, SOy, 4 SPp_11 Sp,,_1 x T
6 | SOunso SLont1 GLops1 5| SO3,., U,
7 | SOy | Spin; x SOy | SOg x SOy 6 | U, (H) SUsgp41
8 SOg Spin, SOg 7 SO%2 Spin, x SOq
9 SOs Go SO~ 8 SOg’1 Spin,
10| SO; G, — 9 | SO7, G
11 Eg Spiny Spiny, - C* 10 EIIT Spiny
12 Go SL3 —

Note that Table 2.2 was given in [13] without prove.

Suppose now that G(C) is semisimple, but not simple. Then there are 8 types of non-
symmetric indecomposable principal spherical pairs (G(C), H), see [10], [30]. We list them
in Table 2.3. The case 9 describes the structure of a non-principal pair.
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Table 2.3.

L] 5[n+2 5Pom 3)  sp,, j%/ SPom,

sly P22 SPon—2 8Py 5Py o SPopy o

4) SPonia 5Py 5) 5[n+2 5Po, 6) 5Pay, 5Py SPo,

SPo, 5Py sly  SPoy_o SPon—2 5Py 5Py SPoy—2
505, 50n41 8) 5pzn+2 5Pom ) /T/gn
S0n SPap 5Py SPom 3b) by o by

Theorem 2.4. [/6, Theorem /] Each indecomposable non-compact non-symmetric com-
mutative homogeneous space G/K of semisimple Lie group G is either of the form K C
Ky x- -+ x K, CL; XX Ly, =G, where L; are simple direct factors of G and L;/K; are
commutative homogeneous spaces; or contained in Table 2.4.

Table 2.4.
G K G(C)? = (G¥)° Embedding K C G
Sp,, % Sp,(C) SPp_1 X Spy SPan X SPy (u,2) = (uD z,2)
Spn—l,l % Spy(C) | Sp,,_1 X Spy | Spay,_o X Spy X Spy | (u,2) — (u® 2, 2)

2.2 Weakly symmetric structure

In case of reductive group G the notion of commutative space coincides with a more geo-
metrical notion of weakly symmetric space, see [1].

Let G be a real Lie group and K be a compact subgroup of G. We assume that the
homogeneous space X = G/K is connected. Suppose for a while that the action G : X is
effective, i.e., K contains no nontrivial normal subgroups of G. Then G can be regarded
as a subgroup of Diff(X), the group of all diffeomorphisms of the manifold X. Let s be a
diffeomorphism of X.

Definition 9. The homogeneous space X is called weakly symmetric with respect to s, if the
following conditions are fulfilled:
sGs™' =G,

Ve,ye X dge G

(2.1)

gr = 8y, gy = Sx. (2.2)

The homogeneous space X is called weakly symmetric, if it is weakly symmetric with respect
to some diffeomorphism s.

34



Denote by G a subgroup (G, s) C Diff(X) generated by G and s.

The notion of weakly symmetric homogeneous space is introduced by Selberg in [41]. He
assumed that s> € G. For the sake of greater generality, we will not impose this constraint.
It is worth mentioning, that all principal results of [1] and [6] were proved without this
constraint. We will prove below that if GG is semisimple, then our definition is equivalent to
Selberg’s one.

One can introduce a G-invariant Riemannian metric on X, which automatically appears
to be G-invariant. This means that we can use results of [6].

Definition 10. A diffeomorphism s € Diff (X)) is said to be righteous, if conditions (2.1) and
(2.2) hold for it.

The aim of this section is twofold. First we describe all righteous diffeomorphisms
(isometries) of homogeneous spaces of semisimple Lie groups. After that we classify all
non-symmetric weakly symmetric manifolds with reductive isometry group.

Suppose s is a righteous diffeomorphism of X, and ¢ € G; then both sg and gs are
righteous, too. The coset sG is said to be righteous, if s is a righteous diffeomorphism.
Hence our task is to describe the righteous cosets of Diff(X)/G.

For any = € X, let Diff(X), denote the stabiliser of x in Diff(X). It is clear that the
intersection sG N Diff (X ).k is not empty for every sG. If s € Diff (X).k, then s(¢K) =
o(g9)K, here o0 € AutG and o(g) = sgs~'. Besides the following condition holds:

(a) o(K) =K.

Let us denote by Aut(G, K) (resp. Int(G, K)) the set of all (resp. inner) automorphisms
of G satisfying (a). For any o € Aut(G, K), one can define an element s € Diff(X) by

s(gK) = o(g)K.

For any g € G, let a(g) denote the conjugation in G by g. Let o, T be arbitrary elements of
Aut(G, K). Then the corresponding diffeomorphisms of X lie in the same coset in Diff (X)/G
if and only if o = a(k)7 for some k € K.

The tangent space T,k X is canonically isomorphic to g/€. There is a natural action
Aut(G,K) : (g/¢). If 0 € Aut(G, K) and 7 € g then o(n + ¢) := do(n) + £

It is proved in [6] that for the elements of Aut(G, K) condition (2.2) is equivalent to the
following one:

(b) V¢ € g/t Tk € K: (Adk)E = —o(€).

Definition 11. An automorphism o € AutG is called righteous automorphism of the pair
(G, K), if the conditions (a) and (b) hold for o.

If it does not lead to ambiguity, we will call righteous automorphisms of (G, K) by
righteous automorphisms of G. The righteous left cosets in Diff(X)/G are in natural one to
one correspondence with the righteous left cosets in Aut(G, K)/a(K).
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Since K-invariant polynomial functions on g/¢ separate the K-orbits in g/ (see [35]),
condition (b) is equivalent to the following one:
(b)) if f € R[g/€X is a homogeneous polynomial, then o(f) = (—1)de/ f.

Proposition 2.5. ([43, Lemma 1]) Let K° be the connected component of K, G° the con-
nected component of G, and o a righteous automorphism of (G,K). Then one can find
k € K such that a(k)o is a righteous automorphism of (G°, K°).

From now on, we will consider only homogeneous spaces of connected semisimple Lie
groups. Furthermore, we will assume that K is connected.

Suppose now that the action G : (G/K) is locally effective, but not necessarily effective.
Denote by N the ineffective kernel of this action, which is discrete by the definition. Let
Z(@G) be the centre of G. Then N = Z(G) N K. Definition 10 can be used in this more
general setting as well. Note that if 0 € Aut(G, K), then

o(N) = o(Z(G) N K) = o(Z(G)) No(K) = Z(G) N K = N.

Since the action N : (g/#) is trivial, every righteous automorphism of (G, K') defines a righ-
teous automorphism of (G/N, K/N) and a diffeomorphism of X = G/K = (G/N)/(K/N).
Let G be the simply connected covering of G. We can consider AutG and Aut(G/N) as
subgroups of AutG. If AutG = Aut(G/N), then the righteous automorphisms of (G, K) are
the same as the righteous automorphisms of (G/N, K/N).

Let K be the connected subgroup of G such that Lie K = ¢. Then every righteous
automorphism of (G, K) lifts to a righteous automorphism of (é, K ). We will prove now
that the righteous automorphisms of those pairs are in one-to-one correspondence whenever
AutG = AutG (= Autg). The group G is a quotient of G by some discrete subgroup Z C
Z(G). Tt is clear that K = K/(K N Z). The actions K : (g/¢) and K : (g/¢) are the
same as the action of K /(K N Z(G)) on g/t. On the other hand, suppose o is a righteous
automorphism of G. Then o(K) = K if and only if o() = ¢.

We consider only real groups that are real forms of simply connected complex groups.
Obviously, for any semisimple Lie algebra g there is only one group G such that g = LieG
and G satisfies this condition. We have AutG = Autg.

2.2.1 The action of N(K) on X

Let N(K) denote the normaliser of K in G. The group N(K) acts on G/K by right mul-
tiplications. The group K is the ineffective kernel of this action. This action commutes
with the standard action of G. For every n € N(K) let us denote by T,, the corresponding

automorphism of X:
Y,.(gK) =gKn ' =gn'K.
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Lemma 2.6. Suppose s is a righteous diffeomorphism of X, andn € N(K). Then sT,s ! =

Y. ! and sY,, is righteous as well.

Proof. Let us consider two points x and y = T, x of X. There is g € G such that:

gr = sy, gy = Sx.

Then sz = gY,z = T, (gx) = T, s ,z. Since it is true for every x € X, we have T,,sT,, = s.
Let x,y be arbitrary points of X. By definition, there is ¢ € G such that

gr =s(T,y), g(T,y) = sx.

Then
sTopr =T, sz =T, (gTny) = gy, sTny = ga.

O

Corollary 1. Suppose o is a righteous automorphism of (G, H), and n € N(K). Then
o(n) =n"! (mod K) and a(n)o is righteous as well.
Proof. Consider the corresponding diffeomorphism s of X. We have:

eK = s(eK) = Y,5T,(eK) =T, (c(n HYK) = o(n " )n 'K,

whence o(n)n € K. The diffeomorphism nsT,! = T,ns is righteous and stabilises eK.
Clearly, the corresponding automorphism of G is a(n)o. O
Two righteous automorphisms o and a(n)o are said to be equivalent.

Corollary 2. The group N(K)/K is Abelian and the orbits of K and N(K) in g/ coincide.

Proof. 1t follows from Lemma 2.6 that the inversion is an automorphism of N(K)/K. Hence
this group is abelian. O

Suppose n € N(K), and let o be a righteous automorphism of G. For ¢ € g/¢, we then

have
(Adn)¢ = (Adn)a(o71(€)) = —(Adky)o™1(€) = —(Adky)(—(Adk)E) =

= (Ad(k1k2))E, (k1. ke € K). O

Corollary 3. The action N(K) : R[g/€¥ is trivial.

2.2.2 The complex case

We recall several results of [1] and their consequences that allow us to proceed to homoge-
neous spaces of complex Lie groups.

Let G(C) be a semisimple complex algebraic group and Y an indecomposable affine
variety. Suppose G acts transitively and effectively on Y, and let s be an automorphism of
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the variety Y that normalises G. Denote by G the subgroup (G(C),s) C AutY. Define the
action G : (Y x Y) by:
s(z,y) = (sy, sx) (2.3)
9(z,y) = (92, 9y). (2:4)

Definition 12. The homogeneous space Y is called weakly symmetric with respect to s, if
the action of s on algebra C[Y" x Y]%(® is trivial . The homogeneous space Y is called weakly
symmetric, if it is weakly symmetric with respect to some s. We call this automorphism s
righteous.

Suppose that G/K is weakly symmetric (commutative) and Y = G(C)/H.

Lemma 2.7. Let N (resp. Ny) be the ineffective kernel for the action G(C) : Y (resp.
G : X ). If either of the groups N and Ny is discrete, then N = Ny. In particular the action
G(C) : Y is effective if and only if the action G : X 1is effective.

Proof. 1f at least one of the groups N, Nj is discrete, then both are discrete; hence they are
the subgroups of the centre of G(C) and G, respectively. More precisely,

N=Z(GIC)NH=ZGC)NZ(H), Ng=Z(G)NK =Z(G)NZ(K).
It is known that, Z(K) = Z(H), Z(G) = Z(G(C)) N G. Hence,
No=Z(GC))NZ(K)=Z(G(C))nZ(H) = N.
[l

An involution 6 of a connected reductive complex algebraic group G(C) is called a Weyl
involution, if there exists a maximal torus of G, on which 6 acts as inversion. It is well known
that Weyl involutions exist and all such involutions are conjugate by inner automorphisms.

We will need a more precise result of [1].

Theorem 2.8. ([1, Theorems 2.2, 3.3, 4.2])

Suppose the action G(C) 1Y is effective. Then:

1) Let s be an automorphism of the variety Y such that sHs™' = H and sX = X. Then
the homogeneous space X is weakly symmetric with respect to s if and only if homogeneous
space Y s weakly symmetric with respect to s.

2)Y is weakly symmetric if and only if it is spherical. More precisely, in this case it is
weakly symmetric with respect to the following automorphism t:

t(gH) =0(g)H,

where 0 is a Weyl involution of G(C) such that 0(G) = G, 6(H) = H, and 0 induces a Weyl
involution on H. (In the sequel, 0 always denotes a Weyl involution with these properties.)
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Automorphisms of Y under consideration determine automorphisms of G(C). Namely,
to any s € AutY one associates the automorphism g — o(g) = sgs™' of G(C). On the
other hand, to any element of Aut(G(C), H) one can assign an automorphism of the variety
G(C)/H. Define the set of righteous automorphisms of the pair (G(C), H) in the same way
as it was done for real groups. Similarly to the real case assume that the ineffective kernel
of the action G(C) : Y is discrete.

In the complex case conditions (b) and (b’) look as follows

(b)c if € € g(C)/h and HE = HE, then there is h € H such that (Adh)¢ = —a(€);

()¢ if f € Clg(C)/p] is a homogeneous polynomial, then o(f) = (—1)d87 f.

Let R be an irreducible representation of G(C) and ¢ € AutG. Denote by R = R o o the
twisted by o representation R and by R* the representation dual to R. Suppose G(C) acts
on an affine algebraic variety Y. Then the G(C)-module C[Y] is of the form

Clv] =PV (r) 2 U(R),
R
where R ranges over all irreducible representations of G(C), and G(C) acts via R on V(R)
and trivially on U(R).
It is well known that if Y is a spherical homogeneous space of G(C), then dimU(R) < 1.
Denote by fR the set of the irreducible representation R such that dimU(R) = 1.

Proposition 2.9. Let Y = G(C)/H be a spherical homogeneous space of G(C) and C[Y] =

@ V(R) the decomposition of C[Y] into the direct sum of irreducible representations of
RER
G(C). Let o be a righteous automorphism of G(C),H. Then the following condition is

satisfied
(¢c) R° = R* for every R € R.

Proof. Let s be the automorphism of Y corresponding to . By the definition of a righteous
automorphism, Y is weakly symmetric with respect to s. Consider the action of G(C) on

Cly xY]=C[Y]eClY]= @ V(R) @ V(S).

As is known, each summand of the form V(R) ® V(R*) contains a nontrivial G(C)-invariant
vector. Thus, we have

VReER V(R)@V(R")=s(V(R)@V(R"))=V((R"))®V(R).
In particular, V(R?) = V(R*). O

Assume that G(C) is simply connected. Let a homogeneous weakly symmetric space
X = G/K be a real form of a spherical space Y = G(C)/H in the sense of Theorem 2.8. Let
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o be a righteous automorphism of G. It extends to an automorphism of G(C) normalising
H. Hence o defines an automorphism of Y. In view of Theorem 2.8, this means that there is
a one-to-one correspondence between the set of the righteous automorphisms of G and the
set of the righteous automorphisms of G(C) satisfying the condition

(d) o(G) = G.

If condition (d) holds, then o(K) = K if and only if 0(H) = H.

The action Ng(K) : g/t is a real form of the action N(H) : g(C)/h. Hence the invariants
of the groups N(H) and H in C[g(C)/h] coincide just like in the real case. In particular,
if one multiplies a righteous automorphism of (G(C), H) by a(n), where n € N(H), it will
remain righteous. For n € N(H), the righteous automorphisms ¢ and a(n)o are said to be
equivalent.

Let (G(C), H) be a spherical pair (here G(C) and H are connected complex reductive
groups). Assume that G(C) is simple connected and semisimple. In this subsection we
describe righteous automorphisms of (G(C), H). In each connected component of AutG(C) =
Autg(C) we point out one righteous automorphism if, of course, it exists. Thus we classify
all righteous automorphism up to equivalence.

Theorem 2.10. Let (G(C), H)be a locally effective spherical pair, where G(C) is semisimple
and H is reductive. Suppose o € Aut(G(C), H) satisfies condition (c). Then o is the
righteous automorphism of (G(C), H).

Proof. 1t is sufficient to show that o is equivalent to some righteous automorphism. The
set oInt(G(C), H) is the union of some connected components of the algebraic group
Aut(G(C), H). Hence it contains an element of finite order. We can assume that the order
of ¢ is finite. Assume also that the action G(C) : (G(C)/H) is effective, i.e., G(C) C AutY.

The automorphism ¢ induces the automorphism s(gH) = o(g)H of Y. Clearly, the order
of s is finite as well. Hence the subgroup G = (G(C),s) C AutY generated by G(C) and
s is reductive. The variety Y is the spherical homogeneous space of G. More precisely,
Y = G/H, where H = (H, s).

Let C[Y] = @ V(R) be the decomposition of C[Y] into the direct sum of irreducible
RER
representations of G(C). By (c¢) we have s(V(R)) = V(R*). Let us decompose C[Y] into the

sum of irreducible representations of G:

Y= @ vime P VR eV(ER)).
RER,R=R* RER R#R*
Denote by W(R) the summand V(R) @ V(R*) from the second part of the above sum. (In
fact the sum in the second part ranges over unordered pairs {R, R*}. But we admit this
formal inaccuracy for simplicity of notation.)
The representations of G in V(R) and W (R) are self-dual. For instance, if the represen-
tation G : W(R) is not self-dual, then the representation G : W(R)* would occur in C[Y] as
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well. But the representations of G(C) in W(R) and W(R)* are isomorphic. Since G(C)/H
is spherical, this would lead to a contradiction.

Let us show that those representations are orthogonal. Suppose G : U is an irreducible
symplectic representation of G. Then there exists a non-degenerate skew-symmetric form
on UH. Tt is the restriction of such form on U. This shows that dim U* is even. Hence such
a representation cannot occur in C[Y].

Consider the action G : (Y x Y) determined by (2.3) and (2.4). We have to prove that
ClY x Y]¢© = C[Y x Y] Recall that

Cy xY]°“ = P SVROe @ (SPWR)DD o ANW(R)DE),
RER R=R* RER,RAR*
besides dim S?V (R)%© = dim S?W (R)© = dim AW (R)¢© = 1.

As is already known, there are nonzero G-invariant vectors in S*V(R) and S2W(R),
ie., dimS?2V(R)Y = dimS*W(R)C = 1. In addltlon we have dim S2V(R)©) =
dim S2W (R)9© =1 as well, hence S2V(R)¢ = S2V(R)C(© and S*W (R)¢ = S2W (R)C(©),
Since the permutation (z,y) — (y, ) acts on the spaces S?V(R) and S*W (R) trivially, s
acts trivially on @@ S?V(R)“© @ @ S*W (R)%©).

Consider the action of s on other G(C)-invariants. Let w be an arbitrary element of
AQW(R)G((C

The automorphism s normalises every representation of type V(R). Consider the group
(G(C), %) C G. Tt is reductive as well as G. Since it has two linearly independent invariant
vectors in W(R) @ W(R), the form w is (G(C), s*)-invariant. Hence sw = 4w. Assume
that sw = —w. Then w is invariant with respect to the diagonal action s : (Y x Y) defined
by s(x,y) = (sz,sy). This would imply that dim(W (R) ® W(R))%© = 2 for the diagonal
action of G on Y x Y. But this is not the case. In fact, as we have seen, this dimension is
equal to 1. O

Corollary 1. The set of all righteous automorphism of the pair (G(C), H) coincides with
the union of connected components of Aut(G(C), H) satisfying condition (c).

Corollary 2. Each closed H-orbits in g(C)/b is centrally-symmetric with respect to the ori-
gin if and only if all irreducible representations occurring in the decomposition of C[G(C)/H]|
are self-dual.

Proof. Both claims are equivalent to the fact that the identity mapping is the righteous
automorphism of (G(C), H). O

Let B be a Borel subgroup of G(C). The set of weights in C[Y]®) (resp. C(Y)®)) is
called the rank semigroup (resp. group) of homogeneous space Y. Denote by I'(Y) the rank
group of Y. In each case, it would be sufficient to find the group Aut(G(C), H) and the
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rank semigroup (or even the rank group) in order to describe all righteous automorphism of
(G(C), H).

This problem can be solved by a method of D.Panyushev, see [36]. Let " C B be a
maximal torus and 6 a Weyl involution of G(C), acting on T' by inversion. We can replace
H by a conjugated group such that

I) both groups BN H and BN @(H) have the minimum possible dimensions;

IT) they are both preserved by T’

IIT) BN H is a Borel subgroup of the reductive group H NO(H).

If H satisfies conditions I)-III), then H, = H NO(H) is a generic stabiliser for the action
H :g/b, and I'(G(C)/H) coincides with the annihilator of H, N7

Note that rank groups of homogeneous spaces of simple groups are already well known
and can be found in [25]. In all other cases there are easier methods of finding the righteous
automorphisms.

Let (G(C), H) be a spherical pair with semisimple G(C).
Lemma 2.11. Suppose G(C) = G(C); x...xG(C),, H = Hy x ... x H,, where (G(C);, H;)

is indecomposable for every i and o is a righteous automorphism of (G(C),H). Then

o(G(C)i) = G(C)i.

Proof. 1f o takes simple direct factor F; <G(C); of G(C); into simple direct factor F; <G(C);
of G(C); for some i # j, then o takes H; into H; (otherwise o(H) # H) and G(C); into
G(C);. In the decomposition of C[Y] into irreducibles exists a representation, say R, such
that G(C); acts trivially on V(R) for each k # i. Then G(C); acts trivially on the space
V(R*) and non-trivially on V(R?). A contradiction! O

Lemma 2.12. Suppose G(C); is a a simple normal subgroup of G(C) and o is a righteous
automorphism. Set H; := m;(H), where m; is the projection on G(C);. If H; # G(C);, then
o(G(C)i) = G(C)i.

Proof. There exists an irreducible representation R of G(C); such that V(R)? # 0. The
rest of the proof runs as in the previous lemma. O

Note that if the conditions of these lemmas are satisfied then the restriction of any
righteous automorphism of G(C) on G(C); is a righteous automorphism of the spherical pair
(G(C);, Hy).

According to the classification there is only three indecomposable spherical pairs
(G(C), H) such that H; = G(C); for some i. They are:

1) the symmetric pair of the form (H x H, H);
2) (Spy X Spy X Spa, Spy X Spy);
3) (Spay, X Spy X Spy, Spyy,—2 X Sps).

Let o be an automorphism of the second or third pair (G(C), H). Assume that o permutes

simple factors of G(C). It is easy to check that there are irreducible representations of G(C)
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containing nonzero H-invariant vectors such that condition (c) is not satisfied. Let us indicate
the highest weights of these representations. In the second case it is @i (1) + @;(2); and in
the third one they are w; (1) + @;(2) and @ (1) + w;(3) (w;(n) being the i-th fundamental
weight of the n-th simple factor of G(C)). For more details concerning this notation see [35,
§2 of Capter 4 and Table 1 in the Reference Chapter].

Proposition 2.13. Let (G(C) = G(C);1xG(C)y, H = H1xHs) be decomposable spherical
pair. Suppose o1 and o9 are automorphisms of G(C); and G(C)y respectively. The automor-
phism o = 01 X 09 s righteous if and only if o1 and oo are righteous.

Proof. We have g(C)/h = g(C)1/bh1 @ g(C)2/h2. Moreover, G(C); acts trivially on g(C); for
i # j Hence, condition (b)¢ holds for ¢ if and only if it holds for o; and o5. O]

There exists a G(C)-invariant scalar product on g(C). The space g(C)/h is identified
with the orthogonal complement h* to b in g(C).

Given a symmetric pair (G(C), H), denote by ¢ the involution of G(C) such that H =
(G(C)#)°. Note that ¢ is righteous. Let 6 be the Weyl involution from Theorem 2.8 and id
the identity mapping of G.

Krémer’s paper [25] contains the decomposition of C[Y] into direct sum of irreducible
G(C)-modules for all simple groups G(C). This immediately shows that, in case of simple
group G(C), almost all automorphisms satisfying condition (c) are equivalent to a Weyl
involution. The exceptions are listed in Theorem 2.14.

Theorem 2.14. All indecomposable principal spherical pairs such that their righteous au-
tomorphisms are not equivalent to a Weyl involution are listed, up to local isomorphism, in
Table 2.5. All righteous automorphisms of each pair are listed up to equivalence.

Table 2.5.
(G(C), H) o € Aut(G(C), H)
1 | (SLyyq, S(GL, x GL,)), (Es, Spin,, - C*), | id, 6
(Eg, SLg x SLa), (SOuni2, GLapi1)
2 | (SO2(ptq): SO2p x SO9) (p > q) id, a(1y)
3 (SO2(p+q SO2p41 X SO2-1) (p > q) id,
4| (H x H, H) 0,p

Here I} = diag(—1,1,...1).

Proof. Consider first the pairs with simple G(C). For all pairs that are not contained in
Table 2.5 condition (c) holds only for one connected component of AutG(C), more precisely,
for the connected component containing a Weyl involution. For the pairs contained in
Table 2.5, condition (c) holds for two connected components of Autg(C) (see [25]). Any
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automorphism indicated in Table 2.5 normalises H. Hence all of them are righteous by
Theorem 2.10

For a symmetric space (H x H)/H there are nonzero H-invariant vectors in each irre-
ducible representation of H x H of the form R(w;(1)+ @;(2)*). Here {w;} are fundamental
weights of H. Suppose an automorphism W preserve the diagonal of H x H and satisfied
condition (c¢). There are only two possibilities:

1) U(p,q) = (¥(p),¥(q)); then R(w;)¥ = R(w;)* for each i, hence ¥ is equivalent to 6;
2) ¥(p,q) = (¢(q),¥(p)); then R(w;)¥ = R(w;) for each i, hence W is equivalent to ¢.

Now we prove that for the first eight pairs of Table 2.3 all righteous automorphisms are
equivalent to a Weyl involution. As we already know, a righteous automorphism does not
permute simple direct factors G(C); of G(C). Recall that H; C G(C); is the image of the
projection of H on G(C);. Each righteous automorphism is of the form o = o X g9 X o3 (or
01 X 03), where o; is a righteous automorphism of (G(C);, H;).

In cases 3, 4, 6, and 8 each simple direct factor of G(C) has no outer automorphisms.
In case 5, o1 has to be a Weyl involution and the second simple direct factor has no outer
automorphisms.

In cases 1 and 7, we point out some irreducible representations of G(C) containing non-
zero H-invariant vectors. Using these representations one can easily verify that condition
(c) holds for a single connected component of Autg(C).

Case Representations
1) @i (1) - @ tt(2)
Nn="7 | wsl) ws3(2),w3(1) - m3(2)
n==~8 W4(1) -W3(2),7D4(1) -7'(‘4(2)
n#7,8 | wr(1) - wp(2) k=[(n+1)/2],p=[n/2]

In case 2, the identity mapping is not righteous, because there is a homogeneous polyno-
mial f € Clg(C)/h]* such that deg f is odd. Consider an H-invariant space

VC g((c)/ha V= 5[2 ¥ L2,n ¥ Ln,2 C 5[n+27

where L, , is the space of complex p x g-matrices. Take £ = (D,A,B) € V (D € sl,,A €
Ly,,B € L,3), h = (u,v,w,\) € H (u € SLy,v € SL,,w € Spy,,_9, A € C*). Then h{ =
(uDu=t, X2 Av=t A" 20 But). Suppose a vector 7 lies in the H-invariant complement
to V. Set f(£+n) = f(§) =tr(DAB). Then f € C[g(C)/p]" and deg f = 3. O

Now we describe the righteous automorphisms of non-principal pairs up to equivalence.
Let (G(C), H) be a non-principal indecomposable spherical pair. Then g(C) = @ g:(C),
h=(Ph,) @3(h), where (g(C);, h;) are indecomposable principal spherical pairs. For each
i, we have dim 3; = 1 and 3(h) C @3- (Here b’ denotes the derived algebra of h; and 3; the
centre of h;.)
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It is already proved that the righteous automorphisms preserve normal subgroups. Since
(G(C), H) is indecomposable, for every i there is an element ¢ € b~ N n(h) such that its
projection to g; is non-zero. Note that n(h) = b’ @ (@ 3;). The orbit HE = {£} is closed.
Thus in order to determine a righteous automorphism of g(C), it is necessary and sufficient to
indicate in each connected component of Autg(C) a righteous automorphism o; multiplying
all vectors in 3; by —1. (Of course, if such automorphism exists.)

Proposition 2.15. Up to equivalence, all righteous automorphisms of a non-principal inde-
composable spherical pair (G(C), H) are of the following form: o = o1 X ... X 0, where

6i7 Zf (g((c>17 hz) 7& (502n+27502 D 502”)7 (5[2n75<g[n D gIn))?
g; = CL(Il) or CL(ILQ,H_Q), Zf (g((C)z, fh) = (50271—&-2’502 @50271);
a(Sy) or 6;, if (9(C)i, h;) = (slzn, s(gl, @ gl,,)).

E
Here I, = diag(—1,1,...1), I 2,42 = diag(—1,1,...1,-1), S, = ( g On )

Proof. 1f the pair (g(C);, b;) does not belong to the following list
(5lp1q,5(8l, ® 0ly)), (E6, 5010 © C), (502,12, 502, D 502),

then, by Theorem 2.14, o; = ;. Each of these three pairs has two non-equivalent righteous
automorphisms. The pairs (Eg, 5010 © C) and (sl,44,5(gl, ® gl,)), with p # ¢, have no inner
automorphisms multiplying all vectors in the centre of h by —1. Besides all there outer
automorphisms are equivalent to Weyl involutions. O

2.2.3 The real case

We assume that G(C) is simply connected. Let (G = Gy x Gy, K = K; x K3) be a decom-
posable weakly symmetric pair. Then its complexification (G(C) = G1(C) x G»(C),H =
H, x H,) is a decomposable spherical pair. As we already know, all righteous automorphisms
of (G(C), H) preserve G1(C) and G2(C). Hence, each righteous automorphism o of G is the
product of automorphisms o, and o, of G; and G, respectively. Similarly to the complex
case we have

Proposition 2.16. The automorphism o = o1 X 05 18 righteous if and only if o1 and oo are
righteous.

Thus it suffices to describe the righteous automorphisms of indecomposable weakly sym-
metric spaces. We have proved in the first section of this chapter, that each indecomposable
weakly symmetric space is a real form of an indecomposable spherical space. Besides, we
have described non-compact weakly symmetric homogeneous spaces, Theorem 2.2.
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Lemma 2.17. Let 0 € AutG(C) be a righteous automorphism of a complex indecomposable
spherical pair (G(C), H). Then in the notation of Theorem 2.2 we have op = @o.

Proof. 1t suffices to prove that ¢(G¥) = G¥. Observe that both these groups contain H.
For symmetric pairs our statement is tautological. For all pairs with a simple group G(C),
except (Sping, Ga), there is only one subgroup of the form G(C)¥ containing H, [46, Lemmas
2,3].

For (Sping, G5), the automorphism o is inner. Hence the involutions ¢ and opo™" lies
in the same connected component of Aut(Sping). This means that both ¢ and opo~! keep
intact some non-trivial central element of Sping. Assume that ¢ # opo~!. Then the group
SOg = Sping/Zs has two involution acting trivially on the spherical subgroup Gs. But this
is not true according to [46, Theorem 3].

Suppose G(C) = G1(C) x ... x G,,(C), where G;(C) are simple groups. As we already
know, o does not permute the simple direct factors of non-symmetric pairs. If ¢ and ¢
preserve some G;(C), then their restrictions to G;(C) commute. On the other hand, if
the involution ¢ permutes two components G;(C) and G;(C) (which is only possible for
(Spy X Sps X Spak, SPy X Spai_s)), then the diagonal of G;(C) x G;(C) is contained in the
projection of H to G;(C) x G,(C), that is, o preserves the set of ¢-invariant elements. [

Corollary. Let (G, K) and (Go, K) be weakly symmetric pairs corresponding to a spherical
pair (G(C),H). Then the sets of the righteous automorphisms of G and G, regarded as
subsets of Aut(G(C), H), coincide.

Proof. Theorem 2.8 yields a bijection between the set of the righteous automorphisms of
G(Gyp) and the set of the righteous automorphisms of (G(C), H) preserving the real form
G(Gp). We can assume that G = G(C)7, where 7 is a compact real structure on G(C), and
Gy = G(C)¥". If o is a righteous automorphism of (G(C), H), then

0(Go) = Gy <= 0Tp = Tpo <= o7 = 70 <= 0(G) = G.
[

Let o be a righteous automorphism of (G, K). Then a(g)o (¢ € G(C)) is a righteous
automorphism of (G, K) if and only if g € N(K)NN(G). If N(G) # G, then some equivalent
righteous automorphisms of (G(C), H), preserving G, can be non-equivalent as righteous
automorphisms of (G, K). But for a compact real form, we have N(G) = G. Thus, righteous
automorphisms of (G, K) are equivalent as automorphisms G(C) if and only if they are
equivalent as automorphisms of G.

Assume that G is compact. For each semisimple automorphism 1 of G(C), there is a real
structure 7 commuting with . Each righteous automorphism of G(C) is equivalent to either
an involution or the identity mapping. Hence, we can assume that the automorphisms listed
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in the previous subsection are righteous automorphism of corresponding compact groups.
All righteous automorphisms can be obtained from them by multiplication by the elements
of Int(G, K). In particular, each righteous automorphism of G is of the form ¢ = a(n)d,
where n € N(K) and ¢ is an involutive righteous automorphism. We have

o? =a(né(n)) = a(n(n"'k)) = a(k), where k € K,

i.e., the diffeomorphism s? corresponding to o2, acts on X as k. Hence, if we consider G as a
subgroup of Diff (M), then s € G for each righteous diffeomorphism s. Thus, for semisimple
groups our definition of a weakly symmetric space is equivalent to the original definition
given by Selberg.

2.2.4 Non-symmetric weakly symmetric Riemannian manifolds

Let M be a connected Riemannian manifold and Isom(M) be the full isometry group of M.

Definition 13. The manifold M is said to be symmetric, if for every point x € M there is
an isometry s € Isom(M) such that s(z) = z and d,s = —id.

The notion of a weakly symmetric manifold is a generalisation of a notion of a symmetric
manifold.

Definition 14. The manifold M is said to be weakly symmetric, if the following equivalent
conditions hold:

(e) Vo,y € M Is € Isom(M) : s(z) =y, s(y) = x.

(f)Ve e M V¢ € T, (M) s € Isom(M) : s(z) =z, ds.(§) = —&.

(The equivalence of the given conditions is proved, for example, in [6].)

The geometric meaning of Definition 14 is that for every point z € M and for every
geodesic line containing x there is an isometry stabilising x and reversing the geodesic line.

Let G be a real Lie group and K C G a compact subgroup. Assume that M = G/K is
connected.

Definition 14’. The homogeneous space M is called symmetric, if there is an involution o
of G such that (G7)° C K C G°.

Let M be a weakly symmetric Riemannian manifold. Then, due to condition (e),
Isom(M) acts on M transitively, in particular, M is a complete Riemannian manifold. De-
note by St(z) C Isom(M) the stabiliser of a point € M. We have

M = Tsom (M) /St(z) = Isom(M)°/(St(x) N Tsom(M)°),

Isom(M) is a real Lie group, St(x) is a compact subgroup of Isom(M). It is easy to verify,
that the homogeneous space M of the group Isom(M) is weakly symmetric with respect
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to the identity map. The analogous fact concerning symmetric manifolds is well known. A
symmetric Riemannian manifold M is a symmetric homogeneous space of the group Isom (M)
and also of the group Isom(M)°.

On the other hand, suppose that a homogeneous space M = G/ K is (weakly) symmetric
with respect to some automorphism o. Recall that o defines an automorphism s of M by the
formula s(gK) = o(g)K and this s satisfies condition (2.2). Let us introduce a G-invariant
Riemannian metric on M. Then s € Isom(M) and G/K becomes a (weakly) symmetric
Riemannian manifold.

Thus, the notions of (weakly) symmetric Riemannian manifolds and (weakly) symmetric
homogeneous space are quite close. The difference between them lays in the fact that a
weakly symmetric Riemannian manifold M can be a weakly symmetric homogeneous space
of several groups.

The aim of this subsection is the classification of non-symmetric weakly symmetric Rie-
mannian manifolds with reductive isometry group. Among weakly symmetric homogeneous
spaces of reductive Lie groups, we distinguish non-symmetric Riemannian manifolds.

Let M = G/K be a weakly symmetric homogeneous space. Then M is also a weakly
symmetric homogeneous space of G°, see [43, Lemma 1]. From now on assume that G is
connected. This restriction is not important for our goal, i.e., classification of non-symmetric
weakly symmetric Riemannian manifolds.

A non-symmetric homogeneous space can be a symmetric Riemannian manifold. For
instance, a sphere S**~! = SU,,/SU,,_; = SO,,/SO,,_; is a symmetric Riemannian manifold
and simultaneously a non-symmetric weakly symmetric homogeneous space of the group

SU,,.

Definition 15. Let M = G/K be a homogeneous space, 1 be a G-invariant Riemannian
metric on M. We say that p is (weakly) symmetric, if the pair (M, ) is a (weakly) symmetric
Riemannian manifold.

To understand whether a given Riemannian metric is symmetric or not, it is sufficient to
know the isometry group of the pair (M, i) or its connected component Isom(M)°.

Denote by m the tangent space T.x(G/K) = g/¢. The space m can be identified with
a K-invariant complement of € in g. Let B(m) be a set of all positive-definite K-invariant
scalar products on the vector space m. In order to determine a G-invariant Riemannian
metric on G/ K, it is necessary and sufficient to choose an element of B(m).

As was proved in [43], a connected homogeneous space that is locally isomorphic to a
weakly symmetric one is also weakly symmetric. Unfortunately, the analogous statement is
not true for symmetric spaces.

Let M = G / K be a simply connected covering of M. Here G is a simply connected
covering of G and K C G is a connected subgroup with Lie K = ¢t Any G-invariant
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Riemannian metric p on M can be lifted to a G-invariant Riemannian metric [t on M. Now
we will show how to decide whether M is symmetric, assuming that Isom(ﬂ ) is known.

Suppose (M, p) is a symmetric Riemannian manifold. Then (]Tj ,[t) is also symmetric.
Moreover, M is a symmetric homogeneous space of Isom (M )P.

On the other hand, suppose we know that (]TJ , i) is symmetric. Denote by F' the group
Isom(M). If F acts on M, then, by the principal result of [17], M is a symmetric homoge-
neous space of F//N, where N is the ineffective kernel of F' : M. Thus, M is symmetric if
and only F' acts on M.

We have reduced the problem of finding all non-symmetric Riemannian manifold among
the weakly symmetric homogeneous spaces to the same problem for simply connected ho-
mogeneous spaces.

We will deal with homogeneous spaces of reductive groups. But before we restrict ourself
to this case, note that it is quite possible that M is not a homogeneous space of any reductive
group even if M is. For example, there is no reductive group acting transitively on a real
line R = fi

In particular, having restricted the area of our consideration to homogeneous spaces of
reductive groups, we might loose some weakly symmetric spaces. To avoid this unhappy
event, we prove the following lemma.

Lemma 2.18. Let M = G/K be a homogeneous space of a reductive group G and F' :
G'K # G. Then M decomposes, as a Riemannian manifold, into a product M= M, x MO,
where My is a simply connected covering of the homogeneous space G'/(G' N K) and My is
a locally euclidian symmetric manifold.

Proof. Let 1 be a G-invariant Riemannian metric on M, determined by an element b € B(m).
Denote by m; an orthogonal complement of §/¢ in m. Evidently, m; C 3(g). There is an
equality of Riemannian manifolds M = M x My, where Mj is a locally euclidian symmetric
Riemannian manifold and M, is a simply connected covering of F//K endowing with a F-

invariant Riemannian metric determined by a scalar product b|s. To conclude the proof,
note that because F' = G'K, we have F//K = G'/(G' N K). O

Corollary. A Riemannian manifold M s symmetric if and only if M, is symmetric;
moreover, if My is symmetric, then Isom(M) is semisimple and there is an equality
Isom(M) = Isom(Mj) x Isom(Mp).

Proof. The product of two Riemannian manifolds is symmetric if and only if each of them
is symmetric, hence the first statement is true.

Suppose M; is symmetric. Assume that Isom(M;) is not semisimple, i.e., M; is locally
isomorphic to the product M; x R™, where M; is a symmetric homogeneous space of a
semisimple group Isom(M;) and n > 1. According to the conditions of the lemma, the
group G’ acts on M, transitively. Hence, G’ has a non-trivial connected centre. This leads
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to a contradiction, because G’ is semisimple. Since M is a symmetric homogeneous space
of a semisimple group, each isometry of M preserves My and My, see [20]. O

From now on, we assume that G is connected and reductive, G/K is simply connected,
and G = G'K.

Theorem 2.19. [47, Theorem 1] Suppose (G, K) = (G1, K1) x (Gg, K3) is a weakly sym-
metric pair, and set M; = G;/K;. Then, regardless of the choice of a G-invariant symmetric
metric on M = G/K, there is a decomposition M = My x My in the sense of Riemannian
manifolds.

If Ng,(K1)" = K, or Ng,(K3)? = Ky, then it is true for any G-invariant metric. In the
general case the statement is more complicated. As a corollary of Theorem 1 we have: each
symmetric metric on M is a product of symmetric metrics on M; and M. In particular, a
symmetric metric on M exists if and only if such metrics exist on both M; and M,. Thus,
in order to classify all weakly symmetric non-symmetric Riemannian manifolds, it suffices
to consider only indecomposable weakly symmetric homogeneous spaces.

Denote by Z(G) the centre of G. Set K, := K/(KNZ(G)). A homogeneous space G'/ K,
is called the central reduction of G/K. Recall that G/K is weakly symmetric if and only of
the central reduction of G/K is weakly symmetric.

Suppose a pair (P,Q) of Lie groups is an extension of (G, K). If P is a symmetric
subgroup of @, we call (P, Q) a symmetric extension of (G, K).

Let M = G/K be a homogeneous space. Suppose the pair (G, K) is effective, i.e., K
contains no non-trivial normal subgroups of G. (Note that a pair (Isom (M), St(x)) is always
effective.) For each G-invariant Riemannian metric x4 on M, the pair (Isom(M), St(x)) is an
extension of (G, K), if of course G # Isom(M). In order to find all symmetric G-invariant
Riemannian metrics on M it is necessary and sufficient to describe all symmetric extensions
of (G, K). Or equivalently, to each symmetric pair find out all weakly symmetric pair which
it extends. As was shown above, if M is a symmetric manifold, then Isom (M) is semisimple.
Remark 2. It can be shown, that Isom (M) is always reductive. Moreover, if M is a symmetric
homogeneous space of G, then, due to results of Cartan and Helgason we have G' = Isom(M)°.

If N is a normal subgroup of G and N C K, then G/K = (G/N)/(K/N) and N
acts on M trivially. Therefore, we consider only effective pairs. Recall that a G-invariant
Riemannian metric on M is determined by an element of the set B(m), i.e., by a K-invariant
scalar product on m. Note that the normaliser N (K) naturally acts on m = g/¢.

Lemma 2.20. Let G/K be a weakly symmetric homogeneous space. Then each K -invariant
scalar product on m is also Ng(K)-invariant.

Proof. According to Corollary 2 of Lemma 2.6, the orbits of K and N(K) on m coincide.
Hence, these groups have the same invariants in R[m]. In particular, S?(m)% = S2(m)NU.
[
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Corollary 1. The set B(m) depends only on the pair (g, %), i.e., the set of weakly symmetric
invariant Riemannian metrics on a simply connected homogeneous space G/ K coincides with
the analogous set on any homogeneous space locally isomorphic to G/ K.

Suppose (G, K) is a weakly symmetric pair such that N(K)® # K. Then G/K =
(N x G)/N(K), where N = N(K)/K acts on G/K by right multiplications.

Corollary 2. Each G-invariant Riemannian metric on G/K is also (N x G)-invariant.

Let M = G/K be a weakly symmetric homogeneous space. Suppose G has a non-trivial
connected centre, i.e., G' # G. A pair (G',G' N K) is called a truncated weakly symmetric.
Denote by K7 a group G' N K. Note that a truncated weakly symmetric pair might be
or might be not weakly symmetric. For example, a pair (SU,,1,SU,) is a truncation of
(Upa1, Uy,) and a non-weakly symmetric pair (SUs,, SU,, x SU,,) is a truncation of a weakly
symmetric pair (Us,, U, x SU,).

Corollary 3. If (G', K”) is a weakly symmetric pair, then the sets of G- and G'-invariant
Riemannian metrics on M coincide.

The last statement means that the homogeneous spaces G/K and G'/K” correspond
exactly to the one and the same weakly symmetric Riemannian manifold.

As proved in [1], N is an Abelian group. In particular, replacing G by G x N is, in a
sense, a process inverse to a truncation.

Lemma 2.21. Let (G, K) be an indecomposable weakly symmetric pair, where 3(g) # 0.
Suppose the corresponding truncated pair is decomposable, i.e., (G',G' N K) = (Gy, K1) X
(Go, Ky). Then there are weakly symmetric pairs (G1, K1) and (Ga, Ks) such that their
product is an extension of (G, K) and the sets of G- and (G x G)-invariant Riemannian
metrics on G/K coincide.

Proof. Set (G, Ky) := (G/Gy, K/(K N Gy)) and (G, K») = (G/Gy, K/(K N Gy)). Note
that there is a decomposition G x Gy = G’(Kl X f(g). The group G is embedded in a
natural way into Gy x Ga, here the centre of G is embedded diagonally into the product of
centres of G/Gy and G/G. Evidently, (G/Gs) x (G/G1) = G(K, x K>), hence, the product
(G, K>) x (G‘g, K,) is really an extension of (G, K).

The pair (G/Gy x G/G1, K) is weakly symmetric, because its central reduction coincides
with the central reduction of (G, K). Evidently, K/(K NGs) x K/(K NGy) C N(K) (here
we consider the normaliser in Gy x Gg) In particular, the orbits of K and K; x Ky in
m = g1/ @ g1/¢ are the same. To conclude the proof, note that T, (G/K) is isomorphic
tom as a K-, N(K)- and, hence, K| x Ks-module. O

Corollary. Every symmetric metric on G/K is a product of symmetric metrics on G1/K;
and Gy /K.

In what follows we will consider only those weakly symmetric spaces G/ K, whose trun-
cated pairs (G, K”) are indecomposable. As was already shown, (G, No/(K")) is a weakly
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symmetric pair, moreover, it is indecomposable if (G, K) is indecomposable. In particular,
we can assume that the list of the indecomposable truncated pairs is known.

Recall that a weakly symmetric space G/K under consideration is also a homogeneous
space of semisimple group G'.

Theorem 2.22. An indecomposable (as a homogeneous space) non-symmetric non-compact
homogeneous space of a semisimple group G is not a symmetric Riemannian manifold re-
gardless of the choice of a G-invariant metric.

Proof. Assume that M = G/ K is symmetric. Decompose it into a product of indecomposable
Riemannian manifolds. Let M, be a product of all non-compact factors, i.e., a symmetric
space of negative curvature. Suppose a semisimple group H C Isom(M,,) acts transitively
on M,. By the Karpelevich theorem, see [23, Theorem 1], there is a Cartan involution o of
Isom(M,,) such that o(H) = H and oy is a Cartan involution of . In particular, h = €, dmy,
m; C m. But then m; = m. Because [m, m]®&m = isom(M,,), we have h = isom(M,,). Hence,
any connected semisimple subgroup of Isom(M,,) acting transitively on M, coincides with
Isom(M,)°. The group Isom(M,,) can not act non-trivially on a compact or locally euclidian
symmetric Riemannian manifold. This means that G contains Isom(M,,)? as a factor. Thus,
if M = M, then the homogeneous space G/K is symmetric and if M # M, then G/K is
reducible (as a homogeneous space). O

In Table 2.6 we present the principal result of [47]. We give the list of all simply con-
nected compact indecomposable weakly symmetric homogeneous spaces of reductive Lie
groups whose central reductions are principal indecomposable homogeneous spaces. If a
homogeneous space M in Table 2.6 admits a G-invariant symmetric metric, then we also
indicate the identity component P of the isometry group, and the stabiliser ) in P of a
point in M. The pair (P, Q) is a symmetric extension of (G, K). The dimensions of the
cones of K-invariant and @Q-invariant (in brackets) positive-definite scalar products on the
space m = g/¢, i.e., the dimensions of the sets of weakly symmetric and symmetric metrics,
are given in the fifth column of Table 2.6.

Suppose G has a non-trivial connected centre and G/K is also a weakly symmetric
homogeneous space of G'. Clearly G/K = G'/(G' N K). In Table 2.6 we list only one of
these two homogeneous spaces, usually the former. In rows 5, 7, 17, 23b and 24 the group
Isom(G/K)? is equal not to P but to its quotient by some central subgroup.

It can be seen that for almost all homogeneous spaces listed in Table 2.6 there are G-
invariant metrics on M, which are not P-invariant for any P. Thus, there are non-symmetric
weakly symmetric Riemannian metrics on these homogeneous spaces. Cases 14 and 16 are
the only exceptions.
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Table 2.6.

M=G/K P=Isom(M)° Q dim B(m)
1a SUn/SUn_l SOgn SOQn_l 2(1)
1b SUn/(SUn_kXSUk) (n 75 n— k‘)
1lc Usy,/ (U, xSUy,)
2 SU2n+1/(SanU1)
3 SUQn_H/Spn SU2n+2 Spn+1 3(1)
4 (U1xSp,)/Un,
5 Spn/(Spnfl XU1) SUQn Ugn,1 2(1)
6 (U1 xSp,,)/(Sp,,—1xU1)
7 SO2,4+1/Up SO2p4-2 Upt1 2(1)
8 (Ul XSOQH_H)/UH
9 (U1 xSO4n+2)/U2pns1
10 SO10/(Spin7XSOQ)
11 (leSOlo)/(Spin7><SOQ)
12 SOQ/Spin7 8016 8015 2(1)
13 Sping/GQ SOg X SOg SO7 X SO7 3(2)
14 Spin; /G2 SOg SO~ 1(1)
15 Es/Spiny
16 G2/SUs SO7 SOg 1(1)
17 (Un+1 X SUn)/Un SUn+1XSUn+1 SUn+1 2(1)
18 | (SU,xSp,,)/(Uy—2xSUaxSp,,,_1)
19a (Sp,, x Sp; x Sp,,)/
(SPp—1 X Spy X Spi_1 X Sppm—1)
19b (Spn X Spl X Spm)/ SO4n X SO4m SO4n_1XSO4m_1 6(2)
(Spy—1 % Spy X Spy,—1)
19p/ (Spl X Spn X Spl)/ SO4n X SO4n SO4n_1XSO4n_1 5(2)
(Spy X Sp,,_1 X Spy)
20 (Spn X SU4)/(Spn_2 X SU4)
21 | (SU,xSp,,)/(SU,_2xSUaxSp,,,_1)
22a (Sp,, X Spy % Sp,,)/
(SPp—1 X Sp1 X Sp; X Spy,_1)
22b (Sp1 % Spy % Spy)/(Sp;y % Spy) Spy X Spy Spy 3(1)
23 (SOp+1 x SO,,) /SO, SO, 4+1%xS05,41 SOp11 2(1)
24a | (Spp*Spm)/(SPn—1X5p1XSPp,_1)
24b (Sp,, X Spy)/(Sp,,—1 x Sp;) SOy4p, SO4pn—1 3(1)
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Chapter 3

Commutative homogeneous spaces of
Heisenberg type

In this chapter, we consider homogeneous spaces of the form (N X K)/K. Here S(g/€)X =
S(n)K. Therefore,we may assume that n is a non-Abelian Lie algebra.

Decompose n/n’ into a sum of irreducible K-invariant subspaces, namely n/n’ = o, @
... ®w,. According to [43, Prop. 15], if X is commutative, then [w;,10,] = 0 for i # j, also
[tv;, 10;] = 0 if there is j # i such that tv; = tv; as a K-module. Denote by n; := 1, @ [w;, 10,
the subalgebra generated by ;. Let v* be a K-invariant complement of n; in n. Denote by
K" be the identity component of K, (bv?).

Theorem 3.1. ([48, Theorem 1]) In the above notation, G/K is commutative if and only if
each Poisson algebra S(n;)%X" is commutative.

Note that the Poisson algebra S(n;)%" is commutative for any K-invariant subspace t; C
n/n’, not necessary irreducible.

For convenience of the reader we present here the classification results of [22], [43] and
[44]. All maximal commutative homogeneous spaces of Heisenberg type with n/n’ being an
irreducible K-module are listed in Table 3.1. The following notation is used:

n =1t @ 3, where 3 =’ is the centre of n;

Hy is the space of purely imaginary quaternions;

C™ ® H"™ is the tensor product over C;

H™ @ H" is the tensor product over H;

HA?D", where D = C or H, is the skew-Hermitian square of ID;

HSZH" is the space of Hermitian quaternion matrices of order n with zero trace.

For all items of Table 3.1 the commutation operation to X tv +— 3 is uniquely determined by
the condition of K-equivariance up to a conjugation by elements of the centraliser Zgo ) (K).
Notation (U; x ) F means that K can be either F' or Uy x F. The cases in which U, is necessary
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are indicated in the column “U;”

column “max”.

. Some spaces are not maximal. This is indicated in the

Table 3.1.
K 10 3 U, max

1 SO, R A’R" = so,,
2 Spin, RS R”
3 Gs R” R”
4 U; x SO, cr R n # 4
5 (U;x)SU, cr ANC"@R | nisodd
6 SuU, cn A2CT

(n is odd)
7 SU, cr R

(n is odd)
8 U, cn HA*C" =u,
9 (Uyx)Sp,, H" HSZH" & Hy
10 U, S2Cn R
11 (U x)SU, A*C” R n is even

(n=3)

12 Uy x Spin, C8 R"®R
13 U; x Sping C'6 R
14 (Uy x)Spiny, C1e R
15 U; x G CT R
16 U; x Eg c¥ R
17 Sp; X Sp,, H" Hy = sp, n =2
18 Spy X Sp, H? @ H" | HA*H? = sp,
19 | (Uyx)SU,, x SU,, | C" @ C" R m=n

(m,n > 3)
20 | (U;x)SU; xSU,, | C?@C" | HA’C? =u, n=2
21 | (U;x)SU, x Sp, | C" @ H? R n<4 |n>=3
22 Uy X Sp,, C?@H" | HA*C? =u,
23 Us x Sp, C* @ H R n>2

Remark. There is a small inaccuracy in tables of [43] and [44]. The homogeneous space
(N XU,)/U,, where n = C" ¢ A’C" & R, is commutative regardless of the parity of n.
Suppose (N X K)/K is a principal commutative homogeneous space and n’ # 0. There
is a non-Abelian subspace v, C n/n’. Denote by K. the maximal connected subgroup of K
acting on vy locally effectively. Then K = K. x H, where H acts on ny trivially. The pair

(K¢, my) is either in item or a a central reduction of an item of Table 3.1.
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The classification of maximal principal indecomposable Sp,-saturated commutative
spaces of Heisenberg type is being done in the following way. For each commutative ho-
mogeneous space (N; N K.)/K, with ny/n} = o, being an irreducible K .-module, we find
out all commutative space (N X K)/K such that K = K, x H, n = n;®v’. The classification
tools are Theorem 3.1, Table 3.1, and the tables of all irreducible representation of simple
Lie algebras with non-trivial generic stabilisers [14].

For example, if K, = SO, n; = R*@®A?R", then K = K., n = n;. Here the homogeneous
space (N7 X F')/F, is not commutative for any proper subgroup F' C SO,,, see [3]. Hence,
7.(K') = K. and, by Lemma 1.7, either the action SO,, : v! is trivial or (N X\ K)/K does
not satisfy condition (3) of Definition 8.

We say that the action K : n is commutative if the corresponding homogeneous space
(NN K)/K is commutative.

Lemma 3.2. Suppose that K, = K. x Uy, [toy,10;] # 0 and vo; = W @ R?, where K. acts
on W and Uy on R% Let F be a proper subgroup of K!. If the action F : W is reducible
then (N1 X (F x Uy))/(F x Uy) is not commutative.

Proof. We show that the action of H = (SO,, x SO,,) x SO, on n; & (R" ® R™) @ R* ®
[tv1, 101] cannot be commutative. Assume that it is commutative and apply Theorem 3.1.
We have H,(R" @ R?)? = SO,,_; x SO,,. The subspace R™ ® R? is a sum of two isomorphic
SO,_1 x SO,,-modules. Hence, R™ ®R? is a commutative subalgebra of n;. This can happen
only if [roy, 4] = 0. O

Lemma 3.3. Let (N N K)/K be a commutative homogeneous space from row 1, 5, 6, 8,
9, 12, 18, 20 or 22 of Table 3.1. Suppose a subgroup F' C K acts on n/n' reducibly. Then
(NN F)/F is not commutative.

Proof. Assume that (N X\ F')/F is commutative. Then due to [43, Prop. 15] there are at
list two subspaces Vi, Vo C n/n’, such that V3 & V5 = n/n’ and [V, V5] = 0. Evidently, this is
not true in cases 1, 5, 6, 8. For the same reason, in cases 18, 20 and 22 F' contains the first
simple factor of K, either Sp, or SUs.

In case 9 F' has to be a subgroup of Sp,, x Sp,,_,,,. But subspaces H™ and H"™™ do not
commute with each other.

Consider case 12. It follows form Lemma 3.2 and [43, Prop. 15] that F' = U; x H, where
H C Spin, and the representation H : R® is irreducible. Since F' : (R?*®R®) is reducible,
we have H C SU,;. Now (n/n') & C*@C* as an F-module. But these two subspaces do not
commute with each other. This contradicts [43, Prop. 15].

In case 18, we have F' C Spy X Sp,, X Sp,,_m, Fx(H?> ®@ H™) C Sp,; x Sp; x Sp,,. The
subspace H? @ H"™™ is a sum of two isomorphic F,(H? ® H™)-modules. According to [43,
Prop. 15], H? ® H"™™ should be an Abelian subalgebra of n. But this is not so.
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In case 20, F' is a subgroup of either SUs X Uy, X Uy, or SUg X Sp,, 5 for even m. If
F C SUyx U, XUy, we apply the same reasoning as in case 18. If F' C SUsXSp,,, /5, then
n/n’ = H™? @ H™? is a direct sum of two isomorphic F-modules. Hence by [43, Prop. 15],
n should be Abelian. The 22-d case is exactly the same. O

Lemma 3.4. Let F C Sp,,, n > 2 and (F,(H"))" = {e}. Then the image of the generic
stabiliser (F x Sp,,)«(H™ @ H™) under the projection on F' is Abelian.

Proof. Assume that this is not the case, i.e., the image contains Sp,. Stablisers of decompos-
able vectors are contained in a generic stabiliser (F' x Sp,,)«(V) up to conjugation. Hence,
the restriction F'|gy contains Sp, for each non-zero £ € H”. Due to Lemma 1.7, we have
F = Sp,,. But then F,(H") = Sp,,_;. O

Recall that n = n; @ v', K = K, x H, where H acts on n; trivially. Denote by 7, the
natural projection K — K..

Lemma 3.5. Suppose (N X\ K)/K is commutative, [n;,ny] # 0, and m.(K*) = (Uy)". Then
n=R™GR, K, = U,.

Proof. An irreducible representation of U; on a real vector space is either trivial (R) or
R2. If 1o, is the direct sum of more than n K'-invariant summands, then two of them are
isomorphic and there is a non-zero n € w; such that [, 1] = 0. But K.n = m; C 3(ng).
By the same reason mgUl)" = 0. Because the action (U;)" : oy is locally effective, to; = R?".
We have A’R? = R, hence K! acts on n trivially. Each element of K, is contained in
some maximal torus, that is up to conjugation in 7.(K'). Hence K, acts on n} trivially and
K. c U,. The group U,, has no proper subgroups of rank n acting on R?" irreducibly. Thus

we have K, = U, nj = (A’R")U» @ R. O

From now on, let (N X\ K)/K be an indecomposable maximal Sp,-saturated principal
commutative space with n; # n. In particular, the connected centre Z(K,) of K, acts on v!
trivially. Let a C n be a K-invariant subalgebra. Clearly, if the action K : n is commutative,
then K : a is also commutative. We assume that K : n is not a “subaction” of some larger
commutative action.

Decompose n into a direct sum of K-invariant subspaces n = n; @& V4 ®p, V2 @& ... ®
Vy ®p, VT @ Vi, where V; are pairwise non-isomorphic irreducible non-trivial K /-modules,
Vir and V' are trivial K.-modules, and H acts on each Vj; trivially. In order to classify all
commutative spaces (N XN K)/K with a given action K, : nj, we have to describe possible

, 4q ,
Vi, then dimensions of V| afterwards the actions K : @ V; @ V* and K : V;;. Once again we
i=2
use Elashvili’s classification [14]. Note that, according to Lemma 3.5, V; could be isomorphic

to € only if (K.,ny) = (U,,C* ® R).
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Assume for the time being that K is simple and denote it by K;. (In general, K/ is a
product of at most two simple direct factors.) Suppose (K7).(V;) is finite for some V; such
that V; @p, V' C v!. Then 7. (K') is Abelian. For ID; = R or C, the statement is clear. For
D; = H, it follows from Lemma 3.4. Thus, (K;).(V;) is non-trivial (infinite) for all V;, unless
(K., ny) = (Uy, CZ D R).

First we consider pairs (K., n;) such that n} is a non-trivial K.-module.

Ezample 9. Let (K., n;) be the second item of Table 3.1. We show that n C n; & R” @ R2.
All representations of Spin, are orthogonal, so here all D; equal R. The group Spin; has only
three irreducible representations with infinite generic stabiliser, namely so0,, R” and R®. If
V; = R® for some 7, then K! has a non-zero invariant in t;, which commute with ;. This
is a contradiction. Thus n =n; ®R7 @ V2 @ Vi, If dim V2 > 3, then 7 (K*') C SU, x SU,.
But the action SUy x SUy : (C? & C?) @ R” is not commutative. In case dim V? = 2 we have
7.(K') = Sping = Sp,. The pair (Sp,, H? & R") is a central reduction of item 9 of Table 3.1
with n = 2 by a subgroup corresponding to Hy (here HSZH? = R as an Sp,-module).

Since dim V? < 2, the maximal connected subgroup of K acting on n;®@R’®V? locally
effectively is either Spin, or Spin,xSO,. Anyway, because (N X\ K)/K is principal, this
subgroup acts trivially on V;,. Hence, V;, C n’ and K C Spin, xS0Os. Clearly, V;, Nn} = {0}.
Assume that there is a non-Abelian subspace o, C n. Then it is either R” or R” ® R2. The
first case is not possible, because A2R” 2 507 as a Spin,-module. In the second case we apply
Theorem 3.1 to oy = R7®R?2. We have (Spin,).(R®*®R") C Sping. Hence K? C Spingx SOs.
By Lemma 3.2, the action SOgx SOy : toy @ [t0g, toy] is commutative only if [, toy] = 0.
Thus, n’ = n}, Vi; = 0 and n C n; ® R“"@R%  The corresponding commutative space is
indicated in the 13-th row of Table 3.2.

For convenience of the reader, we list all irreducible representations of su,, with non-trivial
generic stabiliser. They are described by the highest weights of the complexifications.

Table A,,_;.
n | representation | (SU,).(V)°
R(w1) ® R(w1)* SU,—1
R(ws) ® R(wy)* | (SUy)M2

R(wy + @) (Ut
4 R(TDQ) Sp2
6 QR(wg) (U1)2

Note that the action (SU,).(V) : C" is irreducible only in one case: n =4, V = R(w,) = RS.

There are 9 pirs (K, ny) such that K, has two simple direct factors. Namely, seven last
items of Table 3.1 and their central reductions. Let K; <1 K, be a simple normal subgroup.
Similar to the case of simple K, one can show that if K; # SU,, then (K7).(V;) is infinite
for each V; such that V; ®p, V' C o'
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According to Lemma 3.3, for items 1,5,6,8,9,12,18,20,22 of Table 3.1, the action
K' : 1o, have to be irreducible. This leaves only a few possibilities for V;. The obtained
commutative spaces are listed in rows 2, 4, 5 of Table 3.2.

The Lie group G5 has only two irreducible representations with non-trivial generic sta-
biliser, namely adjoint one and R”. Thus, if (K., n;) is the pair from the 3-d row of Table 3.1,
then K = K, and n = n,.

Calculations in cases ((U;) x Sp,,, H*@®Hy), ((Uy) x Sp,,, H*®R) and (Sp, x Sp,,, H" ®sp, )
do not differ much. By our assumptions subgroups U; and Sp, act on v trivially. The result
is given in rows 8-12 of Table 3.2.

If n’ is a trivial K-module, the calculations are even simpler. However, we have more
such cases. Recall that to,(C) = W, @ W} as a K-module. We have to check whether the
action 7. (K?') : W, is spherical or not. If (K., ny) is item 10,13,15,16,21,23, 4 with n # 8
or a central reduction of item 22 of Table 3.1, then K = K., n = ny. One can prove it using
tables of [14] and in some cases Lemma 3.2. For all other pairs (K., n;) with n} being trivial
K-module, n can be larger than n;. We will consider one typical example in full details.
Other cases are very similar to it.

Example 10. Here we prove that all principal Sp,-saturated maximal commutative pairs
(K,n) with (K.,n) = ((U;x)SU,,,C" ®R) and K # K, are items 1,3,7,19,24, and 25 in
Table 3.2. Commutativity of all items of Table 3.2 is proved below, see Theorem 3.6. Recall
our notation: K = K, x H, n/n’ = @!_, w;, n; = to; ® [y, 0], and n =ny G v’

First suppose that n = 2. Let oy C v! N (n/n’) be an irreducible K-invariant subspace
on which SU, acts non-trivially. Then w, = V5 ®@p V2, where D € {R, C,H}, V5 is an SU,-
module, and V? is an H-module. Assume that D = H. Then dim V5 > 1 due to condition
(3) of Definition 8 and 7.(K, (1)) = {e}.

Thus D is either R or C, 7 (K.(tw3)) = Uy up to a local isomorphism, and SU, acts
trivially on 3@ ... ®1,. In case D = R, we get Vo = R?, V2 =R, and, hence, n = ny & sus,.

In case D = C, we have V5 = C2. Let v! = wy @ V be a K-invariant decomposition.
Then 7. ((SUyx H,(V)).(105)) = U;. Hence, H,(V) acts on a generic subspace C?* C V?
as (S)Us. In particular, H,(V) is transitive on a (2m—1)-dimensional sphere, where m =
dim V2. Tt follows, see e.g. [32], that H.(V) acts on V2 as one of the following groups:
Uy SUpn, U1 XSPyy, 0, SPyy 2. Thus, either V' is a trivial K-module and H is one of the groups:
Uy SUpny, Ui XSPyyy 2, SPpjo; o H = (S)Uy, V' = RS. These commutative homogeneous
spaces are items 7,19, 24, and 25 of Table 3.2.

Suppose now that n > 2. Here (su,).(V;) is non-trivial for each V;. Moreover, according
to Lemma 3.5 and Table A,,_1, if (su,).(V;) is Abelian, then V; = su,, and V' = R. Thus,
each V; is one of the following three spaces: su,; C*; A*C" with n > 4 and R® in case
n = 4. Suppose su,, C v' is an irreducible K-invariant subspace. Let (U;)"~' C SU,_,
be a maximal torus. Then the action (Up)™ : (v!/su,) is trivial due to Lemma 3.5. Thus
o' = su,. This commutative space is the first item of Table 3.2. Below, we assume that su,
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is not contained in .

Consider case n = 4. We have v! = C*'®@V*GR°QR*®V;,. Note that (SU4).(R® @ R?) is
finite, so s < 2. Also (U; xUy).(C*®R°®R?) = (U;)? and C* is not a spherical representation
of (C*)®. Hence, if s = 2, then (K,n) = ((S)U4(xS0,),C* ® R® RS @ R?). If s = 1, then
dimV? =1 and (K,n) = (Uysx Uy, (C'oR)B(C'OR)BR®). If s = 0, then v! = C"QV? P V.
This last possibility is the same for general n and is dealt upon below.

Note that (SU,).(A?’C"@®A?C") = U; and (SU,).(A’C"®C") = {e}. Thus, either n =
n®(A’C"®R) or n = n;®C"Rp, V2OV;,. Here Dy equals C or R. If Dy = R and dim V2 > 1,
then 7. (K?) is contained in Uy xU,_5 C UyxU,_5. Evidently, the (U; xU,_5)-module C" is
not spherical. Hence, Dy = C.

Suppose that H,(V;;) acts on V2 as F' C U,, where r = dim V2. Set d := min(n,r). Then
7o(K1) = m (U, x F),(C" @ C")) C (Uy)4 x U,_4. Since the action K : n; is commutative,
7.(K1) contains (U;)? x SU,_4. It follows that I acts on a generic subspace C* C V? as
(S)U,. Also, if r > 2, then F acts on a generic subspace C3 C V% as (S)Us. Thus F = (S)U,,
H.(Vi:) = H, and, hence, V;, is a trivial K-module. We conclude that n = n; @ C* @ C* ® R.
This commutative spaces is item 3 of Table 3.2.

Theorem 3.6. All indecomposable Sp,-saturated maximal principal commutative homoge-
neous spaces (NN K)/K such that w # 0 and n/v is a reducible K-module are presented in
Table 3.2 (in the sense that n is a K-invariant subalgebra of nmayz).

Explanations to Table 3.2. The algebra npax is described in the following way. FEach
subspace in parentheses represents a subalgebra w; @ [w;,to;]. The spaces given outside
parentheses are Abelian. The actions K : nmax are uniquely determined by the condition
that representations K : w; are irreducible. Notation (SU,, Uy, U1 XSp,, /») means that this
normal subgroup of K can be equal to either of these three groups. Appearance of the
symbol Sp,, , means that n is even.

Proof. 1t was already explained that all such commutative spaces are contained in Table 3.2.
Now using Theorem 3.1, Table 3.1, and the list of the spherical representations from [24],
we prove that all these spaces are commutative.

It is proved in [3] that the spaces contained in rows 3, 7,8, 16, 19 and 20 are commutative.

Suppose n contains an Abelian K-invariant ideal a. According to Theorem 3.1, K : n is
commutative if and only if K,(a) : n/a is commutative. For items 2,4,5 of Table 3.2 take
a = RS. Then K,(a) : n/a appears in Table 3; hence, these three spaces are commutative. For
items 6,21, 24, the pairs K,(R®) : n/a, where a = RS correspond to spherical representations.
Analogously, for item 23 pair K,(a) : n/a, where a = R® @ RS, corresponds to a spherical
representation.

Let (N X\ L)/K be commutative. Consider the K-module [/¢ as Abelian Lie algebra.
Then n @ ([/€) is a 2-step nilpotent Lie algebra, and it follows from Theorems 1.3 and 3.1
that the action K : n @ (I/€) is commutative. The pairs in rows 1,12, and 15 are obtained
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in this way from the commutative spaces ((H, N U,) x SU,,)/U,, (Has, X Ua,)/Sp,,, and
(Hg ™ (SOgxS032))/(Spin, xSOy), respectively. Since one obtains commutative homogeneous
space of Euclidian type in case [n,n] = 0, these are the only non-trivial examples given by
this construction.

Table 3.2.
K Nmax
1 U, (C" & R) & su,
2 Uy (C*o AC*®R) @RS
3 U, x U, (C"® R) ® (A’C* @ R)
4 SU, (C'® HS’H2 & R) & R
5 Uy x Uy (C2@C*® HA*C?) @ R®
6 SU, x U,, (C*'@C"®R) @RS
7 U, x U, (C"C"®R)® (C"a®R)
8 U, x Sp,, x Uy (H" & R) & (H" & R)
9 Sp; X Sp,, x Uy (H" @ Hy) ® (H" ® R)
10 Sp; X Sp,, X Spy (H" ® Hy) @ (H" & Hy)
11| Sp, x (Spy, Uy, {e}) x Sp,, (H™ @ Hy) & H" ® H™
12 Sp,, X (Spy, Uy, {e}) (H" @ Ho) ® HSZH"
13 Spin, x (SOq, {e}) (REOR") @ R" @ R?
14 U; x Spin, (C"®R) ®R®
15 U; x Spin; (C*aR) R’
16 U, x Uy x Sping (CEeR)® (CE aR)
17 U; X Spiny, (C°oR) R
18 | (SU,,U,,U; x Sp,,/5) x SU, (C"C*®R) @ suy
19 | (SU,,U,,U; x Sp,,5) x Uy (C"eC*®R)® (C*eR)
20 | (SUn, Uy, U xSp,,5) xSUz % C"2C?aR) & (C2eC" o R)
X (SUyn, Upn, U1 XSp,,, /0)
21 | (SU,, U,, U;XSp,,/5)xSU;x Uy (C"@C2eR)®(C2xC*oR)OR®
22 Uy x Uy R (C*@C?2DR) @ suy
23 Uy x Uy x Uy Ré®(C'@C20R)H(C*QCPR)PRE
24 U; x Uy x SUy C*eR)® (C*®R)®R®
25 (U;x)SU4(xSOy) (C*oR) R ® R?

In the remaining nine cases we use Theorem 3.1. For instance, take item 11 with K =
Sp,, X Sp,,- Here n contains only one non-Abelian subspace to; = H". Set d = |[n — m| and
s =min(n,m). Then K! = K,(H" x H™) = (Spy)¢ x Sp,. Anyway, (Sp;)" is a subgroup of
m.(K'). To conclude, observe that the action Sp; : (H & Hy) is commutative according to
Table 3.1. [
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Chapter 4

Final classification

4.1 Trees and forests

We use notation of previous sections. As we have seen in Section 1.5, in order to classify all
commutative spaces, one has to describe triples (F, F', V) such that § C so(V),

F=Sp, x Fand F = F,(V)F. ()
Suppose F' = (Fyx F,) is acting on V. Then we denote by (F})g(V) the image of F, (V') under
the natural projection F' — Fj. Recall that (F}).(V) is a normal subgroup of (F})g(V) (see
Lemma 1.8). For F' = Sp, xF, condition F = F,(V)F is equavalent to (Sp,)s(V) = Sp;.
We assume that the triple (F, F, V') is indecomposable, i.e.; there is no decomposition F=
Fy - F,, V =V, &V, such that Sp; x Fj acts on V5 trivially and F; acts trivially on V.

Consider a rooted tree T, with vertices 0,1, ..., ¢, where 0 is the root. To each vertex :
we attach a weight d(7), which is either a positive integer d(i) or co. Assume that d(0) =1,
each vertex i with d(i) = oo has degree 1 and if (i,7) is an edge with d(j) = oo, then
d(i) > 1. We say that a vertex i is finite if d(i) < oo and an edge (i, j) is finite if both ¢ and
j are finite. Let I be a product of Spy(; over all finite vertices, and F be a product of SPas)
over all finite vertices except the root. To each finite edge (7,j) we attach a vector space
Wi = HY @y HY) and to an edge (4,7) with d(j) = oo, a vector space W; ; := HSFH.
Note that, since T}, is connected, if d(j) = oo, then d(7) < oo for the single vertex ¢ connected
with j by an edge. Let V be a direct sum of W ; over all edges.

The group Sp,;, naturally acts on a subspace (€ W;;) C V. This gives rise to a
(i,4)
representation F' : V' and to an embedding § C so(V'). For example, a tree with two vertices
corresponds to a linear representation Sp; X Spy H4.

Lemma 4.1. The indecomposable triples (F, F,V), where F = Sp, x F, (Sp,)e(V) = Sp,
are in one-to-one correspondence with the described above rooted trees Ty, such that
(I) if d(i) > 1, then the vertex i has degree at most 2;
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(II) if d(i) > 1, d(j) > 1 and vertices i and j are connected by an edge, then one of
then has degree 1.

We have to make a few preparations before we give a proof. First of all, denote vertices by
a corresponding numbers d(i). Thus, the triple from Example 8 corresponds to the following
tree.

1 1 1 1 1 1 1

Here the root is the first vertex, but it can be any of them. A generic stabiliser of (Sp;)” : nH
equals to Sp; embedded diagonally in (Sp,)".

Suppose we have a weighted graph I'y, i.e., to each vertex i of I' we have attached either a
positive integer d(i) or have set d(i) := co. Suppose there is at list one vertex with d(i) = 1
and each infinite vertex has degree 1. Then we can choose one vertex i of I', with d(i) = 1
as a root and constructed a triple (F, F, V') by the same principle as for a tree. Let (i, ) be
an edge of I'; such that neither ¢ nor j is the root. Denote by fq_l the graph obtained from
', by contracting (4, j) to a vertex of weight 1. Informaly speaking, we erase the edge (4, j)
and replace vertices i, j by one vertex with weight 1. The new vertex is connected by edges
with all old vertices which were connected by edges with either ¢ or j.

Let W;; C V be an F-invariant subspace corresponding to an edge (i,j). If (F,F,V)
satisfies condition (#x), then (Sp;)e(V1) = Sp; for any F-invariant subspace V; C V, i.e.,
the triple (F, F',V;) also satisfies condition (). In particular, (Sp,)s(Wi,;) = Sp, and
F.(V/Wi;) = Sp; x F.(V/W,;). Thus, if the triple (F, ', V) satisfies condition (*#), then
(F. (W), F.(Wi;), V/W; ;) also does.

Recall that a direct factor Spy,y acts on W, ; trivially if r # i, j. Suppose that d(i) < d(j).
Set d = d(j) — d(i), if d(j) = oo, we assume that d = 0. Then (Sp, X Spd])*(W, ) =
(Spy)¥? x Sp,. We illustrate the passage from I'; and corresponding triple (F, F,V) to
(F.(W;;), F.(Wi;),V/W; ;) and then to T,_1 by the following picture.

L'y (F(Wiy), F(Wiy), V/Wi) g1

AN
() \\ ///

Picture 1.
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Here d(t) and d(s) are vertices connected with d(7) and d(j). In the second diagram we have
either d(i) +1 or 1 (if d(i) = d(j) = 1) new vertices instead of two old ones; and in the third
one we choose one vertex among d(i) new ones. Note that, in case d(j) = oo, we have no
vertex s.

Lemma 4.2. Suppose a triple (F,F,V) corresponds to a graph I, and satisfies condition
(xx). Then the triple corresponding to I',_1 also satisfies it.

Proof. Assume that d(i) < d(j). When we replace (F, F,V) by (F.(W;;), F.(Wi;),V/Wi;),
we remove the vertices i, j and the edge (¢, j) from I';, and add d(¢)+1 or d(i) new vertices and
several new edges, as shown on Picture 1. Let I'y be the graph corresponding to F.(W;;) :
V/W, ;. Then IN“q_l is a subgraph of I'y. It contains the root of I'; (which is also the root of I'} )
and corresponds to an Fy (W, ;)-invariant subspace in V//W, ;. Thus, the triple corresponding
to fq_l satisfies condition (). O

Proof of Lemma 4.1. Let (F, F', V) be an indecomposable triple satisfying condition (*x).
We construct a graph I', corresponding to it. We start with the root (the vertex 0) which
has a weight d(0) = 1. This vertex corresponds to Sp; direct factor of F.

Let W C V be an irreducible F-invariant subspace. Suppose Sp; acts on W non-trivially.
Then according to Lemma 1.7, W = H! ® H" and F acts on H" as Sp,,, where Sp, <1 F.
We put a vertex with a weight n in I'; and an edge connecting it with the root. By this
procedure we construct the first level (all vertices connected with the root) of I';. Let us
check, that it has no double edges. We have (Sp; x Sp,,)«(H" & H") = Uy x Sp,,_5. Thus,
if the graph contained a double edge, then (Sp;)(V) C U;. Here is a picture of “the first
level” part of the graph.

/// 1 \the root
d(1) d(2) d(3) d( d

4) (5) e d() di+1)

Denote by W; C V the maximal F-invariant subspace such that I/VlS Pro— 0, ie.,
Wy = @ W,,;, where the sum is taken over all edges (0,7). Clearly, W) is an F-invariant
complement of W' := V51,

Suppose a vertex ¢ with d(i) = n is connected by an edge with the root. Then there is
an F-invariant subspace H"™ C V, on which both Sp, and Sp; act non-trivially. We have
(Sp; % Sp,,)«(H™) = Hy x Hy, where Hy = Sp; C Sp; x Sp,, and Hy = Sp,,_; C Sp,,. Assume
that the action Sp,, : W! is non-trivial and take some irreducible F-invariant subspace W C
W1 which is a non-trivial Sp,-module. Let Sp, x H be the maximal connected subgroup of F
acting on W locally effectively. Clearly, the action (H;x Hs)x H on W satisfies conditions of
Lemma 1.7. Thus, if H is non-trivial, then H = Sp,,,, W = H"®H"™ and the restriction H" |,

64



contains only one-dimensional (over H) representations of Sp,. Moreover, if (H")SP1 2 H" !,
then (Hi)g(W) C Uy and also (Sp,)e(V) C U;. It follows that r = n.

The restriction of Sp, : H" to (Sp,)e(W?') have to be a sum of (Sp, : H™) where
>~ n; =n. If H is trivial, then W is an irreducible representation of Sp,, and (Sp,,)e(W?') C
(Sp,,)«(W). In particular, (Sp,,)«(W) contains (Sp;)". According to [14], W = HSZH" and
(Sp,,)«(W) = (Spy)™. In this case, we inset an infinite vertex j, which corresponds not to a
direct factor of F, but to a subspace HSZH" C V. Clearly, j has degree 1.

Assume that n > 1 and W' contains two different non-trivial Sp,-modules H" @ H™ and
H" ® H!. We make another calculation:

(SPy X Sy, X Spp)u(H" @ H™ & H" @ H') C (Sp; X Sp,,_5) X Sp,, X Spy,

where Sp; C Sp; xSp; C Sp; XSp; XSp,,_s C Sp,,. Clearly, (Sp,,)e(W?') C Sp; XSp,,_s, which
is not allowed. Similar, W' cannot contain two copies of HSZH" or HS;H"®&H"@H™.

By the same reasoning, if Sp,, acts non-trivially on some other irreducible F-invariant
subspaces, then it is of the form H™ ® H'. Another calculation shows that if both n,m > 1
then Sp,, acts trivially on V/(H" ® H™).

So far we have constructed a graph of the following type.

d(j) 00

On this picture all integers d(s) are greater then 1. Boxes around vertices with weights 1
are drawn because we have not described the actions of the corresponding groups Sp;.

Let H = Sp; be a normal subgroup corresponding to a vertex a labeled by . Then
either there is an edge (0,a) or two edges (0,7), (i,a). Anyway, either Hg(V/Wy,) = H or
He(V/(Wy,; ® W;,.)) = H. We apply the procedure of this lemma to H. Thus, arguing by
induction, we construct a connected graph I'; corresponding to some indecomposable triple
(in general a subtriple of (F, F', V). But, since (F, F', V) is indecomposable, all direct factors
of F' are vertices of I'; and each F-invariant subspace of V' corresponds to an edge of I',.

Assume that I'; is not a tree. Let I'* be the smallest connected subgraph of I'; containing
the root and the cycle. We may assume that either I'“ has two vertices and a double edge
(0,1); or it has three vertices and a double edge (1,2). If this is not the case, we apply
Lemma 4.2 and replace an edge by a vertex of weight 1. But neither Sp,; xSp,, : H"@H" nor
Spy xSp,, xSp; : H* @ H'"®@H! @ H"®H' satisfies condition (#*). Thus we have shown that if
a graph is not a tree, then the corresponding triple (F, F, V') cannot satisfy condition (xx).
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Assume that condition (I) is not fulfilled. Then there is a vertex i such that d(i) > 1
which is connected with at least three vertices, say j,t,s. Assume that j is not the root. Set

= |d(i) — d(j)|. Consider Fy(W;;) : V/W, ;. Clearly, the corresponding graph contains a
subgraph with a cycle, either

NF N/

if d(i) < d(j). In the second case we have d(i) vertices of weight 1.

Assume now that condition (II) is not fulfilled. Then we have edges (i, j) and (j,t) such
that d(i),d(j),d(t) > 1. According to (I), the vertex j has degree 2. If i and ¢ are both of
degree 1, then the triple (F, F, V') is decomposable. Assume that ¢ has degree 2. Replace
F :V by F.(W;,) : V/W;,, as shown on Picture 1. We will have at least min(d(j),d(t))
new vertices connected with . Thus in the new graph ¢ has degree at least 3, which is not
allowed by condition (I).

Now we prove that if the triple (F,E,V) corresponds to a tree T, described in the
lemma, then it satisfies condition (). We argue by induction on the number of vertices.
If FF = Sp,xSp,, we have nothing to prove (this was considered in Lemma 1.7). More-
over, if all vertices of T, are connected by edges with the root, then (Sp;)e(V) = Sp; by
Lemma 1.7. Take a vertex i of degree 1, which is not connected by an edge with the root,
and let (4,7) be an edge of T,. Clearly, (F, [, V) satisfies condition (*x) if and only if
(F (W), Fu(Wi;, V/W; ;) satisfies it.

Suppose d(j) > 1. Then j has degree 2 and is connected by an edge with a vertex s
such that d(s) = 1 (we use conditions (I) and (IT)). The edge (i, ) is replaced by several
new vertices, which are connected only with the vertex s (see Picture 1). If d(i) > d(j)
and d(i) < oo, then F,(W;;) has a direct factor Sp,)_q;) acting trivially on V/W; ;. It
corresponds to an isolated vertex. Another connected component is a tree. If d(i) < d(j) or
d(i) = oo, then the new graph is a tree. In all cases it satisfies conditions (I) and (II).

If d(j) = 1, then to obtain a new graph (or the connected component containing the
root) we just erase the vertex ¢ and the edge (i, 7). 0

Suppose T} is a rooted tree satisfying conditions (I) and (II) of Lemma 4.1. Suppose
d(i) = 1 and 7 # 0. Consider a path from 0 to i and a direct sum W (i) of all subspaces
corresponding to the edges of this path.

1=d(0) — d(s) — d(t) — d(j) —— - ——d(r) —— d(a) —— d(i) = 1
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One can calculate, that (Sp; X Spy;))e(W (7)) = Sp, is embedded diagonally in Sp; X Spy;.-
Note that, each vertex ¢ with d(i) = 1 could be chosen as a root of Tj.

Theorem 4.3. Let X be a principal indecomposable commutative homogeneous space. Sup-
pose Ly = Sp, is a simple direct factor of L° and Ly N K = 7 (K) =U;y. Thenn =1V is an
Abelian Lie algebra, L = F = Ly x F, K = Uy x I, and the triple (F,F,V) corresponds to
some rooted tree T, satisfying conditions (1) and (II) of Lemma 4.1.

Proof. According to Lemma 1.14, m(L.) = Sp;. Thus there is an L-invariant subspace
V' C n, such that the triple (L°®, L°/L,, V) corresponds to a rooted tree 7. In particular,
each direct factor L; of L® is Sp,. If n > 1, then L; C K according to Theorem 1.17
and Proposition 1.18. Suppose L, = Sp; C L°/Sp, is not contained in K. Then either
mo(K) = Uy or my(K) = Spy. But (L1 X La)g(n) C Spy, so if the first case takes place, then
the equality L = L, K is impossible.

If mo(K) = Spy, then there is L3y < L such that a direct factor Sp, of K is diagonally
embedded in Ly X Ls.

X Ly = Sp, Spy

N\

Spy Uy

Replacing L by a smaller subgroup containing K, we may assume that L3 = Sp;. Since
L = L,K, we have (L3 X Ly X L1)g(n) = Spy; x Spy. The projection of K, to Ly X Ly X L3
is U; which is not a spherical subgroup of Sp; x Sp;.

Thus (L°/L;) C K. Since X is principal, U; C L;. Because X is indecomposable, P
is trivial. To conclude, we show that n is Abelian. Any irreducible L-invariant subspace
W;; C V is either HSZH" or H" ® H™. If [W;;, W, ;] # 0, then, according to Table 3.1,

INE
d(i ) =1 and [W;;, W; ;] = sp,;). But spy, is not contamed in V. Hence, [V,V] = 0. Since
X is indecomposable, n = V.

We have not checked yet, that each space (V X\ F)/(U; x F) is really commutative.
Condition (A) of Theorem 1.3 is satisfied by construction of 7,. The Lie algebra V is
Abelian, thus condition (C) is also satisfied. Recall that F.(V) = Sp, x E,(V), hence,
(Uy x F),(V) = Uy x F,(V). Thus (U; x F),(V) is a spherical subgroup of F,(V) and
condition (B) holds. O

We illustrate the structure of such a space by the following diagram.

Uy Sp1 Tq

Here the direct factor Sp, of L corresponds to the root of Tj,.
From now on we assume that m;(K) = L; for each L; = Sp; C L°. Let L* be a normal
subgroup of L. Denote by 7* the projection L. — L*.
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Lemma 4.4. Let L*® = L1 xXLyx Lyx LyXLs, where L; = Sp,. Suppose m°(K) = Sp; X Spy,
where the first direct factor is diagonally embedded in L1Xx Lox L3 and the secong in LyX Ls.
Then WA(L*) = L1XL2 XLg X (L4XL5)®(11).

Proof. We have L* = 7*(L,)7*(K). Thus (Sp;)® C 7*(L.). According to Lemma 1.14,
(L1XLox L3)g(n) = LyxLyxLs. If the statement of this lemma is not true, then there
is a direct factor Sp; of 7*(L.), which has non-trivial projections on, say, L3 and L,. In
particular, 7% (L,) C (Spy)*. There are three different possibilities for 7 (L, ), namely (Sp;)?,
(Sp;)? x Uy and (Sp,)?, but 7*(K,) is never a spherical subgroup of 74 (L,). O

Denote by F'r,, the forest of m rooted trees, satysfying conditions (I) and (II) of
Lemma 4.1. We say that a triple (F, F, V) corresponds to a forest F'r,, if it is a product (V
is a direct sum) of m triples (F}, F}, V;) corresponding to trees of this forest.

Theorem 4.5. Let X be an indecomposable commutative homogeneous space. Suppose
(L, K) contains a subpair (L*, K*), where L* = (Sp,)?, K* = Sp,, and L® C L°. Then
there is a triple (F, F,V) corresponding to a forest Fry such that L = F, K = Sp, x F and
n ="V is an Abelian Lie algebra.

Proof. Due to Lemma 1.14, (L*)g(n) = L*. Thus we can construct three differnt trees
starting from direct factors of L*. These trees do not intersect, because otherwise Lg(n)
would be a subgroup of Sp; xSp;.

The rest of the proof is similar to the proof of Theorem 4.3. Assume that there is a vertex
i of the first tree such that d(i) = 1 and Ly = Spy;) is not contained in K. Then there is
L5 < L such that a direct factor Sp; of K is diagonally embedded in Ly x Ls.

x L4 =8p; Py X Sp; X Spy

We may assume that Ly = Spl. Clearly, (L4><L1)®(n) = Sp1 is embedded diagonaly into
LyxSpg(g), where Spq) is a direct factor of L. This contradicts Lemma 4.4.

Thus (L°/L*) C (K/K*). Because X is indecomposable, P is trivial. Applying the
same argument as in Theorem 4.3, we get [V, V] = 0 and n = V. To conclude, we show
that condition (B) of Theorem 1.3 holds. Here (Sp, x F).(V) = Sp, x F.(V) is a spherical
subgroup of F,(V) = (Sp; x Sp; x Sp;)F.(V). O

This space is shown on the second diagram in Theorem 4.11.
Note that the proof is valid in cases Ly C L°, Ly x Ly C P (where we would have one
non-trivial tree) and L; X Ly C L°, Ly C P (which corresponds to a forest F'ry).
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Lemma 4.6. Let L» = Py x Ly xLyx Ls, where L; = Spy, P, = SU,, C P. Suppose 1°(K) =
(S)U,,—1 xXSp; xSp,, where the last direct factor Sp, of m*(K) is diagonally embedded in
LQXLg. Then 7TA<L*) = P1XL1 X (LQ ><L3)®(n).

Proof. We pair (7% (L), 7*(K,) is spherical and P, C 7*(L.). Hence, (L1)g(n) = L;. If
the statement of this lemma is not true, then (L;xLs)g(n) = Sp, is embedded diagonally
in Ly x L. Hence, 7 (L.) = P xSp; X (L3)e(n), 72(K,) = (S)U,—_1x(L3)e(n), and the pair
(m2(Ly), 7*(K,)) cannot be spherical. O

Ezample 11. Let (L, K) = (Sp,XSpy, Sp,—1%XSpy) X (SpyxSpy, Spy) x (Spy, Spy). Suppose
n = H @ H is an Abelian Lie algebra, Sp,, C P, and the action (L/P) : n is defined by the
following diagram.

Sp,-1 Spy Spy Spy

S SN

Sp,, X Sp; XSp; X Spy X Sp;
NN/
H H

Then X = (N X\ L)/K is commutative. Here L, = Sp,, xSp;xSpy, K. = Sp,,_;xSp;. The
graph corresponding to (L/P) : nis a forest with two (not four) trees.

1—1 1—1
Consider a slight modification of this example.
Ezample 12. Let (L, K) = (Sp,,XSp;, SP,,_1 XSp; ) X (Sp; XSp,,, SP; XSp,,,_1)- Suppose n = H
is an Abelian Lie algebra, (Sp,,xSp,,) C P, and each of Sp, direct factors of L acts on n
non-trivially. Then X = (N X\ L)/K is commutative. Here L, = Sp,xSp;xSp,,, K. =
SP,_1%Sp; XSp,,_1- The graph corresponding to (L/P) : n is a vertex, i.e., it is one tree
instead of two.

We will see that we can insert any tree T, satisfying conditions (I), (II) of Lemma 4.1,
instead of this vertex. The following diagram

SPy—1 Sp;  Spy SPp—1

RN

Sp,, X Sp; X Sp; X Sp,

\/
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illustrates that both direct factors Sp, are vertices of weight 1 in one and the same tree.

Suppose we have a triple (F, ', V), where F = Sp, x F and (Sp,)e(V) = U;. Then
we can construct a commutative homogeneous space (V X L)/K with L = (Sp,;xSp,) x F,
K = Sp, x F, where the direct factor Sp, of K is embedded diagonaly in Sp, xSp,. Thus,
we have to describe all such triples (F, F, V).

Lemma 4.7. Suppose F : 'V is an wrreducible faithful representation of a connected compact
group F = Sp,-F and F,(V) = Uy-E,(V). Then there are three possibilities:
F={e}, V=R3 F=(S)U,, V=C®C", [F=1USp,, V=CxC>

Proof. We have V = V; ®p V2, where D € {R,C,H}, Sp, acts only on V; and F only on
Vi Cases D = R and D = C were considered in Example 10. They yield exactly the three
possibilities of this lemma.

Suppose D = H. Then the complexefication of V; ®y V5 is an irreducible representation
W = Vi ®c V, of F(C) such that F(C) C Sp(V5). Moreover, the stabiliser (SLs), of a generic
point x € PV} is infinite (here PV, stands for the the projectification of V;). Hence, V; = C2.

If dim V? = 1, then F,(V) = F = U;. But the representation (Sp,-Uy) : H is reducible.
Thus dim V? > 1. Since V5 is an irreducible symplectic representation of F(C), the group
F is semisimple. Now we use the second classification of Elashvili [15]. We represantation
F(C) : V; cannot have a tensor “factor” SL,, : C™ with m > 2. Hence, according to [15, §3],
the pair (F(C),C? ® V5) is contained in Tables 5 and 6 of [15]. Note that there are a few
inaccuracies in these tables, which are corrected in [39].

Anyway, we have three possibilities: F(C) = SLy x SLy, V3 = C? @ C*; F(C) = SLg,
Vo = /\3 CS and F(C) = SOy, V3 being a “half-spinor” representation. But in all three cases
a generic stabiliser (F(C)),(W) is contained in F(C). Thus, if D = H, dimV > 1 and V is
irreducible, then either F,(V) = F,(V) or F,(V) = Sp,-E.(V). O

Lemma 4.8. Let I'; be a connected weighted graph with g+1 vertices. Suppose F' = H SPai)
V =@ W,;, where W,;; = HO@HW), If I, contains two different minimal cyclles, then
(Spd(i()zji,;(V) is finite for each i such that d(i) = 1.

Proof. Suppose (Spy(;))e(V) is either Sp; or U;. The statement of Lemma 4.2 is true in this

more general situation. Thus, we can pass to fq_l. In other words, we may assume that
g < 3 and that I'; contains two double edges or one triple edge. In each case one can verify

that (Sp,)e(V) is finite. O

Let I'; be a weighted graph with several special vertices ay, ..., a; such that d(a;) = 1.
Suppose that I, contains no triple edges, each infinite vertex has degree 1 and if (¢, ) is an
infinite edge with j = oo, then 1 < d(i) < oo and there is at most one infinity vertex t # j
such that (,t) is an edge of I',. We construct a compact group H = H(I',), a vector space
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V =V(l,), and a linear action H : V' by the following principle. For each non-special finite
vertex i we set H(i) = Spy;). To special vertex j we attache a group H(j) and a vector
space V(j). There are several possibilities: H(j) = U, V(j) is a zero-dimensional vector
space; H(j) = Spy, V(j) = R3;, H(j) = Sp;x(S)Uy, V(j) is either C2®C* or C?®C* @ RY;
H(j) = Sp;1x(S)U(j) where m(j) > 1, m(j) # 2,4, V(j) = C?@C™0). Set H:=[[H®)

and H := H x (U;)" x (U;)*, where r is the number of double edges, s is the number of pairs

of infinite edges (i,7), (i,t) with d(j) =d(t) =ccoand j £ t; V= | P Wi; | © @ V(4),
)

special ]

where W, ; are defined in the same way as for the tree T},. Each group H (i) acts on W, ;, also

1,7
for each special vertex j the group H(j) naturally acts on V'(j). Thus the actions H(i) : V
are well-defined. Each U; C (U;)" acts on a subspace HY®) @H®) §HA®) @HY® corresponding
to a finite double edge (i,t), and each U; C (U;)* acts on a subspace HS?HY) @ HS2HY
corresponding to infinity edges (4, j), (7,1).

We call a triple (F), F, V') principal if the action F' : V satisfies the second condition of
Definition 6.

Lemma 4.9. Each principal indecomposable triple (F,EF,V) such that § C so(V), F =
SpyxF, and (Spy)e(V) = U, corresponds to a described above graph T, in a sense that
HCFcC H(T,) and Sp, is a subgroup attached to a verter i of Iy with d(i) = 1. Con-
versely, suppose a triple (F, F,V) corresponds to a graph Ty. Then (F,F,V) is principal
and (Spy)e(V) = Uy if and only if one of the following four possibilities takes place.

(1) Ty is a tree T, satisfying conditions (I), (II) of Lemma 4.1 with one special vertex j,
and if H(j) = Uy, then j has degree 1.

(2) T, satisfies conditions (I), (II), contains one minimal cycle and no special vertices.

(3) Ty is a tree, it contains no special vertices, satisfies condition (II), there is only one
vertex i of degree 3 such that d(i) > 1, all other vertices with d(j) > 1 have degrees at most
2, if d(i) > 2 and i has degree three, then d(t) =1 for each edge (i,t).

(4) Ty is a tree, it contains no special vertices, satisfies condition (I), there is only one
edge (i,7) such that d(i),d(j) > 1 and both vertices i and j have degree 2, for that edge
d(i) =2 and if d(j) > 2, then d(t) = 1 for the unique edge (j,t) such that t # i.

Proof. Suppose we have such a triple (F, F', V). A graph I', can be constructed by the same
procedure as in Lemma 4.1. Again we start with the vertex 0 (the root) of weight d(0) = 1.
If V. =W&W; and (Spy)e(W1) = (Spy)e(W2) = Uy, then (Sp,)e(V) is finite. Hence, there
is at most one irreducible F-invariant subspace W C V such that (Sp;)e(W) = U;.
Suppose such W exists. Then 0 is a special vertex. Let Sp;xH C F be the maximal
connected subgroup acting on W locally effectively. Then (Sp;x H) : W satisfies conditions
of Lemma 4.7. Moreover, (Sp; xHg(V/W)) : W also satisfies those conditions. It can be
easily seen, that either H = Uy, W = H! ®¢ C? or Sp, x H is one of the groups that can be
attached to a special vertex. In case H = Uy we put a vertex ¢ with d(i) = 1 into I'; and a
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double edge (0,7). The centre of U, will be a direct factor in (U;)" C H(I';). Consider the
second case, where Sp; xH = H(0). If H # SUy, then the action H : (V/W) is trivial and
we set V(0) = W. In case H = SUy, either V(0) = WoRS or V(0) = W. Clearly H acts
on W/V(0) trivially, and the triple (F/H, F'/H,V /W) satisfies condition (s#). Thus we can
construct a tree T, by Lemma 4.1.

Suppose now the root is not a special vertex. Then each irreducible F-invariant subspace
W C V on which Sp, acts non-trivially is of the form H!®@H" and we construct the first
level of the graph. Unlike the situation of Lemma 4.1, it can contain double edges. Also if
n =1, then F can act on H'®H" as Sp, xU;. Nevertheless, we proceed in the same manner
as in Lemma 4.1 and construct a graph I'y.

Now we prove that I'y belongs to one of the four types listed in this lemma. Suppose the
root is a special vertex, then V' = V(O) @ V, where V is an F-invariant complement, and
(Spy)e(V(0)) = Uy. Thus, (Sp;)e(V) = Sp, and I, is a tree T, by Lemma 4.1. Assume that
the root is not a special vertex.

For each special vertex j, we can replace H(j) by H(5).(V(j)) = U, and V (5) by a zero-
dimensional vector space without any alteration of (Sp;)g(V’). On the other hand, suppose
we have a double edge (j,t) such that d(j) = d(t) = 1, H(j) = H(t) = Sp, and t has degree
2. Then we can erase this double edge and replace H (i) by H(i)g(2H) = U;. Thus, we may
insert instead of each special vertex j a double edge (j,t) where H(j) = H(t) = Sp, and ¢ is
a new vertex of degree 2.

Recall that infinite vertices corresponds to irreducible F-invariant subspaces HS3H" C V.
In particular, if d(i) = oo, then ¢ has degree 1 and is not contained in any minimal cycle of
[',. Thus we can apply Lemma 4.8 to I',. It follows that I', contains at most one minimal
cycle and if it contains a special vertex, then it is a tree and has no other special vertices.

If condition (I) or (II) is not satisfied, we erase one edge (i, j) and replace H by H.(W; ;).
According to Picture 1, the graph corresponding to H.(W;;) : V/W,,; contains a cycle.
Thus, there is only one place in I'; in which one of this conditions is not satisfied. Other
possibilities yield a contradiction by the same argument. Note that, since F': V is principal,
if H(j) = Uy, then H(j) acts non-trivially on the only one irreducible F-invariant subspace
and j has degree 1.

One can prove by induction that if I'; is one of the four graphs described in this lemma,
then (Spy)e(V) = Uy (see the last part of the proof of Lemma 4.1). O

In the following T}, stands for a tree satisfying conditions (I) and (II) of Lemma 4.1, T,
for a graph of one of the four types described in Lemma 4.9.

Lemma 4.10. Suppose a triple (F), F, V') corresponds toT',. Letn be a non-Abelin Lie algebra
such that V' C n, n is generated by V, and n = VAR, where R? is a triwvial F-module. If the
action F' : n is commutative then either

o T, contains a double edge (i,7), F = H(Ty)xUy, and w = 2W, ;,2W; ;] = R;

0,59
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o or [, contains a special vertex j and the Lie algebra structure on n depends on H(j)
in the following way:

— if H(j) = Uy, then there is a single vertex i connected with j by an edge and
n = [VVJED VVJJ] =R;

— if H(j) = Sp;X(S)Upm, then ' = [V(5),V(j)] = R;

— if H(j) = Spy, then V(j) =R® 2 sp, and n =V with [W;,;,W;,] = V(j) for

some edges (j,1).

Proof. Assume I'; contains no special vertices and no double edges. Then each irreducible
F-invariant subspace W C V is either W; ; or HSZH*@®¢cC. According to Table 3.1, [W, W]
could be non-trivial only if W = H®H". In that case [W, W] = H,. But the action F' : Hj is
non-trivial and Hly is not a subspace of V. A contradiction. By the same reason, if neither
J nor i is special and (i, 7) is not a double edge, then [W; ;, W; ;] = 0.

Suppose I', contains a double edge (¢,7). Then both vertices ¢ and j has degree at
least two. Hence by condition (II) one of them, assume that i, has weight 1. According
to Table 3.1, the action (UyxSp,) : C?.®H" & R is commutative, but without the central
subgroup Uy, it is not.

Now let j be a special vertex. If H(j) = Uy, then j has degree 1. Let i be the unique
vertex connected with j by an edge. According to Table 3.1, [W; ;, W ;] C HSZHY) @ Hy,
where Hy = u; & R as an Uj-module. Clearly, u; is not a subspace of V. In case d(i) = 1,
the space HSZHY" is zero-dimensional. If d(i) > 1, then 4 has degree 2 and there is no edges
(s,4) with d(s) = oo. Thus, in this case HSZHY? is not a subspace of V and [W, ;, W ;] = R.

If H(j) = Sp;x(S)U,,, then we again use Table 3.1, to check that [V (5),V(j)] = R.
Consider the last case H(j) = Sp,. Here [W;;, W; ] can be either V(j) or zero for each edge
(4,7). Since all actions SPag) W, ;&R? are commutative, F : n is also commutative. O

In the following, the attache to a graph I', not only a triple (F, F,V), but also a Lie
algebra n = n(I';) be the principle of Lemma 4.10. A diagram Sp, — T, (I',) means that
Sp; corresponds to a vertex of weight 1 of T, or I',.

Theorem 4.11. Let X be a mazximal principal indecomposable commutative homogeneous
space of non-reductive group G. Suppose X is not Sp,-saturated and is not of Hiesenberg
type. Then it belongs to one of the following 11 clases.

U, Spy Spy SPn_1 Spy SPm_1 SPn_1

/N /IO .

Sp; Spy; xSpy; xSp;  Sp; x Sp; x SP,(SP_11)  SP1 XSSP, (SPy_1.1) X SP,(SP,_11)

b |

Ty Ty Ty Ty T,  Tg, T,
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Spy SU,—2 Spy Spy P1 Sp1 SPh1

U EANVATNAN

Spy X (S)Un((S)Un-22)  Spy x SPQ(SPm) X Sp;  Sp; x SPQ(Spl,l) X Spn(spnfl,l)

| | .

T‘I TQ1 TQQ Tq
Spy Spy SPp_1 SPy—1 Sp;  Spy SPn_1

/N TN PO

Sp; X Sp; X Sp; X Spn<spn—1,1) Spm(SPm—1,1) X Spy X Sp; X Spn(SPn—1,1)

Y, \/

T,

q1

Spy Spy SPp—1
VRN T~
Sp; X Spy Sp; % Spn(SPnfm)

! Vo

I'(T7) T, r,(1,)

Proof. Suppose there is a direct factor L; C L® such that m;(K) # L;. If L; # Spy, then X
is contained in Table 1.2b due to Proposition 1.18 and X is Sp;-saturated. Hence, L; = Sp,
and L; N K = U;. By Theorem 4.3, X corresponds to a tree T, satisfying conditions (I) and
(IT). This space is shown on the first diagram. From now on assume that m;(K) = L; for
each simple direct factor L; < L°.

Suppose P is non-trivial. Then there is a simple direct factor K7 C K, which is contained
in neither P nor L°. If K # Sp,, then by Theorem 1.17, X is ((R" X SO,,) x SO,,)/SO,, or
((H,~U,) x SU,,)/U,. But both these spaces are Sp,-saturated. Thus K; = Sp,, and each
simple normal subgroup L; <1 L°® such that L; # Sp, is contained in K.

Note that if L; € P and m(K) # Ly, then we can replace Ly by another real form of
Li(C). For example, if L; = Sp,, and 7 (K) = Sp,,_; x Sp;, then L, can also be Sp,, ;. In
calculations we assume P to be compact.

Let (L*, K*) be an indecomposable spherical subpair of (L, K) such that L* # K*.
Because X is indecomposable, L* is not contained in P, i.e., there is L; C (L* N L°). Since
L; ¢ K, we have L; = Sp;. According to Theorem 1.3, L* = (L*)g(n)K* and the pair
((L*)g(n), (K*)g(n)) is spherical. There are only one spherical pair (L*, K*) such that
(L*)g(n) can be a proper subgroup of L*, namely (Sp,, X Spy,Sp,_; X Sp;). In that case
(L*)g(n) can be Sp,, x U;. It follows that (L;)g(n) is either Sp, or U; for each L; = Sp; < L,
L; ¢ K. Starting from each L; = Sp; C L°, which is not contained in K, we construct
either a tree T, = T,,(L;) or I'y = I';(L;). If two different trees (or graphs) have a non-trivial
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intersection, then they coincide and (L; X L;)g(n) is either Sp; or Uy. The second case is
never possible in view of conditions (A) and (B) of Theorem 1.3.

In cases L* = L; x Sp,, X Sp,,, L* = L1 x (S)Uy, and L* = Ly X Spy X Sp,,, where
L, = Sp, all subgroups corresponding to the vertices of T, (L) are contained in K. It can
be proved by the same arguments as Theorem 4.5 and Lemma 4.6. These spaces are shown
on the last 3 diagrams of the first row and in the second row. For each item one can directly
verify that conditions (A) and (B) of Theorem 1.3 are satisfied. In all these cases n is Abelian
by the same reason as in Theorems 4.3, 4.5.

From now assume that (L, K) is a product of pairs (Sp,, X Spy,Sp,,_; X Sp;) and a pair
(K', K", where K is a compact Lie group. It can happen that (Sp,, xSp; XSp; XSp,,)e(n) =
Sp,, X Spy XSp,,, where Sp; is the diagonal of Sp;xSp,. In this case both subgroups Sp; of
L are vertices of one and the same tree 7,. One can show that for all other vertices of
T, groups Spy;) are contained in K. If n =1 or m = 1 or both, we can construct trees
corresponding to these factors. They do not intersect, otherwise (Sp,, X Sp; X Sp; X Sp,,,)e(1)
would be smaller. Here n = V is also Abelian. As an example, we check that conditions
(A) and (B) hold for the second space in the third row. Here the product of Spy(; over
all finite vertices of T, equals (Sp; xFyxSp,) and L = Sp,, xSp; X FoxSp; xSp,,. We have
L. = Sp,,xSpy X (Fo)«(V)xSp,,, K« = Sp,,_1xSp; X (Fp)«(V)xSp,,_;. Clearly, L = L,K and
the pair (L., K.) is spherical (see item 3 of Table 2.3).

Finally, it is possible that (Sp, xSp;)e(n) = Sp,,xU;. Then we construct a graph I,
starting with Sp,. It is enough to show that these graphs do not intersect for Sp,; from two
different pairs of the type (Sp; xSpy, Sp;). If two direct factors L; = L3 = Sp, corresponds
to one and the same T, then ((Sp;)*)e(n) C Sp; XUy xSp;. Due to condition (A) of Theo-
rem 1.3 this group contains Sp; xSp;. But then for the subgroup (Sp,xSp;) < K we have
(Sp; xSp;)e(n) = Uy and Uy is not a spherical subgroup of Sp; xSp;.

According to Lemma 4.10, in the last two cases n can be non-Abelin, and we have to
check condition (C) of Theorem 1.3. Recall that m = [/€. Let (¢, j) be a double edge of I,
with d(i) = 1. If d(j) > 1, then j has degree 2, i.e., Spy; acts on V/2W;; trivially. Thus
K, (m@(V/2W; ;)) acts on 2W; ; = C2@HY) as Uy x Uy xSpy;y. The action (U x Uy xSpy;y) -
2W, ; ® R is item 8 of Table 3.2. Hence, it is commutative. Suppose now d(j) = 1. If we
erase the double edge (i, j), then either i or j is not connected with the root (it follows from
the fact that I'; contains only one minimal cycle). Hence, in this case K,(m & (V/2W;;))
also acts on C?’@H"' as Uy x Uy XSpyj)-

Let j be a special vertex of I';. Suppose H(j) = U;. Then j has degree 1 and there is
the unique edge (j,7). According to Lemma 4.10, W, ; is the only non-Abelian subspace of
nand [W;;, W;;] =R. Ifd(i) =1, K,(m& (V/W,;;)) actson W, ; PR =H® R as U; x Uj.
This action is commutative. Suppose d(i) > 1, then ¢ has degree 2. Since i is connected with
the root, there is an edge (i,t) with ¢ # j such that ¢t has degree at least 2. According to
condition (II) of Lemma 4.1 d(t) = 1. We calculate that K,(m & (V/W,;)) acts on W, ; &R
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as Uy XUy XSpy(;)—1. This action is also commutative.

Suppose now H (j) = Sp; x(S)U,,. Here V(]) is the only non-Abelian subspace of n and
K, (m®(V/V(4))) acts on V(5) as Uy x(S)U,,. Since m # 2 the action (U x(S)U,,) : V(j)@R
is commutative.

Finally, suppose that H(j) = Sp, and V(j) = R® 2 sp,. For each edge (i, j) the stabiliser
K.(ma (V/W,;)®V(j)) acts on W, ; and on W, ;®V (j) as a product SPy, X ... XSp, XSpy,
where Y ng = d(i). This action is commutative. O

Now we consider non-Sp;-saturated commutative spaces of Heisenberg type.

Example 13. Suppose K; = SOz, n; = R® @ sp, and a triple (F, F, V') corresponds to a tree
T, with Spaqy/{£e} = Ki. Set K = SO0 x F, n=n; & V. The Lie algebra structure on n
is given by the formulas [Wy;, Wy ;] = sp, for each edge (0,1), [W;;, W; ;] = 0 for all other
edges. Then X = (N X K)/K is commutative and maximal. Indeed, (K;)g(V) = K; and
for each Wy ; we have Sp,, x -+ x Sp,, C K,(R*@® (V/Wy,)), where > n, = d(i), hence the
action K,(R*® (V/Woy,)) : Woi & [Woi, Wo,] is commutative. We illustrate the structure of
X by the following diagram.

SO; : R3 @ sp,
Tq

Let Xo = (NoX Ko)/ Ky be an Sp,-saturated commutative space of Heisenberg type with
ny # 0. Suppose Ko = Z(L)X Ly X+ X LgX Lgy1X+++X Ly, where Ly = Ly = --- = Ly = Sp,
and a triple (F, F', V) corresponds to F'r;,. We assume that each L; corresponds to the root
of the i-th tree of Fry. Set K = Z(L) X Lgy1 X +++ X Ly, X (Spy)® X F.n=n, &V, where
for each edge (j,t) of the i-th tree [W,;, W;,] is non-zero only if j = 0 and [; C nj, in that
case [Woy+, Wy| can be [;. We do not require that [Wy 4, Wy, = [; for all edges (0,¢) of the
i-th tree. By the same argument as in Example 13, one can show that X = (N X K)/K
is commutative. We say that such X is a space of a wooden type. Our goal is to classify
commutative indecomposable homogeneous spaces of a non-wooden type.

Let X be an indecomposable maximal principal commutative homogeneous space of
Heisenberg type. Suppose it is not Sp;-saturated, i.e., the third condition of Definition 8 is
not fulfilled. Then there is a direct factor L; C K and an irreducible K-invariant subspace
to; C n/n’ such that the action L; : to; is non-trivial, the action (Z(L) x L) : w; is irre-
ducible, and L; acts non-trivially on (n/n’)/to,;. Clearly, L, = Sp, and w; = H". We enlarge
K replacing L; by Sp; xSp;, where first Sp; acts non-trivially only on tv; and the second on
(n/n’)/w;; and replace n by n; & (v’ + [v°, v’]). Note that if the intersection nN[v’, v’] is non-
zero, then it is isomorphic to [;. Repeating this procedure we obtain an Sp,-saturation X of
X, which is a product X=X 1 X ... x X, of several principal indecomposable Sp;-saturated
commutative spaces of Heisenberg type. Each X; is either a maximal commutative space or a
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central reduction of a maximal indecomposable commutative space. Let X; = (]\71 PN IN(Z) / IN(Z
Then n;/n; C n/n" and each K; contains a normal subgroup Sp;,.

Lemma 4.12. Suppose n; is not Abelian, then n; can be identify with a subalgebra of n and
K; is isomorphic to a mazximal connected subgroup of K acting on it locally effectively.

Proof. Let n; = W @) be a I?i—invariant decomposition. Then we can consider W as a
subspace of n such that W N n' = 0. Assume that (W + [W,;W]) C n is not isomorphic to
n;. It means that (W + [W,W]) was “enlarged”. Hence, there are direct factors Ly, Ls of
l~(z~ such that L; = Ly = Sp,, and n} contains a subspace isomorphic to [;®l. According
to Tables 3.1 and 3.2, this is possible only in two cases: K, = SO4, 1; = R* @ so, and
K; = Sp; x Sp, x Spy, 1; = (H" ® sp,) ® (H" & sp,). But in both of them the action of
Sp, x (K;/(Ly x L)), where Sp, is a diagonal of L; X L,, on #;/sp, is not commutative.
Thus n; = (W + [W, W]).

Assume that l?z is larger then the maximal connected subgroup of K acting on n; locally
effectively. Then (Sp,; xSp,) < K; and the action of Sp, x (K;/(L1x Ly)), where the first Sp,
is the diagonal of (LyxLy) = (SpyxSpy), on n; is commutative.

Let n;/n, = w0, @ - - - @ 1o, be the decomposition into the sum of irreducible [?i—subspaces.
If both Ly, Ly act on tv; non-trivially and [r;, to;] # 0, then either t; = H or tv; = C*® C.
But in both cases the action of Sp, x (K;/(L1xLs)) on t; @ [tu,, 1o,] is not commutative.

According to Table 3.2, the only other possebilities for K; : 7; are UyxU, : (C*aR) &
C2@C?, UyxUyx Uy : (C2@C?*@®R) @ (C2C?*@®R), item 10 of Table 3.2; and central reduc-
tions of these spaces. But in each case the action of Sp, x (K;/(L; x Ly)) on @; is not
commutative. [

In the following we consider n; as a subalgebra of n and K; as a subgroup of K.

Lemma 4.13. Preserve the notation introduced above. If K; = (Spy)*x H and for any proper
subgroup Hy C (Sp,)* the action (Hyx H) : n; is not commutative, then X is of wooden type.

Proof. By Lemma 4.12, IN(Z C K and n; C n. Let V be a K-invarint complement of n; in n.
The subgroup H acts on V trivially. On the other hand, ((Sp;)*)e(V) = (Spy)°. Thus we
can construct a forest Fr,. Since X is indecomposable, it is of wooden type. O

Lemma 4.14. If X; is listed in Table 3.2, but not in rows 9, 10, 11 or 12, then X is of
wooden type.

Proof. Preserve the notation of Lemma 4.13. Assume that for some proper subgroup H; C
(Spy)® the action (H;x H) : n; is commutative. As we have seen in the proof of Lemma 4.12,
H, contains no diagonals of Sp;xSp;, hence, H; C U;x(Sp;)*"'. But then the action
K; : ; ® R3, where the first Sp, factor of (Sp,)* acts on R3, is commutative. If it is Sp;-
saturated, then X; is not listed in Table 3.2. Note that this action can be non-Sp,-saturated
only for spaces from rows 9, 10, 11 and 12 of Table 3.2. O]
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Suppose n = W;®V, W, # 0 and K; = (Sp,)* X H. Then (Sp)§(V) = Hy x -+ - x Hy, where
H; C Sp,. If Hj is Sp; or U; we can construct either a tree 7, or a graph I',. Similar to the
proof of Lemma 4.12, one can show that two graphs corresponding to distinct direct factors
of K; do not intersect. Let V(T,) € V and V(I',) C V be the corresponding subspaces.
Possible non-trivial Lie algebra structures on V(7},) and V(I';) are described in Lemma 4.10
and Example 13. But if H; is trivial or finite, we cannot say anything.

Recall that K = L = L;xL'xZ(L). In Table 4.1 we peresent four examples of commu-
tative spaces (N X K)/K such that the action (Z(L)x L) : n is commutative. This direct
factor L; is put into a box.

Table 4.1.

x Sp,, : (H" @& sp,) & HSZH" X Sp,, X Sp,, : (H* ® sp,) ® H* © H™

><Spn><SI£1 : (H” @ sp,) @ H? ><Sf1 . H® sp,

Ty 1,

Note that the spaces in the second row are Sp,-saturated only if the trees 7} are trivial.

Theorem 4.15. Suppose X is a principal maximal indecomposable non-Sp, -saturated com-
mutative space of Heisenberg type and n' #£ 0. If there is a K-invariant non-commutative
subspace vwo1 C (n/n') such that the action K. : ny is not (Sp;xSp,,) : H® sp, and X is not
of wooden type, then X s one of the following spaces.

U; x SU, x Sp,, : C2@C2"@R ~ SUy x (S)U,, : C20C™dR  SU; x Uy & (C?@C*OR)®RS

l i i

T, T, r
Uy x SUy : C2pR U xSUyxSU;:C2@C2e R U xXSp,, xSp; : (H" ®R) @ H™

l Vo l

I, T, T, r,

q

Here [V(T,),V(T,)] = 0 if V(T,) C n corresponds to a tree T, and (V(I'y)+[V(T,), V(L,)]) =
n(l,), where n(L'y) is a Lie algebra attached to 'y by the rules of Lemma 4.10.

Proof. Let X = X X ...x X, be an Sp;-saturation of X. We may assume that n; C ny. Let
V be a K-invariant complement of n; in n. Suppose that X is not of wooden type. Repeat
the argument we used to prove Lemma 4.14. Either the action K, : ; & R3 is contained
in Table 3.2; or there is a subspace vy = H"®H such that I?l acts on it as H xSp;, where
H is an irreducible subgroup of Sp,,. First assumption yields five possibilities for X 1, which
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are given in the first rows of the first five diagrams. If K, contains only one direct factor
isomorphic to Sp; and U; C (Sp;)e(V), then we construct a graph I',. The fifth case
K, = Uy xSp, xSp, is different. Here (Sp;xSp;)e(V) contains Sp; xU; and we construct a
tree T, and a graph I',. They do not intersect, because, otherwise the group (Sp; xSp;)e(V)
would be smaller. Since X is indecomposable, V' equals to a vector space corresponding to
I'y or T, and I,

Assume now that there is oy, = H'"®H C (n;/n}) such that K, acts on it as HxSp, and H
is an irreducible subgroup of Sp,,. Then, according to Tables 3.1 and 3.2, H = Sp,,, n; is either
H™®R or H™®Hy, #; is either ny & (H™®H,) or n, & H"@H" and K; = (U, x)Sp,, xSp,.
Thus either n or m equals 1.

Suppose m = 1. In case K. = U;xSpy, ny = HeHjy, X is of wooden type, because
the action (U;xUy) : ny is not commutative. Commutative spaces X with n; = H@R are
described by the fourth diagram.

If m>1and 7, = (H"®R) & (H™@H,), K; = Uy xSp,, xSp,, then X is of wooden type
by Lemma 4.13. The last case K; = U;xSp, xSp;, iy = (H"®R) & H™ is shown on the
sixth diagram. O

Consider a commutative space X with K = Sp; xSp,,, n = H" & sp,. There are two
minimal subgroups H C K such that the action H : n is commutative, namely, (Sp;)™ C Sp,,
and Sp; x U;x(Sp;)" !, where U;x(Sp,)""! C Sp,,.

Lemma 4.16. Let X be a maximal indecomposable principal commutative homogeneous
space such that there is a Lie subalgebra ny = (H" @ sp,) C n with K. = Sp; x Sp,,. If X
is not of wooden type and Sp; x Uy X (Spy)" ™' C (K.)e(v') C Sp; x Uy x Sp,,_,, where
U; x Sp,,_; C Sp,,, then X is one of the following spaces.

Sp; x Sp,, x Sp; : ny @ H" Sp; x Sp; : M
l l b
T, L, T, T

Proof. Suppose first that n = 1, i.e., K, = Sp; xSp;. By our assumptions (Sp; xSp; )g(b!) =
Sp; xU;. Thus we can construct a tree 7;, and a graph I', with trivial intersection.

Suppose now that n > 1. Take a group H = Sp, and consider an action H X Sp; X Sp,, :
H" @ !, where H acts non-trivially only on H". Clearly, Hg(H" @ v') = U; and we can con-
struct a graph I',y» where Sp,) = H, Spy;y) = Sp,,- This graph has trivial intersection with
T, corresponding to Sp; C K,. In particular, (Sp; xSp,,)e(bv') = (Sp;)e(v!) x (Sp,)e(0!).

If the vertex 1 of I',y; has degree 3, then (Sp,)e(0') C Sp;xSp,,_s C Sp;XSp; CSP,,_;
But this is not allowed. Similar, if there is an edge (1,s) with 1 < d(s) < oo, then Sp,, acts
on v! /W trivially. Thus, either (Sp,)e(v') = (Sp;)" or the vertex 1 of I',,5 has degree 1
and is connected with the vertex 2 of weight 1. On the first diagram I', is a subgraph of
[', 2 containing all vertices except 0 and 1. O]
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Take r commutative spaces Xl containing in Table 4.1. Suppose )A(Z = (NZ PN KZ)/KZ and
K, = Sp; X H;, where Sp, is the direct factor in the box. Take any linear representation V'
of a compact group (Sp;)® X F. Set K := H X Hy X ... x H, x F'; where H is a subgroup
of (Spy)"” X (Spy)*, n:=n @ ... dn. ®V, where V is a commutative subspace, and let
X = (N X K)/K be a homogeneous space of G = N X\ K.

Theorem 4.17. Suppose X is a principal mazimal indecomposable non-Sp,-saturated space
of Heisenberg type. Then either X is listed in Theorem 4.15 or Lemma 4.16, or is obtained
by the described above procedure.

Proof. Let to; be a non-commutative K-invariant subspace of n/n’. Assume that K, : ny is
(Sp; xSp,,) : H" @ Hy. If this is not the case, then X is listed in Theorem 4.15.

Let L; = Sp, be a direct factor of K, for which the third condition of Definition 8 is
not satisfied. If [ C n', we replace L; by Sp;xSp; and maybe enlarge n. If it is not, we
do nothing. We repeat this procedure as many times as possible. Let X =a / K be the
space obtained. We have n C n C n. In particular, n; C n. Note that, according to the
construction of X, the direct factor Sp, of K. C K acts on (n/w')/to; trivially. Clearly,
(Sp,,)e(v!) = (Sp,)e(n/w;) for Sp, <t K,. If (Sp,)s(b') C U;xSp,_;, then X is listed in
Lemma 4.16. We suppose that (Sp;)" C (Sp,,)&(b'). In particular, Sp,, corresponds to the
first vertex of a tree T}, (here we use we same argument as we used to prove the previous
lemma). Thus, there is an indecomposable direct factor X, of X, such that n; C fi; and X is
contained in Table 4.1. Hence, we get a decomposition X =X, x...x X, xY, such that X;
are commutative spaces contained in Table 4.1 and Y = (VX ((Spy)* x F))/((Sp;)* X F) is a
commutative space of Euclidean type. For each space X, there is only one direct factor Sp, of
K; such that sp, C nl. According to our construction K is of the form H X Hy; X ... x H, X F,
where H C (Sp;)" x (Sp;)°.

We show that the action K : n is commutative. Indeed, for each to; = H" the group
K" contains Sp,, and the action Sp, : H" & Hj is commutative. In general, n is a central
reduction of n. But since X is maximaln=n=n®...dn, dV. n

4.2 Centres

Let Z(P) be the connected centre of P. Since the action G : (G/K) is assumed to be
locally effective and K is connected, the intersection Z(P) N K is trivial. Clearly, G/K is
commutative if and only if (G/Z(P))/K is commutative. In the following we suppose that
P is semisimple.

Let X = G/K be a non-principal maximal indecomposable commutative space. We can

enlarge groups L and K and obtain a principal commutative space X such that L' = L,
K' = K' and N = N. In general X is decomposable X = X; x --- x X,. Each X;
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(N; ™ L;)/K; is a central reduction (maybe trivial) of a maximal principal indecomposable
commutative space. For each ¢ either L; or K; has a non-trivial connected centre.

Suppose we have such a product X = X; x---x X,. Let C; be the connected centre of L,
and Z; of K;. We have to describe all subgroups Z( ) C Cyx---xCrand Z(K) C Zy XX Z,
such that Z(K) C Z(L) x L' and X = (N X (Z(L) x L'))/(Z(K) x K') is commutative.

Let X; be either (a central reduction of) a space corresponding to row 1 of Table 1.2b or

Spl Un—l

T~

Spl X SUN(SUH_Ll)

l

T,

q

Then (N X L)/K, where L = Z(L) x L', K = Z(K) x K', is commutative if and only if
((N/Ny) N (L/Ly))/(K/K,) is commutative. This statement is also true, if X; = Ly /K is
a commutative homogeneous space of a semisimple group and I? 1 is a spherical subgroup of
L1 In the followmg we suppose that X does not contain direct factors of these three * types.
We decompose X in a slightly different manner, namely X = X1 - X X X XHels
)N(red, where XHels is a commutative space of Heisenberg type and Xred is a commutative
homogeneous space of a redactive (semisimple) group. Each X is one of the following six

commutative spaces up to central reduction.

(R2" X S05,) /U, (R? @ R®) X (SO5 x SO5))/(SOs x Spinz)  ((H, X Uy) x SU,)/Us,

U, Sp, Spy SP—1

| /N T~
Sp, Sp; X Sp; Sp; X Sp,(Sp,_11)
! ! | !

T, L, I T,

Here each I'; contains either a special vertex j with H(j) = Uy or a double edge, or a triple
of vertices i, j,t such that d(j) = d(t) = oo and j,t are connected with i by edges. Note
that the connected centre C; of K; is one-dimensional. According to Table 1.2b, ((R? ®
R8) X SOg)/Spin; is also commutative. If X; is one of the last two spaces, then (N; X L})/K!
is commutative if and only if [V(T',), V(I';)] = 0 and there is no special vertices such that
H(j) = Uy, i

Denote by Zg a connected central subgroup of Liteis = KHels such that (LHEIS) (n) Lijeis =
Zg X LHels Let Z(L) be a subgroup of €7 x -+ x C X Z(Lyeis) and Z(K) a subgroup of
Z1 %+ X Zy(Kiteis) X Z(Kyeq). Assume that Z(K) is contained in L := Z(L) x L' and set
K = Z(K) x K', X = (NXL)/K.

Suppose Z(L) = T} x Ty, where Ty, = (Z(K)L')/(L). According to Theorem 1.3, X
is commutative if and only if (G/T})/K is commutative and T} acts trivially on S(n)X =
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S(n)2*E ie., Ty C L,L'. In our situation, T} can be any subgroup of Zg x [[ C;, where the
product is taken over all i such that X; is (a central reduction of) ((H, » U,) x SU,)/U,.
In the following we assume that 77 is trivial, i.e., we have to describe only possible centres
of K. We make another reduction. Suppose (N1 X LY)/K}, is commutative. Set L :=
LN (LQ coox Ly ¥ LHels X Lred) K := LN K. Then X is commutative if and only if
((N/Ny) X L)/K is commutative.

Theorem 4.18. Suppose X = )?1 X e X X X XHels X Xred 18 a commautative prmczpal homo-
geneous space such that there is no sphemcal subgroups in Lred between K’ o and Kred, and
(N; ™ E;)/l?{ is never commutative. Assume that Z(L) C Z(K)L'. Then X is commutative
if and only if Z(K) is a product Ty x Ty such that

C (H Zi> X Zg X Z(Krea), To = Z(K) N Z(Kyeis), ( ZZ> (Krea) C Ty Zs,
=1

i=1
and the action Ty X Kl : WHeis 15 commutative.

Proof. We apply Theorem 1.3. Note that X satisfies all three conditions (A), (B) and
(C). The equality L = L,K holds if and only if ' = (L,)’K’ and Z(L) C Z(K)L,, see
82), [34]. Clearly, (L)' € (L)u(n). Thus, L' = I' = (L)'K’ € (L).(W)K’ € L.K. By
our assumptions Z(L) € Z(K)L'. More precisely, Z(L) C Z(K)Lyeq since H Z; C T Zg.

Because Lyeq C Ly, we get Z(L) C Z(K)L,.
Condition on the subgroup 77 given here is equivalent to (B). To conclude, note that

K.(m® (Pn;)) acts on nyes as Ty X [?I’{eis. O
i=1

It remains to describe possible connected centres of K for commutative spaces of Heisen-
berg type. Now we return to the fist decomposition of X =X, x--- x X,. Note that, Zg
is a direct product of ((K;).K!)/K!. For each indecomposable principal commutative space
X; one can easily calculate this group ((K;),K!)/K!. We will not do it here. Denote by Z}k
the product of ((IN(])*IN(;)/IN(J’ over all j # 1.

Lemma 4.19. In the notation of this section, homogeneou space X of Heisenberg type is
commutative if and only if for each i such that W, # 0 the action of (Z(K)N(Z; x Zk)) x K]
on n; is commutative.

Proof. This readily follow from Theorem 3.1. [
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Chapter 5

Weakly symmetric spaces

The question whether each commutative homogeneous space is weakly symmetric or not was
posed by Selberg [41]. Tt was answered a few years ago in a paper by Lauret [26], where he
constructed the first counterexample. That example is a commutative homogeneous space of
Heisenberg type. On the other hand, commutative homogeneous spaces of reductive groups
are weakly symmetric, see [1]. In this chapter we find out which commutative homogeneous
spaces described in previous chapters are weakly symmetric.

Ezample 14. Consider commutative homogeneous space X = (N X\ L)/K corresponding to
row 4b of Table 1.2b, i.e., L = SOg, K = Spin, and N is a simply connected commutative
Lie group with n = R? ® R®. Assume that X is weakly symmetric with respect to some
automorphism o € Aut(G, K). Then, in particular, o(L) = L. Each automorphism of SOg
preserving Spin, is a conjugation a(k) by an element k € Spin,. Thus ¢ = ¢’a(k), where o’
acts on L trivially. Clearly, X is weakly symmetric with respect to ¢’. Note that —¢ € K¢
for each £ € n. Thus, ¢’ preserves K-orbits in n and acts on n as +id. Since, the image of
K in GL(n) contains —1, we may assume that ¢’ acts on n as —id.

Consider a vector v = 1+ & + & € g/t such that n € [/¢ 2 R7, & + & € n and &,
&> are linear independent vectors of R®. Note that the stabiliser K¢ 1¢,) of & + & equals
K¢, N K¢, = Spin, NSO = SU;. If ¢'(v) = —kv for some k € K, then k& = &, k& = &
and kn = —n. In particular, k € K¢ 4¢,). Recall that [/€ = R” as a K-module. There is
a non-zero K¢, i¢,)-invariant vector 1y € [/€. Clearly, vectors vg = 1o + & + & and —o'(v)
does not lie in the same K-orbit. Thus, X is not weakly symmetric.

Let X be a commutative space from Example 14 and p a G-invariant Riemannian metric
on X. The metric p is defined by an element b € B(g/t), i.e., by a K-invariant scalar
product on g/¢. Note that each b is also (SOy x K)-invariant. Hence, the isometry group of
X contains N X (L x SO,). We will see below, that X is a weakly symmetric homogeneous
space of N X (L x SOs). Thus, X is a weakly symmetric Riemannian manifold regardless of
the choice of a G-invariant metric.

Let X be a commutative homogeneous space of Heisenberg type with irreducible action
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K : n/v', ie., a space from Table 3.1. Then n = to @ 3, where 3 is the centre of n. The
commutation operation tv X tv — 3 is determined by the condition of K-equivariance up to
a conjugation by elements of the centraliser Zgo(w) (/). This means, that there is only one
embedding 3 — A’ up to the action of Z30(w) (K).

Lemma 5.1. Suppose X = (N X L)/K is commutative. Then there is a Weyl involution 6
of L such that (K) = K and 0 acts on n as an automorphism of a Lie algebra.

Proof. Let 6 be a Weyl involution of L preserving K. It exists, since (L, K) is a spherical
pair, see [1]. Let m; C (n/n') be an irreducible L-invariant subspace. Since tv; is a self-
dual representation of L, we can define an L-equivariant action of # on ;. Suppose that
[t;,10;] = 3; # 0. We have to show that there is an L-invariant subspace a C A’ v, such
that a = 3; as an L-module and 0(a) = a.

Let a = 3; be any L-invariant subspace of /\2 to;. Then f(a) = h-a, where h € Zgrw,)(L)-
Suppose 6 acts on tv; as a matrix A € GL(to;). If we replace A by h™1A, we get a required
action of 6. O

We say that 6 € AutG is a Weyl involution of G = N X L if 6 definies a Weyl involution
of G/N. Set n™0 := {£ e n|0(¢) = —¢£}.

Lemma 5.2. Let (NN L)/K be a commutative homogebeous space. Suppose there is a Weyl
involution 6 of G such that L(n™%) = n and for (generic) & € w9 the retriction of 0 to Lg is
also a Weyl involution. Then (N N L)/K is weakly symmetric with respect to 6.

Proof. We may assume that §(K) = K. If this is not the case, we replace by a conjugated
Weyl involution a(l)fa(l)~, where [ € L.

The homogeneous space X is weakly symmetric with respect to 6 if and only if 0(n) €
K (—n) for generic ) € g/€. We have n = 1o+ &, where 1y € [/€ and £ € n. Since L(n™%) = n,
there is an element [ € L such that 0(I§) = —[£. According to condition (A) of Theorem 1.3,
L¢ = K¢ Thus, we may assume that [ € K or that 6(§) = —£. Then §(L¢) = L¢ and the
restriction of 6 is a Weyl involution of L¢ (we assume that € is generic). Clearly, 0(K¢) = K.

To conclude, note that L¢ /K, is commutative (see condition (B) of Theorem 1.3), hence,
it is weakly symmetric with respect to any Weyl involution of L, preserving K¢, see [1]. Thus,
0(no) = —ad(k)no for some k € K¢ and 0(n) = 0(ny) — & = —(ad(k)no + k&) = —kn. O

Lemma 5.3. Suppose L : V s either SU,, : C", SO,, : R", or L : f, where F' is a normal
subgroup of a compact group L. Then there a Weyl involution 6 of L such that L(V %) =V
and for generic £ € =Y the retriction of 0 is a Weyl involution of Le.

Proof. For the first case, we set #(A) = A, where A € SU,, and ~ is the complex conjugation,
O(n) = 7 for each n € V. The non-zero L-orbits on V are spheres S*"~!  in particular,
L(V=9) =V and the restriction of § to the stabiliser SU,,_; is also the complex conjugation,
i.e., a Weyl involution.
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If L = SO,,, a Weyl involution is a conjugation by a diagonal matrix I € O,, which
acts on R™ in a natural way. We assume that I € SO,, for odd n. Here also the non-zero
L-orbits on V are spheres S"1 and L(V=9) = V. If (£) = —¢, then the restriction of 6 to
Le = S0,,—1 is a Weyl involution.

Consider the third case. Each Weyl involution of L preserves F. Let t C | be a maximal
torus such that 0| = —id. Since L is compact, each L (or F') orbit on f intersect t. Hence,
L(§7%) = . For generic £ € t, the stabiliser L¢ is locally isomorphic to (L/F) x T, where T
is a commutative compact group. Clearly, the restriction of ¢ is a Weyl involution of L¢. [

Theorem 5.4. Each commutative space contained in Table 1.2b, but not in the row 4b, is
weakly symmetric. Commutative spaces ((H, NU,) x SU,)/U, and ((R*XS0O,,) x SO,,)/SO,,
are also weakly symmetric.

Proof. Let X = (N X\ L)/K be one of these commutative spaces. One have to check, that
conditions of Lemma 5.2 are satisfied for (L/P) : n. If n is commutative and the action
(L/P) : nis one of the three actions listed in Lemma 5.3, then X is weakly symmetric. This
is the case for items 2a, 3, 4c and 4d of Table 1.2b and for ((R™ X SO,,) x SO,,)/SO,,.

Consider three remaining cases. For (L/P) :n = (S)U, : (C" ® R) we take the same 6
as in Lemma 5.3, i.e., §(A) = A, (n) =7 for each n € C*. Here §(¢) = —¢ for £ € n’ = R.
The rest of the proof do not difer from the proof of this case in Lemma 5.3.

Suppose L = Spin,, n = R® is a commutative algebra. Here L, = G,. This space
is weakly symmetric with respect to an involution o such that o(g) = ¢ for ¢ € L and
(&) = =& for £ € n. Indeed, take n = ny + & € g/, where 1y € [/€ and £ € n. Assume that
L¢ = L, = Go. The group G5 has no auter automorphisms, so identity map is a righteous
automorphism of G5/K,. Hence, there is an element k € K, such that ad(k)ny = —no and
ad(k)o(n) = ad(k)no — & = —n. Here 6 is an inner automorphism of L, hence, X is also
weakly symmetric with respect to 6.

The last case is 4a, where L = SOg x SO, and either n = R® ®R?, then it is commutative,
or n = hg. Take 8 = 6; x 0y, where 0; are Weyl involutions of SOg and O, respectively.
Then 6|,y = —id. We have n/L = n/L = R*xn’. For any L-orbit L C n where is a vector
& € L& such that 6(&) = —&o. If 0(&) = —&o, then the restriction of § is a Weyl involution
of L¢,. Here Lg, = SOg if LE is a generic orbit. O

Thus, in class of Sp,-saturated principal maximal commutative spaces our task is reduced
to spaces of Heisenberg type. Note that spaces of Euclidian type are symmetric. We suppose
that [n,n] # 0.

Let X = G/K be a commutative homogeneous space of Heisenberg type.

Theorem 5.5. If n is a direct sum of several K-invariant Hiesenberg algebras, then X s
weakly symmetric.
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Proof. Set H := K(C). Since there is a non-degenerate skew-symmetric K-invariant bilinear
form on n/n’; we have an isomorphism of H-modules n(C) = W @ W* & mC, where C is a
trivial H-module. Moreover, the induced Lie algebra structure on n(C) satisfies the following
equalities: [W, W] = [W*, W*] = [n(C),mC] = 0, [W,W*] = mC. The action H : C[W] is
multiplicity free, see [3], i.e., W is a spherical representation of H.

Let CIW] = € Vi be the decomposition into the direct sum of irreducible H-invariant
AeT(W)
subspaces. Then

Chm@) =CW oW " @Clar,...,zn] = @B VAhe V)" @Cla,... 2.,
AeD(W)

where x; are linear functions on the centre of n(C).

Define an action of H := C*x H on W @ W* by 2(vy +vy) = 2v1 + 2 L, for each z € C*,
vy € W, vy € W*. Clearly, this action extends to an action on the Lie algebra n(C). Let
K :n be a real form of H : n(C), in particular, K=U,xK.

Let 6§ be a Weyl involution of H preserving K. Then 0(K) = K. We can define an
action of # on the Lie algebra n. Then 6 acts also on n(C) and 6(WW) = W*. According to
[37, Proposition 1], 6 acts trivially on C[W @& W*]¥. In particular, 6 preserves vectors in
(WeWH c (S2(W*@W))H. Recall that each x; is an H-invariant vector in (W*@ W) C
N (W* @ W). Since (W) = W*, we have 0(x;) = —z;. Clearly, H-invariants in Vy ® V5
are of even degree and each x; is of the odd degree 1. Thus O(f) = (—1)%&/f for each
homogeneous H-invariant polinomial f € C[n(C)]. We conclude that X is weakly symmetric
with respect to 6. O

In [9] similar statement is proved for K = U,, N = H,. It is also shown there that
X = (NXK)/K is weakly symmetric in the following five cases: K = U; x Sp,,, n = H"®C;
K = Sp,, x Sp; X Sp,,,, n = H* & H™ & H,, where [H",H"| = [H™,H™| = Hy; K = Sp,,
n=MH?® HSH? K = SUy, n=C*® RS and K = Spin,, n =R* ® R".

Suppose n = to @ 3, where to = (n/n’) and 3 = n’. Take a linear function « € 3*. Denote
by & a skew-symmetric form on to given by &(&,n) = a([€,n]) for each £, € w. Let Kera
be the kernel of &. We identify 3 and 3*. For any 3 € Ker & we denote a stabiliser of 3 in
Ko by Kag.

Lemma 5.6. Suppose there is a Weyl involution 6 of G such that K(37%) = 3,
Kq((Kera)™%) = Kera for each (generic) a € 377 and for each (generic) 3 € Kera the
restriction of theta to K, s is also a Weyl involution. Then G/K is weakly symmetric.

Proof. We prove that —0(§ + a) € K (£ + «) for a generic vector (£ + «) € n, where £ € 1,
a € 3. Let (, ); be a K-invariant positive definite symmetric form on 3. We identify a with
the linear function (c, ), on 3. Since K(37%) = 3, we may assume that 0(a) = —a. Let
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v = 1w, ® Kera be a K,-invariant decomposition. Suppose & = & + 7, where & € t,,
n € Ker &. There is an element k € K, such that 0(kn) = —kn.

It remains to prove that —0(&,) € K, ,&. Note that v, ®Ra has a K,-invariant structure
of a Heisenberg algebra, namely, put [£1, &) = (a, [€1, &2]);a. By our assumptions 6 is a Weyl
involution of K,, and §(o) = —a. Moreover, the action K, , : (o, ® Ra) is commutative,
see [3], [43, §4 of Chapter 2|. It follows from the proof of Theorem 5.5, that & and —¢&, lie
in the same K, ,-orbit.

Consider the complexifications H,, = K,,(C) and 10,(C) = W, W, where [W,, W}] =
Ca. There is a Weyl involution ¢; of H,, preserving K, , and acting on to,(C) such that

61(c) = —a and 0, (W,) = W, Clearly, 0-0; preserves the non-degenerate skew-symmetric
form & on 1o, (C). Hence, (0-6,)(W,) = W, and §(W,,) = W}. Then, according to [37, Prop.
1], 8 preserves K, ,-orbits on tv, and 0(&y) € Kq,(—&o). O

Corollary. If n is a direct sum of several K-invariant Heisenberg algebras, then G/K is
weakly symmetric with respect to any Weyl involution of G acting on n’ as —id.

Let us consider commutative homogeneous spaces with irreducible action K : (n/n’), i.e.,
spaces from Table 3.1. Here 3 = n’ is the centre of n and n =t @ 3.

Theorem 5.7. Table 3.1 contains only one homogeneous space which is not weakly symmet-
ric, namely item 9 with K = Sp,,.

Remark 3. Note that the space from row 9 was the first example of a commutative, but not
weakly symmetric homogeneous space, constructed by Lauret in [26].

Proof. According to Theorem 5.5, we have to consider only those cases where dimj > 1. We
apply Lemmas 5.3 and 5.6. We always assume that o € 3* is a generic point. Note that the
space from the second row was shown to be weakly symmetric in [9].

In cases 1, 3, 8, 12, 17, 18, 20 and 22, we have Ker & = 0. Thus, it is enough to check
that there is an involution § of G such that K(37%) = 3 and the restriction of 6 is a Weyl
involution of K. For cases 1, 8, 17, 18, 20 and 22 it follows from Lemma 5.3.

The remaining four spaces we consider case by case.

3. Here 6 is an inner automorphism of K. Suppose « € 3* and 6(«) = —«. Then Kera = R
and 0|kera = —id. Moreover, K(Ra) = 3* and the restriction of 0 to K, = SUjs is a Weyl
involution.

5(6). Take §(A) = Aand 0(¢) = for A € K, € € n. Thus £, = —id. Here Ker & is zero if n
is even and C if n is odd. Suppose n = 2m + 1, then K, = (SUs)™ - U; acts on Ker& = C as
U, and 6|c is a complex conjugation. Clearly, U;(iR) = C and K, 3 = (SUs)™. If n = 2m,
then K, = (SUy)™ and Ker @ = 0. In both cases the restriction of 8 is a Weyl involution of
Ka,ﬁ-

9. Here we suppose that K = U; x Sp,,. Let 6; x 6, = a(g1) X a(g2) be a Weyl involution
of Sp,, X Sp; such that g; € Sp,, g2 € Sp; and ¢,U;g,' = U;. Let 6 be the restriction
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of 6; x 03 to Sp,, x Uy. Recall that Hy = sp,, in particular, Sp,, acts on Hy trivially. We
have Hy = R @ C as an U;-module. Clearly, 6 preserves this decomposition and 0|g = —id,
HY~RaoR.

We have an isomorphism HSZH" 2 (suy,/sp,). There is a so called Cartan subspace
¢ C HS2H" such that Sp,¢ = HSZH" and (Sp,,). = (Spy)™, i.e., there is a subgroup (Sp;)"
acting trivially on ¢. We may assume that g; € (Sp;)". Thus a(g;) acts on HSZH" trivially.
But a(gy) acts on it as —id. Summing up, we get K(37%) = 3. Here Kera = 0 and
K, = (Sp;)™ C Sp,. Since we assumed that g; C (Sp;)", the restriction of 6 is a Weyl
involution of (Sp;)™. Note that, commutative space (NXSp,,)/Sp,, with n = H"@® H SZH"®R?
is also weakly symmetric.

12. In this case Kera = 0. Take 6 = 6; x 05, where 60; is the inversion on U; and 05 is a
Weyl involution of Spin,, which is well known to be inner. One can easily check that 6, acts
on R as —id and on R7 trivially. We have (R7)7% = R? and K3 % = 3. If (¢) = —¢, then
K¢ = Uy - Sping and the restriction of 6 to K¢ is also a Weyl involution. O

Suppose K = Sp,, and H*"@Hy C n. Then X = (NXK)/K is not weakly symmetric, see
[26]. Indeed, let o be any automorphism of G preserving N. Then o acts on n as an element
of Sp,, X Spy, in particular, o|g, # —id. Hence, X is not weakly symmetric with respect
to 0. There are positive definite symmetric forms b € B(H,), which are not U;-invariant
for any U; C Spy. For example 327 + 222 + x2, where 1, 25, ¥3 is an orthonormal basis of
H, = R3 with respect to the Sp;-invariant scalar product. Thus, we can choose a G-invariant
Riemannian metric on X such that X is not a Weakly symmetric Riemannian manifold.

On the other hand, there is always an extension G of G such that X = G / Kisa weakly
symmetric homogeneous space, namely G=NXx (Uy x Sp,,), K=U; x K.

Ezample 15. Commutative homogeneous space X = (N X\ L)/K given in row 13 of Table 3.2
is not weakly symmetric. We suppose that K = Spin,; x SO,. Assume that X is weakly
symmetric with respect to some o € Aut(G, K). Similar to Example 14, we may assume
that o = a(g) for some element g € Oy, o|gs = —id and, hence, oy = id.

Let v + £ + 1 be a vector of n, where v € R®, £ € v/, n € R” ® R%2. Then o(v) — v,
K, = G5 x SO,. If X is weakly symmetric with respect to o, then ¢ acts as —id on K,-
invariants in R[(R” & R” @ R?)| of odd degree. We have

S’R'@S°R? C R'0(R7©5%R?) € R70(A’R'@S5°R?) C R'0S3(R'®R?) C S3(R"GR'®R?)

and S?R” ® S?R? contains a non-zer K,-invariant, which is also Os-invariant.

Here GG is an isometry group of X for any G-invariant Riemannian metric. Thus, there
is no group G acting on X such that G € G and X is a weakly symmetric Riemannian
homogeneous space of G.

Theorem 5.8. All commutative spaces contained in Table 3.2, except items 11 with K =
Sp,, X Sp,,, 12 with K = Sp,,, 13, and 25 with K = (Uyx)SUy are weakly symmetric.
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Proof. In cases 3, 7, 8, 16, 19 and 20 n is a direct sum of several Heisenberg algebras, hence,
this homogeneous spaces are weakly symmetric by Theorem 5.5.

Suppose that n = h & V, where h is a direct sum of several K-invariant Heisenberg
algebras and [V, V] = 0. If there is a Weyl involution of K such that K (V=) =V and for
each (generic) v € V=Y the restriction of @ is a Weyl involution of K,, then X is weakly
symmetric. Indeed, we may assume that ¢ acts as —id on the centre of h. Each (generic)
vector of £ € nis of the form {y+v, where §; € h and v € V. We may assume that 0(v) = —uv,
then by the corollary of Lemma 5.6, 6(&,) € K,(—¢&).

In view of Lemma 5.3, this argument works in cases 1, 2, 5, 6, 15, 17, 18, 21-24; in case
14 one have to make additional calculation for Spin; : R®.

Consider case 4. Recall that R® is a real form of A*C*. We have proved that the
homogeneous space corresponding to item 5 of Table 3.1, i.e., to SU; : (C* & /\2 C*@R), is
weakly symmetric. It follows that item 4 of Table 3.2 is also weakly symmetric.

In cases 9 and 10 we apply Lemma 5.6. Here Ker @ = 0 and evidently K(37%) = 3.

Homogeneous space corresponding to row 12 is commutative if and only if K = Sp,, xU;
or K = Sp,xSpy;. Argument here does not differ from one given for U;xSp, : (H" &
HS2H" & Hy). As was shown in Example 15, item 13 is not weakly symmetric. Consider
the remaining two cases.

11. Suppose K = Sp,,x(Sp;, U1)xSp,,. Let 8 = a(g1) x a(g2) x a(gs), where g; € Sp,,,
g2 € Spy, g3 € Sp,, be a Weyl involution of K. We assume that go normalise U;. Set
0(v) = —qgvgs' for v € H* ® H™. One can calculate, that (H® ® H™)™ = H? where
d := min(n,m), and K(H" @ H™)~? = (H® @ H™). We have (Sp;)"x(Uy,Sp;) C K, for
generic v € (H" ® H™)~%. We only need to know, that K,((n')~%) = n’. But this is already
true for the action of U; or Sp,. If K = Sp,, xSp,,, then the corresponding homogeneos
space is not weakly symmetric. It follows form the fact that item 9 of Table 3.1 is not
weakly symmetric for K = Sp,,.

25. If K = (U;x)SUy x SO4, we take 6 = 01 x 0y, where 6; is a Weyl involution of SU, and
05 of SOy. Then each K-orbit in R® ® R? contains a vector  such that 6(n) = —n and the
restriction of # is a Weyl involution of K, = (U;x)Sp; x Sp;. Clearly, |y = —id and X is
weakly symmetric. If K = (U;x)SUy, then X is not weakly symmetric. It can be shown in
the same way as in Example 15. O]

We do not consider non-principal or non-Sp;-saturated commutative space. For each
particular X one can verify whether X is weakly symmetric or not following the strategy of
this chapter.
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Abstract

Let K C G be a compact subgroup of a real Lie group G. Denote by D(X)“ the
algebra of G-invariant differential operators on the homogeneous space X = G/K. Then
X is called commutative or the pair (G, K) is called a Gelfand pair if the algebra D(X)¢
is commutative. Symmetric Riemannian homogeneous spaces introduced by Elie Cartan
and weakly symmetric homogeneous spaces introduced by Selberg in [41] are commutative.
In this Dissertation we prove an effective commutativity criterion and obtain the complete
classification of Gelfand pairs.

If X = G/K is commutative, then, up to a local isomorphism, G has a factorisation
G = N XN L, where N is either 2-step nilpotent or abelian and L is reductive with K C L,
see [43]. In Chapter 1 we impose on X two technical constrains: principality and Sp,-
saturation. These conditions describe the behaviour of the connected centres Z(L) C L,
Z(K) C K and normal subgroups of K and L isomorphic to Sp;. Under these constraints,
the classification problem is reduced to reductive case (G = L) and Heisenberg case (L = K).
In Chapter 1, we describe principal commutative homogeneous spaces such that there is a
simple non-commutative ideal [; # su, of Lie L which is not contained in Lie K.

In Chapter 2, G is supposed to be reductive. In this case the notions of commutative and
weakly symmetric homogeneous spaces are equivalent; moreover, weakly symmetric spaces
are real forms of complex affine spherical homogeneous spaces, see Akhiezer-Vinberg [1].
Spherical affine homogeneous spaces are classified by Kramer [25] (G is simple), by Brion
[10] and Mikityuk [30] (G is semisimple). Classifications of [10] and [30] are not complete.
They describe only principal spherical homogeneous spaces. In Chapter 2, we fill in the gaps
in these classifications and explicitly describe commutative homogeneous spaces of reductive
groups. This chapter also contains a classification of weakly symmetric structures on G/K.
We obtain many new examples of weakly symmetric Riemannian manifolds. Most of them
are not symmetric under some particular choice of a G-invariant Riemannian metric.

In Chapter 3, we complete classification of principal Sp,-saturated commutative spaces
of Heisenberg type, started by Benson-Ratcliff [3] and Vinberg [43], [44].

In Chapter 4, constraints of principality and Sp,-saturation are removed. Thus, all
Gelfand pairs are classified.

In Chapter 5, we classify principal maximal Sp,-saturated weakly symmetric homoge-
neous spaces. The question whether each commutative homogeneous space is weakly sym-
metric was posed by Selberg [41]. It was answered a few years ago in a negative way by
Lauret [26]. On the other hand, commutative homogeneous spaces of reductive groups are
weakly symmetric, see [1]. We prove that if X = (N X\ K)/K is commutative and N is a
product of several Heisenberg groups, then X is weakly symmetric. Several new examples
of commutative, but not weakly symmetric homogeneous spaces are obtained.

94



der Lebenslauf

Name: Yakimova Oksana

Date of birth: September 14, 1979

Place of birth: Moscow (Moskau)

Nationality: Russia (Russland)

e-mail: yakimova@mpim-bonn.mpg.de
Mailing Address: MPT fiir Mathematik

Vivatsgasse 7
53111 Bonn Deutschland

High school education:

1993 -- 1996 Moscow state fifty-seventh (57) school

University education:

1996 -- 2001 graduate student, Moscow State University
Department of Mathematics and Mechanics

1995 -- 2001 graduate student, Math. College,
Independent University of Moscow

Since November 2001 I am a postgraduate student at MSU and TUM.
Since April 2003 I am a postgradute student at

Mathematisch-Naturwissenschaftlichen Fakultat
der Rheinischen Friedrich-Wilhelms-Universitat Bonn

and a guest at the MPI fiir Mathematik (Bonn) as a student of IMPRS and BIGS-programs.

List of publications:

1) “Weakly symmetric spaces of semisimple Lie groups”, Moscow University Math. Bull.
no. 2 (2002), 57-60.

2) “Righteous isometries of weakly symmetric spaces”, Math. Sbornik 193, no.1 (2002),
143-156.

3) “On weakly commutative homogeneous spaces”, UMN 57, no. 3 (2002), 171-173.

4) “On the classification of Gelfand pairs”, UMN 58, no. 3 (2003), 195-196.

5) “Weakly symmetric Riemannian manifolds with reductive isometry group”, Math.
Sbornik 195, no. 4, 143-160.

6) “Saturated commutative spaces of Heisenberg type”, Acta Appl. Math 81 (2004), 339
345.

95



