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Introduction

Abstract

The main topic of this work is the definition and investigation of a nonlinear energy for maps
with values in trees and graphs and the analysis of the corresponding nonlinear Dirichlet
problem. The nonlinear energy is defined using a semigroup approach based on Markov
kernels and the nonlinear Dirichlet problem is given as a minimizing problem of the nonlinear
energy. Conditions for the existence and uniqueness of a solution to the nonlinear Dirichlet
problem are presented.

A numerical algorithm is developed to solve the nonlinear Dirichlet problem for maps from
a two dimensional Euclidean domain into trees. The problem is discretized using a suitable
finite element approach and convergence of a corresponding iterative numerical method is
proven.

Furthermore, for graph targets homotopy problems are analyzed. For particular domain
spaces the existence of a minimizer of the nonlinear energy in a given homotopy class is
shown.

A smooth map f: M — N between Riemannian manifolds is called harmonic if its tension
field 7(f) := traceV(df) vanishes [Jos95]. Well known examples are harmonic functions
(N =1R), geodesics (M C IR) and minimal surfaces. Harmonic maps play an important role
in many areas of mathematics, see [EL78|, [EL88] for a survey. In the last decade, the study
of maps into more general target spaces was developed, e.g. [GS92], [JY93].
Korevaar/Schoen ([KS93], [KS97]) and Jost ([Jos94], [Jos97b]) independently began to de-
velop a theory of harmonic maps into metric spaces of nonpositive curvature in the sense
of Alexandrov (briefly: NPC spaces). These developments are based on the fact that a
canonical extension of the energy functional can be defined for maps with values in NPC
spaces. In the approach by Korevaar/Schoen, the domain space is still a Riemannian mani-
fold. In Jost’s approach, the domain space is a locally compact metric space equipped with
an abstract Dirichlet form, replacing the Riemannian manifold equipped with the classi-
cal Dirichlet form. Eells/Fuglede study harmonic maps between Riemannian polyhedra in
[EF01]. For recent proceedings in the more specific case of maps into Riemannian polyhedra
we refer to [Fug01], [Fug03a], [Fug03b]. Picard has investigated harmonic maps into trees
[Pic04].



2 Introduction

Besides Riemannian manifolds the most simple NPC spaces are metric trees and in partic-
ular trees with only one branchpoint (”spiders”). To study and understand the nonlinear
effects (e.g. on regularity and stability of harmonic maps) arising from negative curvature
one may restrict oneself to these prototypes of NPC spaces.

In the first two parts of this work we will study the nonlinear Dirichlet problem for harmonic
maps with values in spiders and trees. These studies yield the main module for the analysis
of the nonlinear Dirichlet problem for maps into graphs which is done in the last part of this
work.

In the first chapter, we analyze the nonlinear Dirichlet problem for harmonic maps v : M —
N from a measure space (M, m) with a local regular Dirichlet form on it into a spider N.
Spiders are the simplest examples of trees, they consist of one branchpoint and a finite
number of edges.

Let (M, m) be a measure space with a local regular Dirichlet form £ on it with generator
A and semigroup e given by a semigroup of Markov kernels p,. We will define a canonical
extension &y of the energy £ for maps v : M — N using the semigroup p; by

En(v) = limsup% /M /M 2 (0(x), v(y))pe(x, dy)m(dz).

t—0

This definition yields the identity

> Elv) = En(v), (1)

whereby v; : M — IR is the projection of v on the i-th edge of the spider N. If the operator
A is the Laplace operator A on IR* then one has

En(v) :Z/}Rk Vo, |2,

The nonlinear Dirichlet problem for a given map g with Ex(g) < oo and a subset D C M is
to find a map u with w = g on M\ D which minimizes the nonlinear energy Ey (either on M
or, equivalently, on D). Such a map is called harmonic on D. Conditions for the existence
and uniqueness of a solution to the nonlinear Dirichlet problem will be given.

In the special case M = IR?, £ being the classical Dirichlet form on IR?, D being a polygonal
set we will define a numerical algorithm to solve the nonlinear Dirichlet problem.

Within this case, we fix suitable triangulations 7;, of D and define a discrete nonlinear energy
ER for maps v, : N, — N, whereby N}, denotes the set of vertices of the triangulation
7,. This yields a discrete nonlinear Dirichlet problem, i.e., for a map ¢ : IR*> — N with
En(g) < oo one searches a map @ : N, — N with @, = g on 9D N N, minimizing the
discrete nonlinear energy £%. For the construction of the algorithm solving this problem we
mainly use the fact that the maps which minimize the discrete energy can be obtained by
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iteration of nonlinear Markov operators. The latter are defined as barycenters of discrete
probability distributions on the spider.

Furthermore, we define a prolongation operator J, which extends maps defined on the ver-
tices to maps defined on the whole domain D in such a way that

En(In(n)) < EN () + Rgp — En(u) b — 0,

with a nonnegative constant 17, p only depending on the polygonal domain D, the regularity
of the triangulation 7;, and the map g. From this the L2-convergence of Jy,(u;) to the
solution w of the nonlinear Dirichlet problem follows as a straightforward consequence.

In addition, we discuss a generalization of the nonlinear energy for maps with values in a
spider with a countable number of edges.

In the second chapter, we will study the nonlinear Dirichlet problem for harmonic maps
v: M — N from a measure space (M, m) with a local regular Dirichlet form on it into finite
trees.

Given a measure space (M, m) with a local regular Dirichlet form £ on it with generator
A and semigroup e given by a semigroup of Markov kernels p;, we will define a canonical
extension &y of the energy £ for maps v: M — N by

Exv):= sup Tmsup / / ()i, dy)m(dz) (2)

peCe (M) t—0

0<p<1
with C.(M) being the set of all continuous functions on M with compact support. We will
prove

= Z Phcvy> (M

whereby v; : M — IR, is the projection of v on the i-th edge of the tree N and p,, > is the
energy measure of v;. Note that hence definition (2) is consistent with the previous definition
(1) for the case of a spider N. Again, if the operator A is the Laplace operator A on R*
one has

_ 12
_Z/]RJVM.

To study harmonic maps into trees, Picard (cf. [Pic04]) presented another definition of
nonlinear energy:

En(v) = sup{E(¢ o v) : ¢ non expanding}.

We will prove that our definition of nonlinear energy coincides with the definition of Picard.
Furthermore, we will show in the special case M = IR¥ or M a Riemannian manifold and &
the classical Dirichlet form the equivalence of our nonlinear energy to the nonlinear energy
given by Korevaar/Schoen in [KS93].
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The nonlinear Dirichlet problem for a given map g with Ey(g) < oo and a subset D C M is
to find a map u with @ = g quasi everywhere on M\ D where @, § denote quasi continuous
versions of u and g, resp., which minimizes the nonlinear energy £y. We will present condi-
tions for the existence and uniqueness of a solution to the nonlinear Dirichlet problem.

In the special case M = IR?, £ being the classical Dirichlet form on IR?, D being a polygonal
set, we will extend the numerical algorithm from the first chapter to solve the nonlinear
Dirichlet problem for maps with values in finite trees.

Finally, we discuss a generalization of the nonlinear energy for maps with values in trees
with a countable number of edges.

In the last chapter, we will study graph targets. Let (M, m) be a compact measure space
with universal cover M and with a local regular Dirichlet form £ on L?(M, ) given by a
semigroup of Markov kernels p,. In addition, let (N, d) be a graph with a finite number of
edges.

Before we define the nonlinear energy for maps v : M — N we will study equivariant
mapping problems. This is motivated by the fact that any continuous map v : M — N lifts
to an equivariant map o : M — N, whereby the universal cover N of the graph N is a tree
with a countable number of edges.

Given an equivariant map o : M — N we say that two projections v; and v; are equivalent
(0; ~ v;) if there is an element v of the group of covering transformations of M such that
0; = ¥; o . This yields an equivalence relation on the set of all projections v;,7 € IN, and
if there is a projection ¥; € Djo.(€) we will prove for all projections v; with ©; ~ ¥; that
1~}j € Dloc(8> and

fr<o>(M) = N<z7j>(M)-

Therefore, we define the nonlinear energy function £y for an equivariant map v : M — N

by

Ex(0) == Z M<@i>(M

ﬁiEF(ﬁ)/N

whereby IF(0) denotes the set of all projections of ©. We will show that for any fundamental
domain M, for M, in M such that M, is compact and M, has measure zero one has

= Z H<;> (MO)

1€IN

Furthermore, in this context the nonlinear Dirichlet problem for a given map g with £4(g) <
oo and a subset D C M is to find a map @ which minimizes the nonlinear energy £5. We will
present conditions for the existence and uniqueness of a solution to the nonlinear Dirichlet
problem using results from the second chapter.
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In the next step, we define the nonlinear energy function £y for a map v : M — N which is
the projection of an equivariant map v : M — N by

Exv) = Ex (D).

In addition, we define the nonlinear Dirichlet problem for graph-valued maps and we obtain
conditions for the existence and uniqueness of a solution.

Finally, we will analyze homotopy problems. Given a continuous map g : M — N denote
the homotopy class of g by Hom(g). Now, one looks for a map u € Hom(g) which minimizes
the nonlinear energy function £y in this class, i.e.

En(u) = min En(v).

veEHom(g)

In the special case that M is a compact manifold with OM = () and that p, is the heat
semigroup on M we will show for any given continuous map g : M — N the existence of
such a minimizer in Hom(g). For the proof, we will show that for any map v € Hom(g)
our definition of nonlinear energy coincides with the energy definition introduced by Kore-
vaar/Schoen in [KS93]. Similar results will be obtained in the case that M is a Riemannian
polyhedron.

In the appendix of this work, we will discuss the equivalence of various locality properties
for regular Dirichlet forms, e.g. in the sense of Fukushima (cf. [FOT94]) and in the sense of
Bouleau/Hirsch (cf. [BH91]).

Overview

The major points of this work are

e the definition of the nonlinear energy for maps with values in trees and graphs as a
canonical extension of a given energy,

e the "energy decomposition” of the nonlinear energy,

e the comparison of our nonlinear energy with other possible definitions of nonlinear
energy,

e the analysis of the corresponding nonlinear Dirichlet problem,

e the construction of a numerical algorithm to solve the nonlinear Dirichlet problem,
e the proof of convergence of this numerical method,

e implementation of the algorithm, visualization of the resulting maps, and

e the analysis of homotopy problems.
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These points will be presented in different generality (related to the target).

Nonlinear Energy: The definition of the nonlinear energy for maps into spiders and trees
is given in Section 1.1 and Section 2.1, resp. In Definition 3.10 we define a nonlinear energy
function for equivariant maps with values in the universal cover of a graph and we prove
that this energy function is equivariant (cf. Theorem 3.11). The nonlinear energy of a map
with values in a graph is given by the energy of the equivariant lift of this map (see Section
3.2).

Energy Decomposition: In Theorem 1.3 and Theorem 2.7 the energy decomposition
for maps into spiders and trees, resp. is given.

Comparison: For maps into trees, we show that our definition of nonlinear energy coincides
with the nonlinear energy defined by Picard (cf. Proposition 2.12). Further comparison re-
sults for tree and graph targets with the nonlinear energy defined by Korevaar/Schoen are
given in Proposition 1.5, Subsection 2.1.1 and Theorem 3.21.

Nonlinear Dirichlet Problem: For spider, tree and graph targets we consider the non-
linear Dirichlet problem and we present conditions for the existence and uniqueness of a
solution (cf. Section 1.2, Section 2.2 and Subsection 3.2.1).

Algorithm: To solve the nonlinear Dirichlet problem for maps from a two dimensional
Euclidean domain into spiders and trees numerical algorithms are developed in the Subsec-
tions 1.3.1 — 1.3.2 and the Subsections 2.3.1 — 2.3.3, resp.

Convergence: For both numerical methods the convergence is proven in Subsection 1.3.3
and Subsection 2.3.4.

Implementation: In Subsection 1.3.4 we discuss the expected order of convergence of
the numerical algorithm in the case of a spider target. Furthermore, for spider and tree tar-
gets we present visualizations of solutions to the nonlinear Dirichlet problem in Subsection
1.3.4 and Subsection 2.3.4.

Homotopy problems: For graph targets homotopy problems are analyzed in Subsection
3.2.2. For particular domain spaces the existence of a minimizer of the nonlinear energy in
a given homotopy class is proven.



Chapter 1
Spiders

In this chapter, we analyze harmonic maps v : M — N from a measure space (M, m) with
a local regular Dirichlet form &€ on it into a spider (IV,d). Let A be the generator of £ and
let the semigroup e? be given by a semigroup of Markov kernels p,. We define a canonical
extension &y of the energy £ for maps v: M — N by

evte) =timsw o [ [ @ (ola). o)l dpmido)

t—0 2t

One of the main issues is the following ”energy decomposition”

> E(w) = En(v),

whereby v; : M — IR is the projection of v on the i-th edge of the spider V.

Defining the nonlinear Dirichlet problem as a minimizing problem of the nonlinear energy we
present conditions for the existence and uniqueness of a solution to the nonlinear Dirichlet
problem.

Another important point is the development of a numerical algorithm to solve the nonlinear
Dirichlet problem for maps from a two dimensional Euclidean domain into a spider. For this
we discretize the problem using a suitable finite element approach and an iterative numerical
method to solve the discrete problem is constructed. Furthermore, we define a prolongation
operator which extends the discrete maps to maps on the whole domain and we prove the
L2-convergence of the extended discrete solutions to the solution to the nonlinear Dirichlet
problem using finite element projection techniques.

Throughout this chapter, we fix a o-finite measure space (M, m) and a regular Dirichlet form
(€, D(E)) on L*(M,m). Moreover, we assume

(A1) (€,D(€)) is local, that is, v,w € D(E), supplv] and supp|w] are compact, v = 0 on a
neighbourhood of supplw] = &(v,w) = 0.

(A2) The semigroup (7});>¢ corresponding to the Dirichlet form (£, D(€)) is given by a
semigroup of Markov kernels p,(z, dy).
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Remark 1.1

(i) Assumption (A2) is always fulfilled if M is a locally compact separable metric space,
and the regular Dirichlet form (€, D(E)) is conservative. In particular, this assumption
is fulfilled for M = IR* with m being the Lebesque measure A on IR¥, and (€, D(E))
being the classical Dirichlet form, i.e. E(u) = [pr |[Vul?dA.

(i) The assumptions (A1) and (A2) yield that for functions v,w € D(E) with v-w =0
a.e. it holds E(v,w) =0 (cf. Appendiz A.1).

Throughout this chapter, fix n € IN and denote the set {1,...,n} by I. We define the
n-spider as the metric space (N, d) where

N:={@,t):iel,teRy}/ ~
with (4,0) ~ (4,0) for every i,j € I. A distance d is defined on N by

a((3. ), (1) ={ st ifi=

s+, otherwise.

Figure 1.1: The 5-spider

Additionally, we consider the following functions defined on N by

| . i, ift#0
c: N—TuU{0}, (i,t) — { 0, otherwise,

m: N — 1Ry, (i,t) — t
and
;0 N — Ry, (i,8) +— & -t

In the sequel, we use the decomposition ;e g0y Vi of N, with Ny := o := {(1,0)} and
N; :={(i,t) : t € Ry},7 € I. In this way, to each measurable map v : M — N one may
associate a family of functions v; : M — IR, € I, defined by

Vi == T; O0.

The number 7(x) plays the role of the modulus of  and ¢(z) is a generalization of sgn(x)
and interpreted as colour of x.
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Remark 1.2 [fn =2 then N, Ny and Ns can be identified with IR, IR, and R_, resp. Then
the functions c(z), n(x), m (z), mo(x) coincide with sgn(x), |x|, x4, z_, resp. and vi(x), ve(x)
coincide with vy (x),v_(x).

1.1 Nonlinear Energy

In this section, we define the nonlinear energy for maps with values in an n-spider using the
semigroup ps.

Given a measurable map v : M — N we define the nonlinear energy function &y by

En(v) —hmsup—/ / d*(v y)pi(z, dy)m(dz) (1.1)

t—0
with D(Ex) := {v : M — N measurable: Ex(v) < co and v; € L*(M,m), Vi € I}.

Theorem 1.3 For each map v: M — N the condition v € D(Ey) is equivalent to

v, € DE), Viel and Zé'(vi) < 00.

el

In this situation, for each v € D(En) the following equalities hold

evw) =tz [ [ E). o) dpmids) (12)
- > ew) (13)

with

~ i o / / i) — v3(y)[Pps x, dy)m(de).

For a detailed proof see Section 1.4.

Corollary 1.4 On IR* with the Lebesque measure X, let (£, D(E)) be the classical Dirichlet
form. For all v € D(Ex) one has

Z/ Vi 2. (1.4)

el

In the next proposition, we will show that our notion of nonlinear energy coincides with the
notion of nonlinear energy introduced by Korevaar/Schoen.
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Proposition 1.5 In the situation of Corollary 1.4, our definition of the nonlinear energy
En coincides with the definition of energy introduced in [KS93]. That is, for all measurable
v:IR¥ = N one has

ent) = gty [ [ ot v

r—0 TJH‘I

where

k k = k2
= I'(k/2) = 47rk/2/ x exp(—x)dx

and o, denotes the surface measure on the sphere 0B, (z).

Proof: Let us define for t > 0 and measurable maps v : R¥ — N

Elv) = o /}R k /IR P (o(a). o(y)pi(. dy)\(d).

Using the definitions and notations of [KS93] it holds

gt ( _ d2 k/2 |z — y|2
v() = (y))(2mt) "< exp T dydx
R JRE

L[ e (5)- ([, ot
!

J/

~
rk+le.(x)

[ e\ 2t r? 1
/0 <§) o OXP (_ﬂ) ey (x) - . dr| dx

[SlE

Y
:/ /Ooo(r?)’é+1 e (- 2)-em,r(x)-%dr}dm

= o /m k [ /0 N em,,(g;)u(dr)] dz

with

and

& 1
— k+1 2 d
o /07‘ g esp (%) dr

The measure v is a probability measure on IR. Furthermore, using substitution and partial
integration one can show

k
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Now, we define for a sequence (o,), \, 0 the probability measures

+
e r\ 1 r? 2\ 1 4 Ly
v (dr) _a o —72 OXP “z) o, —72 OXP o2 e r

with

One can assure
supp|vy] C [0, 2]

by choosing o, sufficiently small. Moreover, by monotone convergence it follows

/}Rk {/OOO Gg.r(ﬂf)%(dﬂ} — /IRk {/OOO 6@_r($)u(d7’)} . (1.5)

In addition, by Theorem 1.5.1 in [KS93] the limit

lim [ / e m (x)un(dr)]
t—0 IRk 0 on T

exists for all n and coincides with

1 ,
lim —— /}R k /a oy O V) (A,

r—0 pk+1

Hence, (1.5) yields the claim. O

1.2 Nonlinear Dirichlet Problem

The nonlinear Dirichlet problem for a given map g with Ex(g) < oo and a subset D C M is
to find a map u with u = g on M\ D which minimizes the nonlinear energy Ey.

Definition 1.6 (Nonlinear Dirichlet problem) Given a map g € D(Ex) and a set D C
M, let us define the class of maps

Vn(g) :=={veD(EN):v=g m-a.c. on M\D}.
A map u € Vy(g) is called a solution to the nonlinear Dirichlet problem for g whenever

En(u) = uer{l/}vr(lg) En(v).
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Remark: A refined definition of the Dirichlet problem would require to replace the class
Vn(g) by f/N(g) :={v € D(Exn): = g quasi everywhere on M\ D} where v, § denote quasi-
continuous versions of v and g, resp. However, in the next sections in our application both
classes coincide since D always will have a "nice” boundary.

The next result states a sufficient condition for the existence (and uniqueness) of a solution
to the nonlinear Dirichlet problem in terms of the so-called linear spectral bound Ap of an
open set D C M, that is,

Ap := inf {E(U) v € Lg(D),/

Mzﬂdm = 1} (1.6)

where L3(D) := {v € L*(M) : v =0 m-a.e. on M\D} and &(v) := +oo if v & D(E).

Theorem 1.7 Given an open set D C M such that A\p > 0, there exists a unique solution
to the nonlinear Dirichlet problem for any g € D(En).

Proof: Let L?*(M, M,m) denote the space of all square integrable functions v : M — IR
with the usual Hilbertian norm || - ||2. For D € M we put L3(D) := {v € L*(M) : v =
0 m-a.e. on M\D} regarding as a subspace of L*(M).

For measurable maps v, 0 : M — N we define the (pseudo) distance dy(v, ) := ||d(v, ?)|| Lz,
where d(v,v)(z) := d(v(x),0(x)), and for a fixed measurable map g : M — N the space of
maps L?(D, N, g) by

L*(D,N,g) :={f : M — N measurable : d(v, g) € L3(D)}.
It holds Vx(g) € L*(D, N, g). For all v € L*(D, N, g)\Vn(g) we put Ex(v) := oco.

The metric space (N, d) has nonpositive curvature in the sense of A. D. Alexandrov, that is,
for any two points 79,71 € N and any ¢ € [0, 1] there exists a point 7, € N such that for all
ze N

d*(z,m) < (1= t)d*(2,70) + td*(z,m) — (1 = t)td*(y0, 1)
For any two geodesics v, ¢ : [0,1] — N and any t € [0, 1], the previous inequality leads to

(e, p1) < (1= )d* (0, o) + td* (1, 1) — (1 — 1) [d(v0,71) — d(00, 1)) (1.7)

(cf. Korevaar/Schoen [KS93], Jost [Jos94]).

The set of maps Vy(g) is convex, whereby the geodesic v; connecting two maps vy, vy €
Vn(g) is defined pointwise as follows: for each x € M, t +— v;(x) is the (unique) geodesic
(parameterized by arc length) connecting vy(z),v1(z) € N.

To prove the existence of a unique minimizer u of the energy Ey on Vi (g), first we show
that Ey is lower semicontinuous on L?(D, N, g) and strictly convex on Vy(g).
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Given vg,v; € Vy(g) let v, be the geodesic connecting vy and vy. Inequality (1.7) with

v = vi(z) and ¢y = vy(y) yields

d*(vi(x),vi(y) < (1= 8)d*(vo(@), vo(y)) + td*(v1(2), v1(y))

—t(1 = t)[d(vo(x), v1()) — d(vo(y), v1(y))]*.

Integrating both sides w.r.t. p,(x, dy)m(dz) gives
Ex(ve) < (1 =1)EX (vo) + tEX (v1) — (1 = £)tE°(d(vo, v1)),

whereby for each s > 0

Exlv) = 25/ / d*(v Y))ps(z, dy)m(dz)
25/ / |£(2) = £(y)Ppa(, dy)m(dz).

Furthermore, v, v € Vy(g) implies d(v,0) € D(E). Indeed,

and

E(d(v,v)) < 2EN(v) 4+ 2EN(D)
|d(v(z), 0(x)) = d(v(y), 0(y))| < d(v(x),v(y)) + d(0(x),0(y)).
Taking limsup,_,, in (1.8) yields
gN(Ut) S (1 - t)gN(U()) + th(Ul) - (1 - t)tg(d(’l}o, 1)1)),

because £(d(vy, v1)) = im0 E*(d(vg, v1)).
On the other hand, by spectral theory, one has

£, 0) 2 A [ d(ola). o) m(do)
M
where X := A\p > 0 by assumption. Thus inequality (1.9) implies

Enlvy) < (1= )Ex(vo) + tExn (1) — (1 — )t - (v, )

(1.8)

(1.10)

showing that Ey is strictly convex on Viy(g). To prove that Ey is lower semicontinuous, let

us define for all v € L?*(D, N, g) and ¢ > 0

&) =g [ o) - uPale dpmido)

el
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For each fixed t > 0, éfv : L*(D, N, g) — IR, is continuous. Indeed, by the triangle inequality,
for every v,0 € L*(D, N, g) and § > 0 we have

&) < %Z | 1) = )+ 650) = 500 + 50 = )P ()

< (498 +70+ DD [ Inle) = o) Pm(da)
< (L+AED) + L0+ 2B, D)

Furthermore, £4(v) is non-decreasing as t decreases (see e.g. [FOT94]).
Hence,

~ s St

is lower semicontinuous on L?(D, N, g) and due to Theorem 1.3, En coincides with Ey on
L*(D, N, g).

Now let (vy,)n be a sequence in Vi (g) with lim, o En(v,) = infyevy () En(v) =: . Then for
n,k — oo (see (1.10))

a < 1<€'N(Uk) +l En(vy) —lAdg(vn, Vg).
2~ 2 — 4

Consequently, da(v,,v;) — 0 for n,k — oo, i.e., (v,), is a Cauchy sequence in L*(D, N, g).
Therefore, there exists u = lim,,_.o, v, € L*(D, N, g). Moreover, liminf, .., Ex(v,) > En(u)
by the lower semicontinuity of &y on L?(D, N, g).
Hence, u € Vy(g) and u is the minimizer of Ey on Vy(g).
Uniqueness: Assume that En(ug) = En(ur) = infyevy ) En(v) = a. Inequality (1.10) yields

1 1

1
a <En(uip) < ca+ -a—

=5 5 4)\6@(“0,11/1)

implying d3(ug,u1) = 0. O

1.3 Nonlinear Dirichlet Problem for Polygonal Domains
in R*

In the special case (M, m) = (IR?, \) with the corresponding classical Dirichlet form &£ and
D c TR? being a polygonal set we will define a numerical algorithm to solve the nonlinear
Dirichlet problem.

For this, we fix suitable triangulations 7, of D and define a discrete nonlinear energy £% for
maps v, : N, — N, whereby N, denotes the set of vertices of the triangulation 7,. This
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yields a discrete nonlinear Dirichlet problem, i.e., for a map g : IR? — N with Ex(g) < oo
one searches a map uy, : N}, — N with @, = g on 9D NN}, minimizing the discrete nonlinear
energy £%. We construct an iterative numerical method to solve this problem. Furthermore,
we define a prolongation operator J, which extends maps defined on the vertices to maps
defined on the whole domain D in such a way that

5N<Jh(ah)) S 5]}\?(ﬂh) + R97D — (9]\](16) h — O,

with a nonnegative constant 17, p only depending on the polygonal domain D, the regularity
of the triangulation 7;, and the map g. From this, the L?-convergence of Jy,(u;) to the
solution u of the nonlinear Dirichlet problem follows as a straightforward consequence.

1.3.1 Discrete Nonlinear Dirichlet Problem

In the sequel, let us suppose that an admissible and regular triangulation 7}, of the polygonal
D in the sense of [Cia78] is given. In addition, we suppose the triangles to be “acute”. This,
means that all interior angles of all triangles of 7, are less than or equal to 7. Finally,
we assume that for the map g € D(Ey), specifying the boundary values for the nonlinear
Dirichlet problem, 7 o g is the modulus of a linear function on the boundary faces of 7.

For this situation we define, a discrete nonlinear Dirichlet problem which unique solution is

used to approximate the solution of the ”continuous” nonlinear Dirichlet problem.

However, before we start to discuss the nonlinear case, we will have a closer look on the
linear case.

In the sequel, N}, = {x1,...,2;} denotes the set of all vertices of the triangulation 7. We
divide N, into two disjoint sets

./\D/’h = Nh\ﬁD and N,? = Nh N 6D
Definition 1.8 We denote by V" the standard space of piecewise affine finite elements on

T and by {#%,1 < i <1} the corresponding nodal basis of V", see [Cia78]. Furthermore, we
define a Markov kernel p on Nj, by

_ (V4},V4}) S
Va;, x; € N, p(gji,q;j) = (Vi Vi) if @ .(JUJ,
0, otherwise,

where x; ~ x; means that there is an edge connecting x; and x; and we define a measure [
on Ny, by

Vi, € N () == (Vi Vi).
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Remark: Due to the assumptions on the triangulations 7;, one has (V¢! , ngi) < 0 (cf.
[Tho97]). Furthermore, it holds 22:1 ¢ =1 and for i € {1,...,1} one has

l

0=(VLVe,) =Y (V).V}

J=1
which yields

l @1, Vi)
T 2Tl NT p(ay, ).
SRR AR

Lemma 1.9 Given a function vy, € V", for all 1 <i <1 define v} := vy (z;). Then

l l

/ IVo|* d\ = 222 =)l o) () (1.11)

=1 j5=1
and, moreover,

/ Totdr = — 3 Z on(a?) — vn(a1))? / VTV ), (1.12)
T

TeT, =0
1<j

whereby xl, 2T 2l € N, denote the vertices of a triangle T € T;, and qﬁ;’lT denote the corre-
sponding elements of the standard basis.

The difference between formulas (1.11) and (1.12) is that in (1.11) we sum over all vertices
of the triangulation and in (1.12) we sum over all triangles.

Proof: The identity v,(z) = Y\_, vii () leads to

% DD (W =) plas ) ()

i=1 j=1
l
= %(2 (v >Z[ (Vo4 Vol 423 3 ehed (Vo4 Vo))
i=1 =1 J=1
J#z J#

l
= 2.2 uivh(Vei, V)

= / ]Vvh\zd)\.
D

A similar procedure shows equation (1.12). O



Spiders 17

Now, we are going to extend our frame from functions v : M — IR to maps v : M — N
where N is the n-spider.

Definition 1.10 (Discrete nonlinear Dirichlet problem) Given a map g : 0D — N,
let us define

Ve(g) = {on: N = N 042) = gule) Vo € AP}

with gn(x) == g(z),Yo € N2. A map 1y, : Njy — N is called a solution to the discrete
nonlinear Dirichlet problem for g whenever uy, fulfills the following two conditions:

1. uy € V]\}}(g)

2. Ef(up) = min En(vy), where
U}LEV (9)
Ex(On) : Z d*(on(s), On(25) (i, 5) () (1.13)
zz z;EN,

is called the discrete energy corresponding to Tj,.

According to [Stu01] we have the following result.

Proposition 1.11 For each g : 0D — N there is a unique solution to the discrete nonlinear
Dirichlet problem for g.

Given the Markov operator p from Definition 1.8 we define another Markov operator py, on

Nh by

pr(Ty) = Ly (2)p(z,y) + Lyo ()00 (y),

where 1. denotes the indicator function of a set and dy,) is the Dirac measure with mass at
x.

In the sequel, for a given Markov operator ¢ on NV}, we denote by ¢ the associated nonlinear
Markov operator acting on each map v : N}, — N by

¢"o(z) = argmin Z d*(z,9(y))q(z,y),

2EN yEN,

see [Stu01]. In other words, if (X,,,P,) is a random walk with transition probability ¢ then
¢V o(z) = argmin IE,d?(z, 0(X1)).

zeN
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Proposition 1.12 For each v, € V(g) the following two conditions are equivalent:
1. pj\v/‘hT)h =y
2. vy, 18 a solution to the discrete nonlinear Dirichlet problem for g.

The proof follows closely the arguments used in [Stu01].

Remark:

1. In the linear case (i.e. N = IR), the matrix A with components A;; = p(x;)(0;; —
p(x;, x;)) is the well-known stiffness matrix and u), solves a corresponding linear sys-
tem of equations. Furthermore, the matrix () with entries Q;; = p(z;, x;) is the it-
eration matrix of the Jacobi algorithm. Thus, the algorithm itself coincides with the
corresponding Markov process (see below).

2. If v, : N}, — N is a map such that v, = pj\vfh@h, then on ./\th the map vy, is given by

op(z) = argmin{ Z d?(z, Eh(y))p(x,y)} , z € Np.

zeN yeN;,

To solve the discrete nonlinear Dirichlet problem, we construct a nonlinear Markov operator
Q in such a way that for each v, € V(g) one has

lim Qn@h = Up,.

n—oo

In order to define this nonlinear Markov operator (), let us first define the following Markov
operators p,. .., P, k = #Ny, and ¢:

p(z,y), ifr=z,and z ~y

pi(z,y) = 1, ifr#x,andr =y i=1,...,k
0, otherwise

q(z,y) = pro---opi(z,y).

Lemma 1.13 There exists an exponent r € IN such that
14" |oc00 = sup {||¢"0|]|cs : [|V]]oc = 1,0 =0 on /\/}?} < 1.

Proof: At first, consider v(z;) = v*(x;) = 1 for every interior nodes x;. In each step at least
one nodal value of an interior node decreases. Indeed, this is due to the averaging effect
of the application of p;(-,-) over neighbouring nodes. But there is only a finite number of
nodes. Hence, there exists a number of iterations » < k after which the initial value 1 on
every node has been decreased. Furthermore, we observe that v < vt implies ¢"v < ¢"v™.
Hence, we are done. O
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Remark: Based on an ordering of the nodes x € N, with increasing graph distance from
the boundary nodes on the edge graph of the triangulation we can achieve r = 1 in Lemma
1.13.

Definition 1.14 To eachi=1,...,k let p¥ be the nonlinear Markov operator associated to
pi. We define the nonlinear Markov operator () by

Q:=pyo---op.
Proposition 1.15 For each map v, € Vi (g) such that v, = Qvy, one has
Up(x) = argmin Z d*(z, o,(y))p(z,y) ¢, Vz € N
zEN yeN,

Proof: By construction of each p;, it follows that

p{vﬁh(ﬂf) _ ?rgminzeN{Zye/\/’h dz(zv th(y))p(x? y)}7 1f =TI
op(x), if © # x1.

and
pNou(m1) = vp(zy)  i=2,...k
for all vy, : N}y — N. The equation Qv = vy, leads to
Py On(w1) = On(21)
and the assertion follows for x; € /\7’;1. For z; € /\7’;1,2' > 1, the proof is analogue. O

Proposition 1.16 Let uy, be the solution to the discrete nonlinear Dirichlet problem for g.
Then for each vy, € V{(g) one has

lim doo(Q"0p,up) =0, where doo (U, W) == sup d(vy(z), wy(z)).
n—oo €N,

Proof: According to Theorem 5.2 in [Stu01] and Lemma 1.13
doo(Qr'Uha Qru_)h) S qu(d(@m u_)h))Hoo S quHoo,oo : doo(q_}fu /u_]h)

for all o, wy, € V{i(g). Hence, there exists a map w, € Vii(g) such that @, = Quwy, and for
all v, € V2(g) it holds

doo (Q" 0y, wp,) — 0 n— 0o

(cf. proof of Theorem 6.4 in [Stu01]). Therefore, by Propositions 1.11, 1.12, and 1.15, one
obtains w;, = uy,. OJ
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Remark:

1. The previous construction combined with Proposition 1.16 yields the following algo-
rithm:

Up = g|/\fh
do
Wy = U,
for j=1tok

n(x;) = P} vn(x;) = argmin,c {3, (2, 0n(y))p(25,9)}
until (maxy,en;, d(vn(x;), wi(x;)) < EPS).

Here EPS is a user prescribed threshold value. This algorithm provides an approx-
imation to the exact solution @, of the discrete nonlinear Dirichlet problem for the
boundary value map g.

2. There is an easy way to calculate
argmin Z d*(z,x)q(z),
zeN zeEN

whereby ¢(z) is a discrete probability distribution on N with finite support.
For each i € I = {1,...,n} define the numbers

ri(q) ==Y _ d(o,x)q(x) and bi(q) :=ri(q) = Y _r;(q).
TEN; JeI
i
It holds b;(gq) > 0 for at most one i € I. If b;(¢) > 0 for any i € I one has

argmin Z d*(z,2)q(z) = (i,b:(q)).

z€EN 2N
On the other hand, if b;(¢) < 0 for all i € I it holds
argmin d*(z,x)q(z) = o.
s ;v (z,7)q(x)
1.3.2 Extending Maps on Vertices to Maps on the Domain

By means of a proper prolongation procedure, to each map in V2(g) we are going to associate
a map in Vy(g). In other words, each map o), which is defined on the vertices of the
triangulation 7, will be extended to a map vy, defined on the whole domain D, with almost
the same energy, i.e., for each v, € V2(g) we will verify that

51\/(7)}1) S EJF\L;(Z_J}L) + Rg’D,

with a nonnegative constant R, p only depending on the polygonal domain D, the regularity
of the triangulation 7, and the map g.
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As before, let us consider the sets D, 7, N, = {z1,...,2;}, and a map g € D(Ey). Given
a vector 7, € N our aim is to construct a contlnuous map v, : D — N, affine on each
triangle T' € 7, (or better affine on appropriate subtriangles of each triangle T), such that
vi = vp(x;) = vp(x;) for all i = 1,...,1. Hence, we will define vj, on each triangle T' € 7,
separately. Let T' € 7}, be given with vertices ag, ai, as. To define vy,|r we have to distinguish
the following cases:

{c(Un(a;))}jeq01,2)

#({c(tn(ay)
(i) #({c(on(a)))}jef0.2) and 35 € {0,1,2} : ¢(vn(ay
i) #({c(vn(a;)
#({c(On(ay)
#({c(vn(a))

(iii

{c(tn(a;))}ieqo,2y and 35 € {0,1,2} : ¢(vp(qy

) ) =
) ) = (vn(az)) =0
)}ieto.1,2}) and  Vj € {0,1,2} : ¢(n(ay)) > 0
) ) = (0n(a;)) =0
{c(On(a;))}jeq00,2)) =3 and Vj € {0,1,2} : c(vp(a;)) > 0

case (i):
We define an affine function [ : 7' — IR with l(a;) = 7(vn(a;)),5 =0,1,2 and for each x € T
we set vp|r(z) = (c(th(ao)), l(z)).

case (11):
Without loss of generality, we may assume that c¢(vy(ag)) > 0. Then we define an affine
function [ : " — IR by l(a;) := 7(tp(a;)),5 = 0,1,2 and for each x € T" we set vy|r(x) =

(c(vn(ao)), l(x))-

case (ii1):
Without loss of generality, we may assume that c¢(v,(ag)) = ¢(vn(az)). Then we define the
points ag; and a; 2 by

Qim1; = Vi1, + (1 — Y1) ai-1,

where

m(Un(ai-1))
m(vn(a;)) + m(vn(ai-1))
In addition, on the triangle T} := Aagjaia;2 we define an affine function [ : 77 — IR by
l(ay) :== m(op(a1)),l(ap1) == l(a12) := 0 and on Ry := T\T} we define a bilinear function
b: Roa — R by b(ag) := 7(vn(aog)), b(as) := m(vn(az)),b(ag 1) := b(ai2) := 0. Then we set

_ | (e(on(ar)),l(z)), fzel
vnlr(z) = { (c(Tn(ag)),b(z)),  if z € Rys.

ie{l1,2}

Yi-1,i =

case (iv):
Without loss of generality, we may assume that ¢(v;,(a1)) = 0. We define the point ag 2 by

7(vn(az))
ao2 = 70200 + (1 —702)az,  where 79, m(vn(ao)) + m(vn(az))
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and we construct on the triangles Tj := Aagajag2 and T5 := Aqggzaias two affine functions
lo . TO — IR by l(&o) = W(@h(ao)),l(&l) = l(ao’g) = 0 and l2 . T2 — IR by l(ag) =
7(vn(az)),l(ar) :==l(apz) == 0. Then we define

oplr(2) ;:{ (c(tn(ao)), lo(x)),  ifweTh
" (c(On(ag)), l2(x)),  if z €.

case (v):
In the sequel, we interpret all the indices i as ¢ mod (3).
We define the points ;41,7 € {0,1,2} by

Qiir1 = Yiit10i + (1 = Yiig1) @it
where

- T(0n(@it1))
iyi+ W(ﬁh(ai)) + W(ﬁh(ai—&—l))

and on the triangles T; := Aa;a; ;+1a;,+2,7 € {0, 1,2} we define the affine functions {; : T; —
IR, l,(az) = W(@h(ai)), lj(a,z'7z‘+1) = lj(&@ﬂ.g) = 0, for 7 € {0, 1, 2}
Moreover we define T 1 2 := Aag 1002012 and we set

{ (c(on(a), li(z)), ifzeT ie{0,1,2}
(1,0), if S TO’LQ.

ie{0,1,2}

vp|r(z) =

The five cases described above are graphically summarized in the following figures. In all
these cases, points of the spider are described by a colour (é axis) and a height (é distance
from origin). The black colour describes the origin.

Figure 1.2: case (i) Figure 1.3: case (i7) Figure 1.4: case (i)

Figure 1.5: case (iv) Figure 1.6: case (v)
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Definition 1.17 We define an injective mapping Jy, : Vi(g) — Vn(g) by
Jn(0n) (1) = { (), ifx €D

g(x), otherwise,
for v, € VE(g). In the sequel, we will denote the prolongation Jy,(vy) of vy, just by vy.
Remark: Note that for each v, € V(g) one has

/ |V (7;(vp))|2d\ < oo, Vie{l,...,n}
D
and

vp(x) = g(z), Vo € R*\D.

Therefore, vy, is well defined as an element of the space Viy(g). In fact, according to Corollary
1.4 one has

exton) =3[ [ I9tra+ [ 9k

Proposition 1.18 For every v, € Vi(g) one has
EN(Uh) < g]}\L[(l_)h) + Rg,D, (114)

where

Ry,p _2/2\]3 9))%dA. (1.15)

Proof: Observe that due to (1.12) the discrete nonlinear energy £%(7,) may be rewritten as

El(vy) = Z Z d?(on(z:), On(z5) /qu Vel dn.

TGTh Tq,Tj eNy,

By the definition of J, and Corollary 1.4,

Ex(on) = i[/ﬁwy (2 (0n) ]—i—Z/]vah ]

i=1 TeT,

= gD+ZZ/|V7r,vh

TeT, i=1
Thus, the rest of the proof amounts to show that for each T" € 7, with vertices ag, ay, as
with v} := vy(a;),i € {0, 1,2}, the following inequality holds:

> / V(o) dA < —d(vp,vp) / Vo Ve d\
1 JT T

~#(uho) [ Vorvean

—d*(v),v}) / Vo Ve d. (1.16)
T
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By the definition of J,, to each v, € VI one has to prove (1.16) for the five different
cases described at the beginning of this section. The cases (i) — (iv) can be reduced to the
well known linear case, holding the equality in (1.16). Indeed, if at most two colours are
involved we can apply the identification discussed in Remark 1.2. To treat the case (v), let
us introduce the notation o; = ¢(v}),i € {0,1,2}. We obtain

n 2
3 / Vo) dr =3 / Vo, (o) dA.
j=1 =0 i

For i = 0, 1,2 one obtains V7, (v,) = f3; for some constant 3;. Hence,

T,
/Ti Vg, (0p)|* dX\ = A(T)

Furthermore, 5; = Vw}, where w} is affine on T with nodal values w}(a;) = mq,(v}) and
W (A1) = —Tayy, (V) again due to the identification in Remark 1.2 on distinct edges.

Hence, by formula (1.12) we obtain

wh[* dA

A(T;
[ 9t ar = 55
— |:d2<vh’ Z+1)/v¢’;LTv¢Z+1Td>\ + d?( Z+1 l+2)/v¢l+lTv¢1};L+2,Td)\

P [ O AT, ie p.1,2)

which completes the proof, since \(Ty U Ty UTz) < \(T). O

1.3.3 Convergence

In what follows, we will consider a sequence of successively refined, regular triangulations
75, and ask for the convergence of the resulting discrete harmonic maps u;, € Vy(g) to the
solution u of the continuous problem for h — 0. For the ease of presentation, we here restrict
to homogeneously refined meshes, i.e. we assume

min h(7T) > ¢ max h(T')

TeTy TeT,
with h(7T") = diam(7"). In our applications we generate the sequence of triangulation applying
an iterative subdivision of triangles into four congruent triangles [Bra92]. In the sequel p
resp. p denote the Markov kernel resp. the measure defined in Subsection 1.3.1 corresponding
to the given triangulation 7. Furthermore, we will use a generic constant C.

Theorem 1.19 Let uy, be the solution to the discrete nonlinear Dirichlet problem for a map
g as described above and let Jy, : VI(g) — Vn(g) be the mapping defined in Subsection 1.3.2.
Then

h—0
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For the proof of Theorem 1.19 we need a couple of preliminary definitions and lemmata.

Definition 1.20 For a triangulation 7;, we define the set
SiZ:U{TEIZ;lZ.TiET}, l‘iGNh
called the patch for the vertex x;.

Definition 1.21 Given a functionv € H"?(D), let p; be the local L*-projection of v|s, to the
set P1(S;) of all affine functions on S;. The corresponding Clement interpolation operator
1y, is defined by

l
Thv = sz(xz)gbz :
i=1

In [Cle75] this interpolation operator is discussed and interpolation error estimates are proven
in Sobolev norms. In what follows, we require interpolation error estimates in Hélder norms
given in the following Lemma.

Lemma 1.22 Suppose v is a Holder continuous function on D, i.e. for some0 < a <1 the
estimate |v(z) —v(y)| < Culx — y|* holds for all x,y € D, then there is a constant C; > 0
independent of h such that

| Zyv(z) —v(x)| < Cr- A%, Vx € D.

Proof: At first we show that for every S; the local L? projection p; defined above is Holder
continuous with respect to the Holder exponent a. Indeed, let us first fix a set S; and
consider candidates ¢ € Py for the best L? projection p; on S;. We observe that if | Vq|| >
C max, yes, |[v(z) — v(y)| for C large enough, then the constant function ¢ := |S;|™* sz- v
leads to a smaller projection error. Hence, we immediately observe that || Vp;|| < Ch®. Due
to the regularity of the triangulation the constant C' can be chosen independent of 5; and
1. Next, we observe that by the mean value theorem there is a point y; € S; such that

pi(yi) = v(y;). Thus, we get
pi(z) —v(@)] < [pi(x) — pi(ya)| + [v(y:) —v(@)] < Cle— | < Ch.

Finally, on each triangle T' € 7}, the operator Z, is a convex combination of p; values. Thus,
we obtain the desired result. OJ

Due to our homogeneity assumption we obtain

Lemma 1.23 The total number ny, of triangles T € T;, with T NOD # ) may be bounded by
ny, < ch™?

with a constant ¢ independent of the triangulations.
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Proof of Theorem 1.19:

Since ¢ is Lipschitz continuous on 0D one has that the solution to the nonlinear Dirichlet
problem u is Hélder continuous with a > log, 3 (cf. [Ser94] and Proposition 1.5). In the
following, we will denote the Holder constant of the map u by C,. Now we define

No:={z € D :ux) =0}

and
N} :={y € D :dist(y, No) <v-h}
for a constant v > 0. Then
(m;(u) — 6p)F(x) =0 Vo € N}

holds for all i € {1,...,n} with J; := Coy* - h*.

By this construction we ensure that the black region (7 = 0) is a fat strip which is of the
minimal width 2v - h. Hence, choosing ~ large enough we are able to avoid an interference
of the involved local L? projections in the construction of a comparison function.

For each i € {1,...,n} we define I} ;(u) := Zp,((m;(u) — 64)"). It holds

1Zha(w) = (ms(w) = 80)Flho = v(h) =20 Vie{l,...,}

(cf. [Cle75] and Corollary 1.4). Moreover, one has

/D IV ((mi(uw) — 6,)F)PdX — /D \V(m(u))\Qd)\’ — 0 h — 0.
Thus, it follows

[ V@ @Pi < [ V)P s, (1.13)
where ((h) is converging to 0 for h — 0.

Observe that the functions (m;(u) — d,)%,1 < i < n, are Holder-continuous with the same
constants a and C,, as u. Hence, according to Lemma 1.22, the following inequalities hold
for each i € {1,...,n}, 2,y € T:

[T s () (@) = T () ()] < [T s(u) (@) — (mi(u) — 6,) " ()]

H(mi(w) = 0n) " () = (miu) — )" ()]
+H (i) = 0n)(y) = 5 s (w) (y)]
(2Cr+C,) - h”

IN

and

15 i(w) (@) = (mi(w)) (v)] 1Z5 s(w) (@) = Ty (w) ()] + 15 () (y) — (mi(u) = 0) " (y)]
+H(mi(u) = 0n) " (y) = (mi(w))(y)]

< |Zhi(w) (@) = i (W) ()] + (Cr + Cay*)h®

IN
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as well as

[(mi(w) (@) = (m(w)) ()] < [(m(w)(@) = T (W) (@)] + |Tp () (2) = T 5 (u) ()]
HZ i (u)(y) = (mi(u)(y)]
< T (@) = T () ()] + C - he

By means of Z} ;(u) one can now introduce a piecewise affine function & on D, which
obeys the imposed boundary conditions on the nodes. Thus, we define its nodal values:

T () (), if z; 0D
&' (w;) = { (m()(z,), ifa; €aD

for all z; € Nj,.

On any triangle T € 7, with TN 0D = () one has & = If”(u) Thus, to compare the
energy of £! with the energy of I,‘ii(u) it is sufficient to analyze the differences on ”bound-
ary triangles”. For a given triangle T' € 7;, with T'N 0D # (b, with vertices ag, ay, az, and
i€ {l,...,n}, we obtain

2
/T vty ST ek (a) — € a)P / VTV, dA

s,t=0
s<t

2
<Y () ~ T + €1 - [ 7T

s,t=0 T
s<t

2

> [t @) - Hwieor - [ Vv

s,t=0
s<t

IN

F2 T )(a) ~ T @)|C b+ (1]
< [ VTP Cpe
. :
where we have the scaling behavior of the local stiffness matrix in two dimensions
- [ véirvar <c.
T
for all triangles 7' € 7;, and nodes x;, z; € Nj,. According to Lemma 1.23 we obtain

h12 7y _ h|2 5 2 12
/D\vgiy d\ = Z/T\vgiy d\ < Z/T]V(Ih,i(u))\ d\+ny,-C-h (1.19)

TeT, TeT),
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for all : € {1,...,n}. Furthermore, we can estimate n, < ch™!' and, hence, n;, - C' - h** <
Ch**~1. Finally, we verify that 2a — 1 > 2log, 3 — 1 > 0.5849.. . Hence, the effect of our
correction in the neighbourhood of the boundary 0D on the energy tends to zero as h — 0.
Using the functions ! our aim is now to construct a map v, € V(g). For this purpose
we will use the fact that the functions I}f’i(u) are not interfering with each other and that
&M(z) = (mi(g))(z) for all z € N?. We define the map v, € V(g) by

() = { (]yf]h@)), if3je{l,...,n}: §Jh(x) #0

0, otherwise

for all z € NV,,. We observe that this definition is not ambiguous. Indeed, by construction
there is at most one j with £/ (z) # 0. B
Due to (1.12), the discrete nonlinear energy E%(1wy,) of a map w;, € V{(g) can be written as

Ex(imn) = 3 —% S @), wiw)) /T VoV

TeT, xi,Z‘jENh
N

:=Eh (o)

To obtain an estimate of the discrete nonlinear energy of o, we have to investigate EX(vy,) for
all T € Ty,. Let us denote by Hj, the set of all triangles T' € 7;, such that TNAD # () and there
exist two vertices x, y of the triangle T with x,y € 0D such that 0 # ¢(g(x)) # c(g(y)) # 0.
Due to our assumption on g, we know that #H; < C independent of h. We observe

no < { Sie Jr VG, T e T\M,
Er(vn) < { 2-30 [ IVER2AN, i T € Hy,

leading to
o) < X [verae 3 Y [ vetpan (1.20
i=1 TeT, /T i=1 TeH, T

Furthermore, we observe that E% (i) < E&(vy,) because 1, is the minimizer of the discrete
nonlinear energy £%. Hence, it follows

(L)
En(un) < En(un) + Ry p
< 51}\1/ (@h) + Rg,D
(1.200 2 n
< Z/ VEPAA+Y ) /|V§f‘|2d)\+Rg7D
i=1 YD i=1 TeM, VT
(1.19) n
< Z/ V(T () PaX+ > > / IVEM2dN+C - h* ' + R, p
i=1 YD i=1 TEHy, T
(1.18)
<

Z/}R 1 () P+ 6(h)

—
[
N

=

(C:N(U) + H(h)
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where
o) =3 3 / VEM2dN + C - B2 4 B(h).
i=1 TeH, /T

Obviously, 8(h) — 0 as h — 0. This yields the desired result limy,_.o En(ur) = En(u). O

Corollary 1.24 For h — 0 the discrete finite element solutions uy, converge in L* to the
solution u of the continuous nonlinear Dirichlet problem.

Proof: Given vy, v; € Vn(g) let v; be the geodesic connecting vy and v;. Then inequality
(1.10) in the proof of Theorem 1.7 yields

En(v) < (1 —=t)En(vo) + tEn(v1) — (1 — t)tAp - da(v, D) (1.21)

with A\p > 0 which shows that Ey is strictly convex on Vy(g).
Now, let uy ¢+ be the geodesic connecting v and uy. Then the last inequality yields

Enlu) < Exluyy) < %5N<u) + %SN(uh) _ }ldeg(u, ),
and, thus,
1 2
§ADd2(u,uh) < En(up) — En(u).
Hence, the claimed convergence follows from Theorem 1.19. 0

1.3.4 Numerical Results

Before we present a couple of numerical results for different boundary data, let us discuss
the expected order of convergence of the numerical method. Let us consider the following
explicit harmonic map. Let (N, d) be a 3-spider and D := [-2,2]> C IR®.. Then the map
u: D — N given by

(1, |23 — 3zy?|/10), if —7 <arctan(z,y) < —47/6
(1, |23 — 3zy?|/10),  if 0 < arctan(x,y) < 27/6

u(x,y) =< (2|23 — 3xy?|/10),  if —47w/6 < arctan(z,y) < 0
(2,]2% — 3zy?|/10), if 27/6 < arctan(z,y) < 47/6
(3, 2% — 3zy?|/10),  otherwise

is a harmonic function on D. Now, we define the boundary data ¢ as a Lagrangian interpo-
lation of u|gp onto the piecewise linear and continuous functions on dD. In particular, we
interpolate u at boundary nodes of the triangulations 7. Next, we have numerically solved
the corresponding discrete nonlinear Dirichlet problem and computed the norm of the error
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up, — u for a sequence of successively refined grids, with grid sizes h, = 0.21, 0.10, 0.06, 0.03.
Finally, we evaluate the experimental order of convergence

log || (un,,,) — m(u)|| —log || (un,) — m(u)]
log hy11 — log hy

EOC =

Y

where we either consider the L? or the H'? norm evaluated via numerical quadrature. The
following tables lists the corresponding results

| |lu— |z EOC | |ju—upl[m> EOC

0.21 6.838e-3  2.0071 3.119e-1 0.5665
0.10 1.620e-4  2.0023 1.066e-2 1.4924
0.06 5.171le-4  2.0004 6.011e-2 1.0049
0.03 1.611e-4  1.9877 3.336e-2 1.0043

Obviously, the EOC reflects a second order convergence in the L? norm and a first order
convergence in the H? norm and thus equals the expected convergence rate of the pure
interpolation error. Hence, we observe optimal convergence in the class of piecewise linear
approximations.

Figure 1.7 now shows the numerical results for different boundary data and Figure 1.8 depicts
a couple of intermediate results corresponding to different iteration steps of our numerical
method.

b
> & w

Figure 1.7: We depict various discrete harmonic maps v, € Vy(g) for different boundary
data g
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Figure 1.8: For different steps of our relaxation scheme we show intermediate results (from
left to right and from top to bottom the steps 0, 1, 5, 10, 50, 250 are displayed)

1.4 Proof of Theorem 1.3

For the proof of Theorem 1.3 we need a couple of preliminary definitions and lemmata. In
the sequel, we assume that assumptions (A1) and (A2) are fulfilled.

Lemma 1.25 Assume that n = 2. In this case N is equivalent to R and (Ex,D(En))
coincides with the given Dirichlet form (£, D(E)). In other words one has

E(u )—hm—/ / lu(z) — u(y)|* pi(x, dy)m(dz)  for each u € D(E). (1.22)

t—0 21';

Proof. The Dirichlet form (£, D(€)) may be characterized by

DE) = {u € L*(M,m) : lim%(u — Tyu,u) < oo}

t—0

and

E(u,v) = lim%(u — Tyu,v), u,veDE),

t—0
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see e.g. [FOT94], [MR92]. Assumption (A2) and the symmetry of the measure p;(x, dy)m(dx)
imply

%(U—EU,U) = %/M(u(x)—/Mu(y)pt(x,dy)) ~u(z)m(dz)

= [ (] omtedn - [ sonntean)m

_ // ) — 2u(w)uly) + v (y)pi(x, dy)m(da)

= — u(z) — u(y))? pi(z, dy)m(dz).
il ),

This is enough to prove this lemma, because for each v € L?*(M,m) the inner product

+(u — Tyu, u) is non-decreasing as ¢ decreases. O

Lemma 1.26 For all u,v € D(E) such that w-v =0 a.e. one has

lim = / / (y)pe(, dy)m(dz) = 0. (1.23)

t—0 ¢
Proof. Assumption (Al) and (A2) yield
E(u+v)=E(u) +2&(u,v) + Ew) = E(u) + E(v).

A direct application of the previous Lemma leads to the required result. U

Definition 1.27 For all u,v € D(E) such that u-v =0 a.e. we define the family of sets

D, = {xe€M:u(z)#0}, D, = {xeM:v(x)#0},
DU = M\(D,UD,).

Lemma 1.28 For all u,v € D(E) such that u-v =0 a.e., the following equalities hold

E(u) = 113327{/ / y)°pi(x, dy)ym(dz)
+2/M/M\Du 2)py(x, dy)m(dz) (1.24)

and

lim — / / y)pi(z, dy)m(dz) = 0. (1.25)

t—0 t
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Proof. Let u € D(E) be given. Then equality (1.22) yields

e =t [ [ )= ut)Fple. dyymids)

t—0 2t

_ ng[/ / ) pu(, dy)m(de)
/u/M\Du x)pe(z, dy)m(dz) + /M\Du/u y)pe(z, dy)m(dz)
o N / \Dqut<x,dy>m<dx>]
_ %[/ / )i, dy)m(de)
42 / u /M e dy)m (da:)}.

This proves the first assertion. The second one is a consequence of Lemma 1.26. Indeed, we
obtain

11—{%15/ / (Y)pi(, dy)m —1138 // (y)pe(z, dy)m(dx) = 0.

Remark 1.29 For all u € L?*(M,m) the function

2t [// I*pe(x, dy)m(dz)

+2/u/M\Du 2)pi(z, dy)m(dz)

s non-decreasing as t decreases. Moreover, the condition
ueDE)

1 equivalent to the condition

gnQ—t[/ / u ) pi (=, dy)m(dz)

+2/ / (x)pi(z, dy)m(dz)| < 0.
u M\Du

Proof of Theorem 1.5:

Given a measurable map v : M — N, let us define the sets

D; = {xeM:v(x) >0}, iel, and Dy:= M\(UserD;).
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The definition of the metric d and the symmetry of the measure p;(x, dy)m(dz) yield

/M /M &*(v(x), v(y))pe(z, dy)m(dx)
-2 [/D /Di<vi(x)_vi(y))2 iz, dy)m(dz)

el

+ZE;/D/D(() ez, dy)m(dz) + // pi(, dy)m
+Z// pe(z, dy)m ]

Concerning the last three terms, note that for each i,j € I,7 # j, one may write
/ / (x, dy)m(dx)
/ / (x,dy)m(dz) + / / (x,dy)m
+2 / / (x,dy)m

Thus, the sum

{Z// e <dx>]
ElL

is equal to

QZ Z [// pi(z, dy) (dg;)]

+2Z// pe(z, dy)m

N QZ/ /M\D pi(a, dy)m
+4Z// pe(z, dy)m
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In this way, we obtain

/ / & (v(), v(y))pe(x, dy)m(d)
_ [ / / vil@) = viy)) pi(, dy)m(de)

ZGI

. / [ omtsam (d@]
7 Z[//% ) (y)pi(, dy)m (d:v)].

i,j€T1
1<j

Now, assume that v; € D(E) for each ¢ € I. For all i € I let us consider the non-decreasing

function as ¢ decreases
5L [ ) =)t dpymias)

+2/ /M\D 2)pe(@, dy)m(dz)

By equality (1.24) in Lemma 1.28 we obtain
. 1
g [, [, )~ w0 e dmian

+2/ /M\D z)pe(x, dy)m (dx)}

_ gn%[// (0i(z) — vi(y))*pu(, dy)m(d)

+2 / /M . 2)pi(, dy)m (dg;)]

(see Remark 1.29).

On the other hand, one has

limsupZ% /Di/DvUi(x)vj(y)pt(a?,dy)m(dx)

< Zlimsup% // (y)p(x, dy)m(dz)| = 0.
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Hence, one can conclude that

hmw_//JQ V)pi(, dy)m(dz)

Ilgﬁi@Mf@@)QMm@dw (dx)
= ZS(vi) < 00

In this way, we have proven the necessary condition. To show the inverse implication let us
consider a function v € D(Ex). Then,

m_V/m@—@%mmwm

+2/ /M\D z)pe(z, dy)m(dx)

< hmsup—/ / d*(v y))pi(z, dy)m(dz) < oo

t—0

and the proof follows by Remark 1.29. U

1.5 (Generalizations to Spiders with a Countable Num-
ber of Edges

In this section, we will generalize the definition of the nonlinear energy to the case where
(N,d) is a spider with a countable number of edges

N :={(i,t):i e Nt e R}/ ~

with (4,0) ~ (j,0) for every i,j € IN. The distance d is defined on N by

iy ={ o N

otherwise.
As before, we define for j € IN projections
U N—>IR+, (’L,t) = 5@]t

such that to each measurable map v : M — N one may associate a family of functions
v; : M — IR,7 € IN, defined by

V; 1= T; 0.

Throughout this section, for £ > 1 we will denote by N} the ”"subspiders” of N with k edges
such that N C Niy;.
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Given a measurable map v : M — N, we define maps vy : M — Ny, k > 1, by
v(x), ifv(x) € N
vk(x) ::{ ( ) ( ) k

0, otherwise
with o := {(1,0)} and denoting for k£ > 1 the projections of Ny by m; we define
Uk, = T O Uk 1 <<k,
Then one obtains

Lemma 1.30 For each k > 1 and for each measurable map v : M — N 1t holds vi,; =
?JZ',\V/'L. S {1,,]{?}

This leads to the following definition of the nonlinear energy function Ey:

Definition 1.31 Denoting the nonlinear energy function for maps with values in Ny by EX
we define for measurable maps v : M — N the nonlinear energy function Ex by

En(v) == kh_)rgo Ex:(vr) (1.26)

with D(Ex) = {v: M — N measurable : v, € D(EX),Vk > 1, and Ex(v) < oa}.

Also in this context, we can prove an "energy decomposition” as we did before for the
n-spider.

Theorem 1.32 For each map v: M — N the condition v € D(Ey) is equivalent to
v; € D(E),Yie N and ZS(UZ') < 00.
ieN

In this situation, for each v € D(Ex) the following equality holds
En(v) = E(vy).

Proof: Let v € D(Ex) by given. Then it follows from Theorem 1.3 for all & > 1 that
v; = vy, € D(E),Vi < k. Furthermore one has

Z(‘:(Uz) S LC:N(U).
€N
Given a measurable map v : M — N such that v; € D(€),Vi € IN| it holds for all £ > 1

k

() = Y Ew)

i=1

and by Definition 1.31 one obtains

En(v) = Z E(v;).



Chapter 2

Trees

In this chapter, we study harmonic maps v : M — N form a measure space (M, m) with a
local regular Dirichlet form £ on it into a finite tree (N, d). Let A be the generator of £ and
let the semigroup e* be given by a semigroup of Markov kernels p,. We define the nonlinear
energy &y function for maps v : M — N by

en(w) = sup s [ ola)d?ola),v(u))pi(o. dyym{da)

pEC(M) =0
0<p<1

with C.(M) being the set of all continuous functions on M with compact support. One of
the main issues is an "energy decomposition” of the following form:

5N<U) = Z <> (M)

whereby v; : M — IR is the projection of v on the i-th edge of the tree N and pi-,,~ is the
energy measure of v;. Using this result we prove that our nonlinear energy coincides with
the nonlinear energy defined by Picard.

Furthermore, conditions for the existence and uniqueness of a solution to the corresponding
nonlinear Dirichlet problem are presented.

Another important point is the extension of the numerical algorithm from the first chapter
to solve the nonlinear Dirichlet problem for maps from a two dimensional Euclidean domain
into a finite tree. The problem is discretized in the same way as in chapter one and the
convergence of the corresponding numerical method is proven. In addition, we show the
Holder continuity of the solution to the nonlinear Dirichlet problem.

Finally, a generalization to trees with a countable number of edges is discussed.

Throughout this chapter, we fix a locally compact separable measure space (M, m) with m
being a Radon measure and a regular Dirichlet form (£,D(€)) on L?*(M,m). Moreover, we
assume

(A1) (€,D(€)) is local, that is, v,w € D(E), supp[v] and supp[w] are compact, v =0 on a
neighbourhood of supplw] = E(v,w)=0.

38
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(A2) The semigroup (7}):>o corresponding to the Dirichlet form (£, D(€)) is given by a
semigroup of Markov kernels p,(z, dy).

(A3) It holds pi(x, dy)m(dz) < m(dy)m(dz) Vit > 0.

Remark 2.1

(i) Assumption (A2) is always fulfilled if M is a locally compact separable metric space, and
the regular Dirichlet form (€, D(E)) is conservative. In particular, these assumptions
are fulfilled for M = IR* with m being the Lebesque measure A on IR*, and (£, D(E))
being the classical Dirichlet form, i.e. E(u) = [px [Vu|?dA.

(1) The assumptions (A1) and (A2) yield that the Dirichlet form (£, D(E)) is also strongly
local (cf. Appendiz A.1).

In the sequel, we denote by Dj,.(€) the set of functions v which are locally in D(E) (i.e.
on each relatively compact open subset of M there exists a function of D(E) which coin-
cides with v.) In D(E) one can consider energy measures ficy > and fic,s = fi<yps Such
that £(v) is the total mass p<,~(M). These measures can also be defined for functions in
Dioc(€). Thus, one can define the energy for functions in Dj,.(€) by £(v) = picy=(M) (finite
or infinite). In addition, we denote by D! () the subspace of Dj,.(€) consisting of bounded

loc

functions with finite energy. For details see e.g. [BM95].

Furthermore, let (N, d) be a finite tree. This means N consists of a finite number of edges,
which are isometric to closed intervals of IR, glued together at some endpoints such that NV is
a connected and simply connected space without loops. The distance d between two points
x,y € N is given by the length of the unique injective path connecting = and y.

The endpoints of the edges are the vertices of the tree. Vertices which belong to only one
edge are the leaves of the tree and we will call a vertex which belongs to more than one edge
branchpoint.

In the following, .4 and V denote the set of edges and vertices, resp., of the finite tree (IV, d)
and we fix a leave as the root o of the tree.

Additionally, we consider the following function defined on the set of edges A by

d, : A— IR, a — inf d(o, x)

rea
which describes the distance between the edge a and the root o. Since N is a finite tree, d,
is a function with values in a discrete set {(y = 0,(1,...,(n} C Ry

Let us denote by A;,i € {0,...,m} the set of all edges a € A with d,(a) = ¢; and by
n; := #A;, n .= #A the number of edges in A;, A, resp. To simplify the proofs of the major
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Figure 2.1: Example of a Finite Tree

results, we will renumber the edges in A such that

a; € .A()

agy...,Gp41 € Ay

Qpy425 -+ -5 Any4mot1 € AQ
Qo142 - - 3 Oy g+l € Ap.

From now on, we will denote the geodesic between two points x,y € N by ;.

Definition 2.2 Given a tree (N, d) we define the function

E:Ax A — NN
(ai, a;) — &lai, ay)

where (a;, a;) is the number of edges a € A, a # a; and a # a; with a C 7, for some (hence
all) x € a; and for some (hence all) y € a;.

In the sequel, we will denote the endpoints of an edge a; by e; and e, whereby we assume
d(o,e;) < d(o,e]) and we will use a disjoint decomposition |J;, a; of N, with a; := a4
and a; := a;\{e; },2 < i < n. In this way, each point € N can be described by a tuple
(¢,h) € {1,...,n} x Ry. Let us assume that z is element of @;, then = £ (i, d(e; , z)).

Given two edges a;,a; we write a; ~ a; if a; N 7y,, # 0 for some (hence all) z € a; or
aj N,y # 0 for some (hence all) y € a; and a; # a; otherwise.

Definition 2.3 Fori € {1,...,n} we define projections m; : N — [0,d(e; ,e;)],1 < i < n,

7001

by
d(e; ,x), ifv e a;
mi(z) == ¢ dle;,el), ifx €aj,j #1,a; CYou
0, otherwise.
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Furthermore, we define m: N — IR, by
m(x) :=d(o, x).

In this way, to each measurable map v : M — N one may associate a family of functions
v;: M — Ry,i€{l,...,n}, defined by

V; 1= T; O 0.

We will call these functions v; projections of v.

2.1 Nonlinear Energy

In this section, we define a nonlinear energy for maps with values in a finite tree using the
semigroup p;.

Given a measurable map v : M — N we define the energy function £y by

En(v) := sup hmsup—// ,0(y)pe(z, dy)ym(dex) (2.1)

vecc(M) t—0

with D(Ex) := {v : M — N measurable : Ey(v) < oo} and C.(M) being the set of all
continuous functions on M with compact support.

Before we formulate the main theorem of this section, let us deduce some properties of the
maps of D(Ey).

Proposition 2.4 Let v € D(Ey) be given. Then one has
v; €DE () Vie{l,... n}.

In addition, it holds

| oo =tmz [ [ pl@llute) - ot)Ppde.dimids) Ve ),

t—0 2¢
Proof: For all i € {1,...,n} one has
vi(z) —vi(y)] < d(v(z),v(y))  Vo,ye M.

Hence,

hmsup—/ / 2)|vi(x) — v (y)|*pe(z, dy)m(de) < oo Vo € C(M),0 < p < 1.

t—0
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Since the Dirichlet form & is regular, for every relatively compact open subset A of M there
is a function 1 € C.(M),0 < ¢ <1 with vy = 1 on A and ¢ € D(E). Defining w := v - v; it
holds w € L*(M,m), w = v; on A, supp[w| C supp[t] and w is bounded.

Choosing a compact subset K of M with supp[¢)] C K and dist(supp[¢], 0K) > 0 it follows
from the symmetry of p,(z, dy)m(dz) that

jim / / () — w(y) (e, dy)m(dz)
_ }%g[//m — )Pl dy)m(d) + //M\K (4)Pou(, dy)m ()
<[ . / (o) = wlo) o dy) ()

= hm— [/ / |w(z y)*pe(z, dy)m(dx) +2/ / x)pe(x, dy)m(dz)| .
t—0 2t supp| M\K

Since the Dirichlet form & is local, it holds

lim — / / x)p(z, dy)m(dz) =0
=0 2t Jsupply] M\K t i)

which yields

i 5z [ [ ule) = w)Pp(e, dyym(da)
=t [ [ @)~ w)Pale dym(do)

Furthermore, one has

lim / / (- 03)(@) = (¢ - v) (9) Ppi(a, dy)m(de)

t—0 2t

< limsup c[ / / () — O () pi(e, dy)m(de)

) + [ [ @) - 00 Pt gy <dx>]

< CoEW) +C lmsup / | #@leia) = (o) (e, dyym(d)

t—0

with ¢ € C.(M),0 < ¢ <1land ¢ =1on K. Hence, w € D(E) and v; € Dje(E)NL>®(M,m).
For all u € D(E) N L>®°(M,m) it holds (see [BM95D

/M ()t (dr) = limm / / — iy o, dy)mldz) Vi € Co(M),

t—0 t

where 4 is the quasi-continuous modification of u. From assumption (A3) and by localization
one obtains

/M (@)t cups (d) = lim = // Dvi(z) — oY) Ppule, dyyml(dz) Vi € C(M).

t—0 2t
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In addition, one has

fev;> (M) = sup hm—/ / x)|vi(z) — vi(y)|*pe(, dy)m(dz) < oo
pece(m) t—0 2t
0<p<1

which yields v; € D},.(E). O

For the proof of the next proposition we need the following lemma.

Lemma 2.5 Given two functions u,v € DY (E) with u = ¢ on supp|v] it holds

t—0 t

it [ [ @) = uw) - (o) = o dmdn) =0 VpeC ). (22)
Proof: Since the Dirichlet form (£, D(&)) is also strongly local one has (cf. [Pic04])

P<utv> = P<u> + flcv>

and it holds

/M () () = lim = / / — u(y) Ppu(, dy)m(dz) (2.3)

t—0 2t

for all ¢ € C.(M) (see [BM95] and Proof of Proposition 2.4). Therefore, for any ¢ € C.(M)
and sufficient small £ > 0 the equations

// |(u+v)(2) — (u+v)(y)*pe(z, dy)m(dz)
= 5[] el ) + o) o) ot dyim(a
- l/ / o(@)|u(z) — v(y)*pe(z, dy)m(dz)

// —o(y)*pe(, dy)m(dx)
3 [ 2 el = uw) - 0e) = vt dym(do

lead to

t—0 t

i+ [ [ p)ule) = uw) - (0(0) = (e, dym(de) = .

Proposition 2.6 Let v € D(Ey) be given. Defining D; = v '(a;),i = 1,...,n, it holds

t—0 t

¢(aj,a;) >0 = lim-— / / x)p(z, dy)m(dx) =0 Vo e C(M).
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Proof: Let a;,a; € A with £(a;,a;) > 0 be given. By definition of the function £ there
is an vertex a := a, € A with @ C v, for some x € a; and for some y € a; and we
denote the midpoint of this vertex a by m. Given a point x € a with d(o,m) < d(o,x) we
may assume without restrictions that infye,, d(m,y) < inf,c,, d(z,y). Now, we define two

bounded functions ¢;, ¢; : N — IR, by

d(m, ), if x € a and d(o,m) < d(o, )
¢j(x) = ¢ d(m,z), ifexea,l>ka ~q
0, otherwise
and
d(m, z), if x € a and d(o,x) < d(o,m)
bi(x) = 0, if x € a and d(o,m) < d(o, )
= o, if v €a,l>ka,~a
d(m, z), otherwise.

Defining vf = ¢; o, vf = ¢; ov one has f) > 0, vj) > 0 and

¢ ¢ S Dloc(g)

Z’]

because of |v7(z) — v?(y)| < d(v(z),v(y)), |vj’(x) - vf(y)| < d(v(z),v(y)) for all z,y € M
(see proof of Proposition 2.4). Furthermore, by construction of ¢; and ¢; it holds vf . vf =0
and, thus, (cf. Lemma 2.5)

i [ [ e@Ibf @) )+ o )ef @t dym(de) =0 Vi € €M),

t—0 t

Hence, it follows

0 = lim> / / ()] [ (@2 () + 0 ()2 (@), dy)m(d)

t—0 t

lim 1 / / (@) v (@) - 0 ()pu(, dy)m(d)

t—0 t

i [ letinte dpma

| [ comts s

because of v > d(r, e ) on D; and vf > d(m,e}) on D;. Therefore, it holds

VvV

A\

Vv

>0 VpeCl(M),

lim -
t—0 t

t—0 ¢

lim - // Dpele, dy)m(dz) =0 Ve € Cu(M).
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Theorem 2.7 For each map v: M — N the condition v € D(Ey) is equivalent to
v; € DY (E),Vi€{l,...,n}

and

lim / / (2)pe(, dy)m(dz) = 0 (2.4)

t—0 t

for all a;,;a; € A with {(a;,a;) > 0 and for all ¢ € C.(M). In this situation, for each
v € D(Ey) the following equalities hold

) =t ] OOt dymta)

= Zu<vi>(M)- (2.5)

For a detailed proof see Section 2.4.

Remark 2.8 Given a map v : M — N with v; € D%, (€), i € {1,...,n}, and two points
x,y € N denote the projection of v on the geodesic vy, by vy,. Then equation (2.4) ensures
that

Uﬂ%y € leoc (5) .

A descriptive interpretation is that condition (2.4) prevents jumps of the map v from one
edge to another edge which are not adjacent to each other.

2.1.1 Other Definitions of Nonlinear Energy

Now, we will compare our definition of nonlinear energy with the definitions given by Kore-
vaar/Schoen (cf. [KS93]) and Picard (cf. [Pic04]).

Korevaar/Schoen developed a theory of harmonic maps into NPC spaces by defining a canon-
ical extension Ey of the energy functional for maps with values in an NPC space (X, d). In
this approach, the domain space M is a k-dimensional Riemannian manifold and

WGCC(M) r=
0<p<1

En(v) = sup hr%m/ /33 (v(x),v(y))or.(dy)m(dz) (2.6)

where

k k * k2
= I'(k/2) = ym k/z/ 2% L exp(—x)dx

and o, , denotes the surface measure on the sphere 0B, (x).
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Proposition 2.9 On IR* with the Lebesgue measure A, let (€, D(E)) be the classical Dirichlet
form and let (N, d) be a finite tree. For all v € D(Ex) one has

Evlv) = Z/ |V, |2d\
i—1 /IR

. C
= swp tm s [ @), @) dym(d)
A,oggf;?lk) M JOBr(x)
= Ex(v)

Proof: The first equation follows easily from Theorem 2.7 and the proof of the second equa-
tion works out in a similar way as the proof of Proposition 1.5. 0

Proposition 2.10 Let M be a connected compact Riemannian manifold without boundary
and let (£, D(E)) be the classical Dirichlet form on M given by the Laplace-Beltrami operator.
Then, our definition of the nonlinear energy Ex coincides with definition of energy introduced

by Korevaar/Schoen in [KS593].

For the proof it is sufficient to show that for any map v : M — N with finite energy in the
sense of Korevaar/Schoen one has

Bx(0) =Y /M Vor(e) Pdu(a)

where p is the Riemannian volume measure on M. For details see Subsection 2.1.2.

Another possible definition of nonlinear energy for maps with values in a finite tree N is
given by Picard (see [Pic04]).

Definition 2.11 The set DY is the space of N-valued maps such that @ ov is in D (&) for
any Lipschitz function @ : N — IR. For v in this space define
En(v) :=sup{E(p o) : ¢ non expanding } .

In the next proposition, we will prove that this definition coincides with our definition of
nonlinear energy.

Proposition 2.12 [t holds
D(En) = DY

and
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Proof: Let v € D(Ey) be given. It follows from Proposition 2.4 that v; € D¢ (£),0 <1 < n.
Lemma 5.1.10 in [Pic04] yields v € D% and

(25

En(r) = 3 o> (M) E En (o).

Given any map v € DY, one has v; € D! (£),0 < 1 < n. Furthermore, the functions ¢; and
¢; defined in the proof of Proposition 2.6 are Lipschitz functions. Hence ¢; ov and ¢, ov are
in D!, (€) and with the same arguments as in the proof of Proposition 2.6 one can show that

(2.4) holds for any map in D%. Then Theorem 2.7 yields v € D(€y) and again by Lemma
5.1.10 in [Pic04] one obtains Ey(v) = En(v). O

2.1.2 Decomposition of the Energy from Korevaar/Schoen

In this section, we will prove the energy decomposition of the nonlinear energy given by
Korevaar/Schoen for tree-valued maps.

In the sequel, let 2 be a Riemannian domain, that is, {2 is a connected, open subset of a
k-dimensional Riemannian manifold M having the property that its metric completion
is a compact subset of M and let  be the Riemannian volume measure on M. Without
restrictions, we assume that the length of all edges of the finite tree N is equal to one.

For the readers convenience let us repeat some notations and definitions from the work
[KS93] of Korevaar/Schoen.

Definition 2.13 We define the space L>(Q2, N) as the set of Borel-measurable maps v : 0 —
N for which

| o), yduta) < o
for some g € N.

The space L?(Q, N) is a complete metric space, with distance function D defined by

DQ(u,v):/QdQ(u(x),v(x))du(x).

Definition 2.14 (Nonlinear Energy of Korevaar/Schoen) Let v € L*(Q2, N) be given
and let C.(2) be the set of all continuous functions on Q with compact support. Then, for
€ >0 and f € C.(Q) define

Eos(v) = o - / f(x) /S ), 00) doncly) dute)

J/

ee(®)
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with Q. = {x € Q : dist(z,00) > €}, S(x,e) = {y € Q : |y — x| = €}, do(y) the

(k — 1)-dimensional surface measure on S(x,€) and

ck:/ 2 Pdo(z)
Sk—1

(where x = (z', ... 2F) € R* and S*~' = {|z| = 1}).
The map v has finite (nonlinear) energy (and one writes v € WH2(Q, N)), if

sup (lim sup Ee,f(v)) = FE(v) < o0.

FeCe() e—0
0<f<1

Remark 2.15 For the constant ¢ from the previous definition one has

k k o
= —— -T(k/2) = 21 exp(—a)d
Ck, 47_‘_k/2 ( / ) 47_(_]6/2/; z eXp( .T) €

— #/ " exp (—2?) dx.
0

Now, we will show that for any map v € W12(Q, N) one has

B0) = 3 | Vo) Pd(o)
i=1
with v;, 1 < i < n, being the projections of v on the i-th edge of the tree N.

For this, we need a couple of preliminary results.

Lemma 2.16 Let x,y € N be given. For the distance d between x and y it holds

|mi(z) — mi(y)l, if v,y € &
d(z,y) =
mi(x) + 7 (y) + &(as, aj), if v € a;,y € a;,j i

Proof: This follows by the definition of the metric d, the Definitions 2.2 and 2.3 and by the

assumption of the length of the edges.

Proposition 2.17 [t holds

W2(Q,R) = WH(Q),

t

Furthermore, the energy densities coincide. Thus, given v € L*(Q,IR) with finite energy

E(v) the measure ci e.(x)d\(x) converges weakly to |Vv(z)|?d\(z).
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Proof: See Theorem 1.5.1, 1.6.2 in [KS93].
Lemma 2.18 Given v € WY2(Q, N) one has v; € WH(Q) for alli € {1,...,n}.
Proof: This follows easily from |v;(x) — v;(y)| < d(v(x),v(y)). O
Lemma 2.19 Given two functions in u,v € WH(Q) with u = ¢ on supp[v] one has

i [ [ T ) ) ()~ o0) doely) du(a) =0

VIO JS(ze
for all f € C.(2).
Proof: Tt holds

|V (u+v)]* = |Vul® + |Vv|*.
Therefore, one has for any f € C.(2)
L 1@ 0@ e @) doely) da)
= [ ] 1@ alo) - w) don) dute)
Qe J S(z,€)
w0 @) e ele) o) donely) duo)
Qe J S(x,€)
L 2@ ) ) ()~ () o) dnte)

With Proposition 2.17 one obtains

iy [ [ @) ) (00) o) doely) de) = 0

€ Qe x,€

0J

Lemma 2.20 Given u,v € W42(Q) such that u-v =0 one has
i | [ [ et @)l do ) dute)
=0 [ Ja.nae J S(z,e)n
+ / / f(@)e tu(y)v(x) dog(y) du(z)| =0 VfeClC.(Q)
wNQe J S(2,6)NQy

with Q, == {zx € Q:u(zx) # 0} and Q, := {x € Q:v(zx) # 0}.
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Proof: Lemma 2.19 leads to

e—0

iy | | / @) ) () - (00) o) dey) d(a) =0 VS € C)

or, equivalently,

iy = [ O @) o) (o)
_ / U

. / @ ) (@) do ) dula)| =0 VS €.

Lemma 2.21 Let v € W12(Q, N) be given. Defining ; = v=1(a;),i = 1,...,n, it holds

flaa) >0 = lim / - / Y doy () du(x) =0 Vf € C(Q).

e—0

Proof: Let a;,a; € A with £(a;,a;) > 0 be given. By definition of the function ¢ there
is an vertex a = a, € A with a C v,, for some z € a; and for some y € a; and we
denote the midpoint of this vertex a by 7. Given a point = € a with d(o,m) < d(o,z) we
may assume without restrictions that infyec,, d(,y) < inf,e,, d(x,y). Now, we define two
bounded functions ¢;, ¢; : N — IR} by

d(m, x), if z € a and d(o,m) < d(o,x)
¢j(x) = ¢ d(m,z), ifexea,l>ka ~q
0, otherwise
and
d(m, z), if x € a and d(o,z) < d(o,m)
bi(z) = 0, if x € a and d(o,m) < d(o, )
i) = 0, ifIEdl,l>k,akN(ll
d(m, z), otherwise.

Defining vf’ = ¢ o, vf := ¢; ov one has fz() > >0 and

¢> d) c W12(Q>

Z ? j

because o [1£(2) = o ()] < d(v(a), o). 15(0) ()] < d(0(0),vly) for all 2. € 2

Lemma 2.18). Furthermore, by construction of ¢; and ¢; it holds v v = 0 and, thus, (cf.
Lemma 2.19)

iy [ 5@ @) o) - 050) 5 0) ) d) =0

e—0
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Hence, it follows

= lime *! T .U?va‘? U‘? U(?I o .
0 = e [ S50 105 0] ) o)

e—0

> lim et / Lo, W12 05 ) o) )
=0 QN (z,€)

> limc-e / / z)| dog(y) du(x)
=0 QNQ; (z,€)

> limc-e / / x) dog(y) du(x)| >0  Vfe (),
=0 QeNQ; J S(xye)

because of v > d(rh, ej ) on Q; and vd-’ > d(mn, e}) on ;. Therefore, it holds

lim e " / / x)dog(y) du(x) =0  VfeCl().
=0 QNQ; (z,€)

0
Lemma 2.22 Let v € Wh2(Q, N) be given. Defining Q; = v=(a;),i = 1,...,n, it holds for
any measurable bounded function u

e—0

flaa)>0 = lim /Q N /S ! w(@)e ! dou (y) du(z) =0 Vf € Cu(Q).

Lemma 2.23 Let v € WY?(Q, N) be given. For two projections v;,v; of v such that i ~
J,1 < j one has

iny | | / o T @) dow) i)
" / e I w0y () dow) dn(@)| =0 YF € C)
with Q; == v=Y(a;) and Q; :=v1(a;).

Proof: Lemma 2.19 and Lemma 2.22 yield

0 =ty [ [ @) uln) - ) le) - 0) doly) dul)

/ / F(@)e 11 = vi(2))o;(y) dowo(y) dps(z)
Q;NQe J QNS (x,€)

+ /erme /Qims(x’e) f(x)e—k_l(l —v;(y))v;(z) do.(y) du(z)
for all f € C.(Q). .

= lim

e—0
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Lemma 2.24 Let v € WH2(Q, N) be given. For two projections v;,v; of v such that i o j
one has

lim

e—0

/ / F(@)e 00y (y) dowe(y) du(z)
NQ J ;NS (x,¢)

e—k—l ) ' . _
*/ /Wx,e>f (@) Mui(y)v;(x) do,(y) du(z) | =0

for all f € C.(Q) with ; :== v~ (a;) and Q; ~ay).

Proof: This follows from Lemma 2.20, Q; C ,,,; C Q,, and v; > 0,v; > 0. O
Proof of Equation(2.7):

Lemma 2.16 yields for a measurable map v : ) — N

lvi(x) — vi(y)], if z,y €
) 1T —w(x) +v(y) + &(ai, a;), ifeeQ,yeQ,j~ij>i
d<v($)7v(y)> a 1—vj(y)+vl(:v)+§(ai,aj), ifoQi,yEQj,j Nl,j <1
vi() +v;(y) + &(as, aj), if v € Oy € Q5
with ©; :=v71(a;),i € {1,...,n}.

Thus, one has

Euyfo) = / $) [ POE) o) doeely) du)

i~g

)€ (ai, a5) + 1 —vi(z) + v(2)[* dog.(y) dp(x)

= _k 1 v — V; 2 do X
_ [/ /m(“ Dls(x) — vi(y)? doa(y) du()
/ / F(@)|Ear, a) + 05(2) + 0u(@) 2 doe(y) du(a)
— Jana. Jo;nS(z,e)
n 2 / - / o @) + 1= 00+ @ doy) di)
DY e

>

j>i
inj

[ // Dlvi(x) = vi(y)[* dos(y) du(a)

! zZ: ; /Q NQ. /QjﬁS(a:,e) f(x)[vf(l’) i U?(y) * éz(ai’ aj) + 2111'(:1})5(@1-, aj)

20, ()€ (ar, ;) + 20i(2)0; ()] dore(y) du(e)

Qe J QNS (x,€)
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9|

zl]< QN2

~20,(y) + 20,(x) + 26 (@i, a;) — 205 (y)vi(a)
~20,(y)€ (a5, a;) + 20(@)€ (@, 0,)] doy (y) dia(a)

/ 1+ €@, a7) + 030) + 0F(a)
Q;NS(x,€)

/ 1+ E(as, ;) + 03(y) + v2(x)
QF‘IS':ce

DR

=1 9= Jauna.
+2v;(y) — 2vi(x) + 26(aq, a;) — 2v;(y)vi(z)

20, ()€ (ar, ;) — 20i(2)E(ai, )] o (y) dia(a)

Using Lemma 2.21 it holds

iy Foy(0) = ygge“lz Lo S~ uw)l doet) dn(a)
53|

2127(/] QﬁQ /(vzmeE)

~20,(y) + 20i(@) (1 — 205(y))] dors.(y) da()

+;7¥/QQQ/QQS 1+U y)+v7?<x>

—2v;() + 205 (y) (1 = v;(2))] doe.(y) dp()

+ 05 (y) + 20i(2)v;(y)] dow,e(y) du()

and with Lemma 2.23 and Lemma 2.24 one obtains

_ k-1 2
lim B p(v) = lime [Z /Q . /Q e )|vi(x) = vi(y)|” dow,(y) du(z)

53|

le/}(/] QQQ/(zﬁSZ'E)

DR

ZlJ< Q;NQe

+;;/ﬂm /QmSace) DIt =l )‘2+“J2'(y)] doye(y) dp(z)|.

+07(y)] dog.(y) du(x)

/ D)1= 03(9) 2+ 12(2)] dose(y) dyu(z)
Q;NS(x 6)
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Furthermore, for a projection v; of a map v € W2(Q, N) one has
E.g(v) = / | @) - u) o) duta)
Q:NQe J QNS (x,€)

Lk /n Q. /Q,ms (20 (x) dos.e(y) du(z)

+kz<;/9mﬂ /QkﬂSczre (%) doaely) dule)

i~k

i~k

/ D)1 — vi(@)? dos.(y) du(z)
QNS (z,€)

(y) dow.c(y) dpu(x)

o (y) do, 6( ) dp(x)

/
J

k<i Q;NS(z,€)

i~k

/Q,m
2.
/ /Q NS (a.e) 2)|1 = vi(y)[* doy.c(y) du()|.

k>1
i~k

Thus,
> lim B, 7 (v;) = lim E ¢ (v)
=1

which yields (cf. Proposition 2.17)

:Z/Q|Vvi(x)|2du(x). (2.8)

Hence, if M is a connected compact Riemannian manifold without boundary and if (£, D(&))
is the classical Dirichlet form on M given by the Laplace-Beltrami operator our definition of
the nonlinear energy Ex coincides with definition of energy introduced by Korevaar/Schoen.
This follows easily from equation (2.8) (with @ = M) and Theorem 2.7.

2.1.3 Special Case that m is a Finite Measure

Throughout this subsection, let m be a finite measure on M. In this special case, one can
simplify the definition of the nonlinear energy function.

Given a measurable map v : M — N we define the energy function £y by

En(v) —hmsup—/ / d*(v y))pe(z, dy)m(dz) (2.9)

t—0
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with D(Ey) := {v : M — N measurable : Ey(v) < oo}

In this more simple case, all measurable bounded functions are in L*(M,m) and one can
deduce that the projections v; of a map v € D(Ey) are elements of D(E).

Proposition 2.25 Let v € D(E’N) be given. Then one has
v, € DE), Vie{l,...,n}.
Proof: For all i € {1,...,n} it holds
[vi(x) = vily)| < d(v(@),v(y)) Yo,y e M.

Hence,
hmsup—/ / lvi(x) — vi(y) *pe(z, dy)m(dxr) < oo Vi€ {l,...,n}
t—0
which yields together with v; € L*(M,m) (cf. [FOT94]) the claim. O

Similar to Theorem 2.7 one obtains the following result.
Theorem 2.26 For each map v: M — N the condition v € D(f:'N) is equivalent to
v, € DE),Vie{l,...,n}

and

t—0 t

lim — / / (x,dy)m(dx) =0 Va;,a; € A with {(a;,a;) > 0. (2.10)
v v=1(a;)
In this situation, for each v € D(SN) the following equalities hold

En(v) = lim~ / P(0(x), v(y))p(x, dy)m(de)

— Y e (2.11)

with

o =tim [ Jute) = u)Pde dym(d),

Proof: The proof works out in the same way as the proof of Theorem 2.7. 0J

Corollary 2.27 Let M be a compact subset of R” with smooth boundary, let pM be the heat
semigroup on M reflected on OM and let £ be the corresponding Dirichlet form. For all
v € D(Ex) one has

:Z/ V| 2d\. (2.12)
=1 M

Remark 2.28 In the situation that m is a finite measure the nonlinear energy definition
given in (2.9) coincides with the definition of nonlinear energy given by Picard.
Furthermore, it holds

éN = SN and D(SN) = D(EN)
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2.2 Nonlinear Dirichlet Problem

The nonlinear Dirichlet problem for a given map g with Ex(g) < oo and a subset D C M is
to find a map u with & = g quasi everywhere on M\ D where @, § denote quasi-continuous
versions of u and g, resp., which minimizes the nonlinear energy &y.

Definition 2.29 (Nonlinear Dirichlet problem) Let (£,D(E)) be a regular Dirichlet
form on L*(M,m) which fulfills the conditions (A1) - (A3). Given a map g € D(Ex) and a
set D C M, let us define the class of maps

Vn(g) :== {v € D(EN) : © = § quasi everywhere on M\D}

where v, g denotes quasi-continuous versions of v and g, resp. A map u € VN(g) s called
solution to the nonlinear Dirichlet problem for g whenever

En(u) = min Ey(v).

veVN(g)

The next result (based on a result in [Pic04]) states a sufficient condition for the existence
and uniqueness of a solution to the nonlinear Dirichlet problem.

Theorem 2.30 Let (£,D(E)) be a regular Dirichlet form on L?*(M,m) which fulfills the
conditions (A1) - (A3) with diffusion X;. Given a relatively compact open subset D such
that Xy quits D during its lifetime and a quasi-continuous map g € D(Ey) there exists a
unique (up to modifications) map u € D(En) which solves the nonlinear Dirichlet problem

for g and D.

Proof: Proposition 2.12 yields (Ex, D(Ex)) = (En, DY) and, thus, the claim is a consequence
of Proposition 5.2.6 in [Pic04]. O

2.3 Nonlinear Dirichlet Problem for Polygonal Domains
in R*

In this section, let D be a polygonal subset of IR? and let M C IR? as described in Corollary
2.27 with D C M and dist(D,9M) > 0 be given. Furthermore, let p be the heat semigroup
reflected on OM, let £ be the corresponding Dirichlet form on (M, \) and let us define the
nonlinear energy function &y as in (2.9) (see Remark 2.28).

The nonlinear Dirichlet problem we will analyze is the following:

Definition 2.31 Given the set D and a map g € D(En), let us define the class of maps
Vn(g) :={veD(EnN):v=g m-ae on M\D}.
A map u € Vy(g) is called a solution to the nonlinear Dirichlet problem for g whenever

En(u) = ver?/]ivr(lg) En(v).
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Remark:

1. The classes Vi(g) and Vy(g) (cf. Definition 2.29) coincide, because D has a ”nice”
boundary.

2. There exists a unique solution to the nonlinear Dirichlet problem.

To solve the nonlinear Dirichlet problem we discretize the problem and construct an iterative
numerical method in the same way as described in Subsection 1.3.1. Then, we define a
prolongation operator which extends discrete maps to maps defined on the whole domain
D similar as in Subsection 1.3.2. Furthermore, we will prove the L2-convergence of the
extended discrete solutions to the solution to the nonlinear Dirichlet problem.

2.3.1 Discrete Nonlinear Dirichlet Problem

In the sequel, let us suppose that an admissible and regular triangulation 7, of D in the
sense of [Cia78] is given. In addition, we suppose the triangles to be “acute”. This, means
that all interior angles of all triangles of 7j, are less than or equal to 7. Finally, we assume
that for the map g € D(Ey), specifying the boundary values for the nonlinear Dirichlet
problem, m o g is the modulus of a linear function on the boundary faces of 7, and that for
each triangle 7" with at least two vertices x,y € 0D it holds {(g(x),¢(y)) = 0. (One can
assure this by choosing the triangulation 7, fine enough.)

Having a closer look on Subsection 1.3.1 one will notice that all definitions and results in
this section can be transferred one by one to the case where (N, d) is a finite tree instead
of an n-spider. Due to this, we will repeat only the main definitions and results using the
notations of Subsection 1.3.1.

Definition 2.32 (Discrete nonlinear Dirichlet problem) Given a map g : 0D — N let
us define

Vig —{Uh Ny, — N :o(2) = gn(x) VmEN,?}

with gn(z) = g(x),Vo € NP. A map @, : Njy — N s called a solution to the discrete
nonlinear Dirichlet problem for g whenever uy, fulfills the following two conditions:

1. uy € VNh(g)

2. El(up) = min En(vp), where
o€V (9)
E4m) = Y d(Enr). Bl (e, 2 () 213)
:rl,:rje./\/’h

is called the discrete energy corresponding to 7Tp,.
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According to [Stu01] we have the following result.

Proposition 2.33 For each g : 0D — N there is a unique solution to the discrete nonlinear
Dirichlet problem for g.

Definition 2.34 We define Markov operators pi,...,pr, k = #J\th by

p(r,y), fr=ziandx~y
pi(z,y) = 1, ifv#x; and x =y i=1,...,k
0, otherwise

and a nonlinear Markov operator Q) by
Qim0 opl

Proposition 2.35 Let uy, be the solution to the discrete nonlinear Dirichlet problem for g.
Then for each vy, € Vi(g) one has

lim doo (Q" 0, up) =0, where doo (U, wy) = sup d(vp(x), wp(x)).
n—00 xeM

Also the algorithm to get an approximation to the exact solution u, to the discrete nonlinear
Dirichlet problem for the boundary value map ¢ is the same:

Up = g|Nh
do
Wp, = Up,
forj=1tok
On(x;) = Py on(;) = argmin, {7 o, @ (2, 00 (y))p(25, ) }
until (max,;en;, d(vn(z;), wn(x;)) < EPS).

Here EPS is a user prescribed threshold value.

Obviously, it is more complicated to determine the barycenter of a discrete probability
distribution on a tree than on a spider.
An algorithm to calculate argmin, y{>
section.

yen, @(2,00(y))p(2j,y)} is given in the next sub-

2.3.2 Barycenters on Finite Trees

Without restrictions, we will assume that the length of all edges of the finite tree (N, d)
is equal to one. Furthermore, let ¢ be a discrete probability distribution on N with finite
support.
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Just to remember, the point

b(q) = argmandQ z,x)q(T) (2.14)

2€N zeN

is called barycenter of ¢q. For details see [Stu01].

To develop the algorithm to calculate the barycenter of a discrete probability distribution
on N with finite support we will present an identification of this barycenter.

Let z be a vertex of the tree N. The set N\{z} decomposes into a finite disjoint fam-
ily K. of connected components N, ;,7 € K., and for each ¢ € K, we define the numbers

rz,i(q) = Z d(z,z)q(z), bz@( 7nzz Z ng

TEN ; JEKz
J#i

Note that b, ;(¢) > 0 for at most one i € K.

Proposition 2.36 If b,,(q) €]0, %] for some z € V and for some i € K, then b(q) is
the unique point v € N with v € N,; and d(z,x) = b.;(q). If b.;(q) €]0,3[ one has
b.i(q) < maxjer, bz ;(q) for all other points Z € V,Z # z. If b.;(q) = 5 there is ezactly one
other point Z € V with b; ;(q) = %,j € K; and for all other z2 € V,2 # 2,2 # Z it holds

b..i(q) < maxjeg. bz ;(q). If b,i(q) <0 for some z € V and for all i € K, then b(q) =

Proof: Let b(q) ¢ V and let us denote by z, the point in V with d(z,,b(¢)) € ]0, 3] minimal.
Without restrictions, we assume that b(¢) € N, 1. Then

> d(b(g), x)q(x

zeN
= ) (d(z.b(q)) — d(zg, ) + DY (dlzg,b(q)) + d(z, 7)) g ()
TEN 1 J€Kzg TENy 5

i1
is minimal. Thus, r +— F(r), where

F(r)= Y (r—dz,2) @)+ Y Z (r +d(zg, ))*q(),

xGqu,l ]Ei{Z’Q :EGNZ
J#1

attains its minimum on ]0, 1[ in 7 = d(z,, b(¢)). This implies

0= P (e b(a)) = d(zb(@) = ropn (@) + 3 a0

]GKZq
J#1

= d(2,b(q)) = bz,1(9)
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and, thus, d(z;,b(q)) = bz, 1-

If b(q) is not the midpoint of an edge then b, :(q)

€]0,3[. Now, let z € VNN, ;,i # 1, be

given and let us assume without restrictions that z, € N, ;. Then one has

b.1(q)

= Z d(z,z)q(

SCENz,l

> D D

JEKzq ZEN,;
Jj#i

- 2

:EENZq j\Nz 1

Z Z dzq7

JEKzq xENZ
J#i

> d(zg,2) + bsy1(q) > 1+ b, 1(q).

JeKz TEN, J

(d(zg, @)

—= Zq7

ZZdzx

) +d(2, x))q(x) +

2.

a:Equ,JﬂNzyl

(d(zqv 2) - d(zq7 r))q(x)

= d(2,2))a()

S d(z,)gle)

:EGNZQJ;

Given z € VN N, 1, let us assume without restrictions z, € N, ;. Then

b.a(q) =

Z d(z,x)q

TEN, 1 JEKZ zEN,

ZZdza:

(d(2g, 2) = d(zg, ))a ()

2.

$€qu,lﬂNz,1

Y dlzg0)e(x)

> Z Z Zl]a + d qu ))Q<x) +
zEqu wGNz i
i#1
— ) (dlzgm) — d(zg,2))g()
TENzg,1\Nz 1
= d(zg,2) + > Y dlz,w)
1€Kzq xENZ )i acEquJ
i#£1
= d(zqa Z) + Z Tzq,i(Q) - rzq,l(Q)
'LEKZq
i#1
= d(zg,2) = bz,1(q)
1
> d(zqa Z) _bzq,1<Q> - 5 +bzq,1(Q) > bzq,l(Q>-
21 >-1

If b(q) is the midpoint of an edge of the tree it follows, that there are two points z,, Z, € V

with d(z,, b(q)) = d(Z,,b(q)) = .

V2 # 2q,2 7 Z4.

Similarly, b(¢q) € V, implies F'(0) > 0 with
F(r):=

TeN

Thus, one has max;cx, b
. q
and with the same arguments as before one can show max;¢ K-, b-,

qui(Q) = manEKgq bqu(q) - %

,'L(q) < manEKZ bz,j (q)a EAS

> (r+d(zg,2))a(x)
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and, thus, 0 > b._;(q). O]

The previous proposition yields the following algorithm to calculate the barycenter of a dis-
crete probability distribution ¢ on a tree N with finite support:

V.:=0
do
z € V\V.
b = maxjer, b.,i(q)
cc = argmax;cg. b.,(q)
Ve=V.U{z}
until (b < 3)
ifb<0
bq) = =
else if
b(q) =z with x € N, .. and d(x,2) = b

2.3.3 Extending Maps on Vertices to Maps on the Domain

By means of a proper prolongation procedure, to each map in V}(g) we are going to associate
a map in Vy(g). In other words, each map v, which is defined on the vertices of the
triangulation 73, will be extended to a map vy, defined on the whole domain D, with almost
the same energy, i.e. for each v, € V{(g) one has

gN(Uh) S g]}\l[(@h) + Rg,Dv

with a nonnegative constant 17, p only depending on the polygonal domain D, the regularity
of the triangulation 7, and the map g.

Let us consider the set D, the triangulation 7, the set of all vertices of the triangulation
N, ={x1,...,2;}, and a map g € D(Ey) as described above. For simplicity, we will assume
that the length of of all edges of the tree is equal to one.

Given a vector 7, € N' our aim is to construct a continuous map v, : D — N, affine
on each triangle T" € 7, (or better affine on appropriate subtriangles of each triangle T'),
such that vl := wvy(x;) = vp(x;) for all 4« = 1,...,1. For this purpose it is enough to
define v, on each triangle T' € 7,. Let T € 7, be given with vertices xg, x1,xo and let
Op(xo) € a;, Up(x1) € a4, Up(x2) € a. To define vy|p we have to distinguish the following
cases:

(i) i~jyi~kand j~k
(ii) i~j,itkand j £k
(ifi) i~ j, i~k and j £ k
)

(iv) i £ j,i ¢ kand j £ k
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Figure 2.2: case (i) Figure 2.3: case (ii) Figure 2.4: case (iii)

Figure 2.5: case (iv)

Before defining the prolongation, let us introduce the following definitions:

e Given an edge a € A and a point x € N we define d(z, a) := inf,, d(x,y).

e Given k edges a;,, ..., a;, € A we define the branchpoints 5“% €Y and IA)“% €V by

bi,.;, = argmax {d(o,2)}
ZGVﬂS’ilmik
l;“% = argmax {d(o,2)}

ZEVﬂéqle‘_ik

with
ik ik
Siy g 1= ﬂ Yo and S, 4, = m Yoy Tr € Qp, 7 € {01, .. ik}
J=i1 J]l;1

case(i): Without restriction, we may assume that d(o,a;) < d(o,a;) < d(o,a)) and we set
n = &(a;, ax). Furthermore, let q;,, ..., a;, be the edges a € A with a C v,,,2 € a;,y € ay,
whereby we assume that d(z,a;,) < ...d(z,a;,).
Now, we define an affine function §: T'— IRy with §(z;) = 7(vs(z;)),5 = 0,1,2.
Let us assume that u,(zo) € a;. Then we set for each z € T

((i.B(x)), i Blzo) < B(a) < [Bxo) + 1]
(,8()), i [Bzo) + 1] < B(a) < [Bxo) +2
unlr(x) = 4

(. Ba)), i [3
| (k.B@), i [s

[6(z0) + (n+1)]
(z)

xo) +n| < B(z
o)+ (n+1)] <

= IN
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with [z] £ largest integer less or equal than z.

In the case v, (x9) € N'\{o} we set for each z € T

(e, if B(x) = B(xo)
(i, B(x)),  if Blzo) < Blx) < B(wo) + 1
vplr(x) == ¢
(ln, B(x)),  if B(zo) +n < B(x) < B(wo) + (0 +1)
| (k. B(x)), i B(xo) + (n+1) < B(x)

and if vp,(x9) = o we set for each z € T

(o, if B(x) =0
(i,8(x)),  f0<p(z) <1
(h.B(x), 1< p(x)<2
Uh‘T(I') = :
(o B(x)),  ifn<pz)<ntl
| (K, B(2)), ifn+1<p(x)
case(ii): Without restriction, we may assume d(o, a;) < d(o, a;). Furthermore, let q;,, ..., a,

be the edges a € A with a N Vi # 0,y € ay, whereby we assume that d(z,a;) <
- < d(z,a;,) and let ag,,...,ay, be the edges a € A with a N Voijur # 0,y € a;, and

d(z,ar,) < -+ <d(z,ay,,). .

Now, we define an affine function 3 : T — IR with 3(z,) = m(vn(2,)) — 7(bix),” = 0,1 and

B(z2) = —(m(Up(x2)) — w(biji)) and for each x € T we set

( biji ] if B(z) =
(L, —B(x) + m(bir)), if —1<pB(x) <0

ol (@) = { (U —B(a) + 7)) if Bla) < —(n—
(k1, B(z) + 7(biji)) if 0 < px) <1

( (s B(@) + 7 (bige)) — if (m = 1) < (a)
case(iii): In the sequel, we interpret all the indices ¢ as ¢ mod (3).

We define the points z;,41,1 € {0,1,2} by

Tiit1 = Vigr1 i + (1 = Yiir1)Tiya,

where

- (0 (2i+1)) — 7(bjr) .
7@77,+1 7T(1_Jh($1'>) -+ 7T(®h<xi+1)) — 27T(bjk) < {07 1’ 2}
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and on the triangles T; := Ax;x;;412i442,1 € {0,1,2} we define the maps w; : T; — N, as
described in case(i), with w(x;) := Op(2;), w(@;41) = Wi (T 442) == b, for i € {0,1,2}.
Moreover, we define Tj 12 := Az 1202712 and we set

(z) = w;(x), ifzeT;, ie€{0,1,2}
UrlT\T) = bjk, if S T07172.

case(iv): Without restriction, we may assume, that l;ijk & Yo and that l;ijk € Yoy N Yo,z-
We define the points x; ;41,7 € {0,1,2} by

Tiit1 = Vi1 i + (1 — Yiig1)Tiga,

where
on(in)) — (b |
Vil = = ™0z +_1)) 7 (bise) < ie{0,1,2}
7 (On (1)) + 7 (On(@is1)) — 27 (biji)
and on the triangles T; := Ax;x; ;417 42,1 € {1,2} we define the maps w; : T; — N, as

described in case(i), with w;(x;) = Up(2;), wi(2;41) = Wi(T;40) = Z;l’jk, for i € {1, 2}.
Moreover, we define on the triangle Ty := Axzgzo 1202 @ map wy : Ty — N, as described in
case(il), with wo(zo) = Op(x0), wo(x01) = wo(To2) := bijk, and we set

ol () =

wi(z), ifzxeT, ie{0,1,2}
bijk; if xr &€ T07172

with TO’LQ = Az071$0’2x1,2.
The four cases described above are graphically summarized in the following figures. In all

these cases, points of the tree are described by a colour (£ edge) and a height (£ distance
from root). The black colour for different heights describes the branchpoints.

Figure 2.6: case (i) Figure 2.7: case (ii) Figure 2.8: case (iii)

Figure 2.9: case (iv)
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Definition 2.37 We define an injective mapping Jy, : Vi(g) — Vn(g) by

Jn(0n) () := { un (), if v € D

g(x), otherwise,
for vy, € VI(g). In the sequel, we will denote the prolongation J,(vy,) of vy, just by vy,.

Remark: Note that for each o), € V{(g) one has
/D|V(m<vh))|2dA <o Vie{l,...n}
and
vp(z) = g(x) Vo € M\D.

Therefore, vy, is well defined as an element of the space Viy(g). In fact, according to Corollary
2.27 one has

6N<vh>=2[ [ wppa+ [ IS EED).

Proposition 2.38 For every v, € V2(g) one has
En(vn) < EN(Bh) + Ryp. (2.15)

where

Ryp: _Z/ 9))|2d. (2.16)

Proof: Observe that due to (1.12) the discrete nonlinear energy £%(7,) may be rewritten as
El (Ty) = Z > d(on(x:), ou(z)) / Vo'V d.
TGTh Ti,Tj eNy, T
Furthermore, by definition of .J, and Corollary 2.27,

'~ (vg) ZZ/|vah |d)\+RgD

TeT, i=1

Thus, the rest of the proof amounts to show that for each T' € 7;, with vertices ag, a1, a; and
with v} := vy(a;),i € {0, 1,2}, the following inequality holds:
2 / Vel dh < —d(ef, o) / Vo Ve, dA
— JT T

~e (o) [ VOTVOLT N — PGhad) [ VIVeTan (2a)
T T
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By the definition of J,, to each v, € V} one has to prove (2.17) for the four different cases
described at the beginning of this subsection. The cases (i) and (ii) can be reduced to the
well known linear case, holding the equality in (2.17). The proofs in the cases (iii) and (iv)
are similar such that we will only treat case (iv).

By construction of vy, it holds for i = {0, 1,2} that

jz:;/ﬂ|V(7Tj(vh))\2d>\=/ﬂﬁfd)\: %/T@?d,\

for some constant ;. A
Furthermore, 3; = Vw}, where wj, is affine on 7' with nodal values wj (a;) = d(v},, b;;x) and
wh(aiz1) = —d (v, bygg).

Given a function w affine on 7' it holds (cf. (1.12))

/ Vwl?d) = = (w(a;) — w(ay)) / Vo Vel dA (2.18)
T i,5=0

1<j

Hence, one obtains

s AT
A@M_Mﬂ

— _ |:d2(/0h, Z+1)/V¢ZTV¢Z+1 Td)\"_dQ( 7,+1 l+2)/v¢l+1 TV¢Z+27Td)\

wh [2d\

+d? vy, vit?) /Vqﬁ;TngZ”Td)\} NT) /NT), ie{0,1,2},

which completes the proof, since \(Ty U Ty UT) < A(T). O

2.3.4 Convergence

In what follows, we will consider a sequence of successively refined, regular triangulations
7, and ask for the convergence of the resulting discrete harmonic maps u;, € Vy(g) to
the solution w of the continuous problem for A~ — 0. For simplicity we here restrict to
homogeneously refined meshes, i.e. we assume

min h(7") > ¢ max h(T')

TETh TETh
with h(7) = diam(7’). As in Subsection 1.3.3 we generate the sequence of triangulation
applying an iterative subdivision of triangles into four congruent triangles and we will use a
generic constant C.

Theorem 2.39 Let uy, be the solution to the discrete nonlinear Dirichlet problem for a map
g as described above and let Jy, : V(g) — Vi (g) be the mapping defined in Section 2.3.3.
Then

h—0
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The proof works out in a similar way as the proof of Theorem 1.19. For the readers conve-
nience let us recall that S; is the patch for the vertex z; (cf. Definition 1.20) and that Zj,
denotes the Clement operator (cf. Definition 1.21). Furthermore, for the proof of Theorem
2.39 we need the following lemma.

Lemma 2.40 Let v be a Hélder continuous function on D and let 6, < 1 with &, \, 0 for
h — 0 be given. Then there is a constant C7; > 0 independent of h such that

1 1 -
L - < Cp-h* D.
| h(l _5hv(:c)) ; _5hv(a:)| < Cr-he, =

Proof: This result is a consequence of Lemma 1.22 using the fact that the local L?-projection
pl of ﬁm s, on .S, is ﬁ - p; and that ﬁ is bounded from above for all h by a constant
c. 0

Proof of Theorem 2.39:

For simplicity, we will assume that the length of all edges of the tree is equal to one.

With similar arguments as used in Section 2.1.2 one can show that for any map v: D — N
with finite energy in the sense of Korevaar/Schoen (cf. [KS93]) it holds

Buo) = 3 [ [Vuta)faa)

with v; being the projections of v. Thus, from Corollary 2.27, from the Lipschitz continuity
of g on 0D and from [Ser94] it follows that the solution to the nonlinear Dirichlet problem
u is Holder continuous on D with o > log, 3.

In the sequel, we will denote the Holder constant of the map u by C,. Now, we define

N,:={x € D:u(x)=c¢}

and . .
N = {y € D : dist(y, N}) < ~-h}

for a constant v > 0. Then (for sufficiently small h)

! + — ih
1—5, ((mi(w) —6p)%) (#) =0  Vz e N,

holds for all i € {1,...,n} with d; := Coy* - h*.

By this construction, we ensure that the regions where u = e; are fat strips which are of the
minimal width - A. Hence, choosing v large enough we are able to avoid an interference of
the involved local L? projections in the construction of a comparison function.

For each i € {1,...,n} we define Z}) ;(u) := Ih(ﬁ((m;(u) —0n)™)). Tt holds

||Igz(u) - 1_—15}1((7@(“) —6n) )2 =v(h) 00 vie {1,...,n}
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(cf. [Cle75] and Corollary 2.27). Moreover, one has

(ms(w) — 6)))[2dA — /D |V(m(u>>|2dA’ 0 h—o.

Thus, it follows
[ V@ pPar< [ [Vm)Pa+ o) (220)
D D
where ((h) is converging to 0 for h — 0.

Observe that the functions ﬁ((m(u) —0,)7),1 <i < n, are Holder continuous with the

same Holder coefficient o as v and the Holder constant ﬁ -C,. Hence, according to Lemma
2.40, the following inequalities hold for each i € {1,...,n},x,y € T:

[Z5 s(w) () = Ty () ()| < !IZ,i(U)(x)—l_l 5h((ﬂ¢(ﬂ)—5h)+)(:ﬂ)|

g () = 8 )@) - 5 (mw) = 5)) )

Hi gy () = 8)") )~ 2L ) )
< 20+ 1_15h -Cy) - h®
and
Zs)@) — () )] < [Thw)(@) — Th(w)(o)
HIL ()W)~ 5 (o) = 5) ) )
i () = 8 )) — () w)
< [Z0)@) ~ B a)W)] + (Cr + 5 - Car e
as well as

|(mi(w)) (@) = (mi(w))(y)]

IN

[(mi () (@) = Zp () ()] + | T3 5 (u) () — I () (y)]
+Z () (y) = (mi(w) (y)]
< |Zhi(w)(@) = T (w)(y) + C - b2

(Notice that ﬁ is bounded from above for all i sufficiently small).

By means of Ig’i(u) one can now introduce a piecewise affine function & on D, which
obeys the imposed boundary conditions on the nodes. Thus, we define its nodal values:

T (u)(xy), if z; ¢ 0D
)= { (m(w)(zy),  if 2, € D
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for all z; € Nj,.

With similar arguments as in the proof of Theorem 1.19 we can show

/D verpin =Y / verpar < S / V(T ()P + () (2.21)

TeT, TeT),
for alli e {1,...,n} with n(h) — 0 as h — 0.

Using the functions ¢! our aim is now to construct a map v, € V{(g). For this purpose,
we will use the fact that the functions I,f’i(u) are not interfering with each other and that
&M(x) = (mi(g))(z) for all z € N2. We define the map v, € V}(g) by

(&M (x)), ifFjefl,...,n}:0<&(zx) <1

R if & (x) € {0,1} Vh, &l (x) = 1 Yk < j i~ j
MEE= G and £ (z) = 0k > j, k ~ j
0, otherwise

for all x € N;,. We observe that this definition is not ambiguous. Indeed, by construction
there is at most one j with 0 < &(z) < 1.

Due to (1.12), the discrete nonlinear energy % (wy,) of a map wy, € V2(g) can be written as

1 o
m) =Y —5 Y Planm)anls) [ VeV i,
TeT, xi,CEjEML T

(. J
~\~

=Eq(wp)

To obtain an estimate of the discrete nonlinear energy of 7, we have to investigate El(vy,)
for all T' € 7. Let us denote by Hj, the set of all triangles T" € 7;, which have two vertices
z,y of T such that v,(x) € a; and v,(y) € a; for any 4,5 € {1,...,n} with i # j. Due
to our assumption on g, the chosen iterative subdivision, and v large enough we know that

#H;, < C independent of h. We observe

o S [ IVER P, if T € T,\Hx
E7(tn) < { 2.5 [ IVERdA, if T € Hy,

leading to

Ev(on) < > Z/T|V§?|2dA+Z > /T\vgﬁ%u. (2.22)

i=1 T€T, i=1 TEH,),
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Furthermore, we observe that E% (i) < E%(vy,) because 1, is the minimizer of the discrete
nonlinear energy £%. Hence, it follows

En(up) Ex(up) + Ry p

5;\17 (@h) + Rg,D

Xn:/ |V§?|2dA+2n: >, /IfolIQd)\JrR%D
i=1 YD T

i=1 TEM,,

DS RLCATIEES 9p i ALICSR DR

i=1 TeHy

> [ 9w Far-+ o(n)

o ©
NG IA IAE
B g

22 () +0(h)
where
o) =3 3= [ IVEIFax-+ ) + 5l
i=1 TeH, 7T

Obviously, 8(h) — 0 as h — 0. This yields the desired result limy,_o En(ur) = En(u). O

Corollary 2.41 For h — 0 the discrete finite element solutions u;, converge in L? to the
solution u of the continuous nonlinear Dirichlet problem.

Proof: Given vy, v; € Vy(g) let v, be the geodesic connecting vy and v;. Using the arguments
from the proof Theorem 1.7 one can show

En(v) < (1 —t)En(vo) +tEn(v1) — (1 — )tAp - di(v, D) (2.23)

with A\p > 0. Now, let up; be the geodesic connecting v and wj,. Then the last inequality
yields

En(u) < Enluyy) < %gN(m + %EN(uh) _ }LADdg(u, ),
and, thus,
Ly o
EADdz(u,uh) < En(up) — En(u).
Hence, the claimed convergence follows from Theorem 2.39. O

Now, we will present a couple of numerical results for the following tree (see Figure 2.10).
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~<

Figure 2.10: Finite Tree with 5 Edges and and 2 Branchpoints

Let us repeat that a point of the tree is described by a colour which represents an edge and
a height which is the distance from the root. The vertices of the tree are described by the
black colour.

Figure 2.11 shows the numerical results for different boundary data and Figure 2.12 depicts
a couple of intermediate results corresponding to different iteration steps of our numerical

method.

Figure 2.11: We depict various discrete harmonic maps v, € Vy(g) for different boundary
data g
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Figure 2.12: For different steps of our relaxation scheme we show intermediate results (from
left to right and from top to bottom the steps 0, 1, 5, 10, 50, 250 are displayed)

2.4 Proof of Theorem 2.7

For the proof of Theorem 2.7 we need a couple of preliminary lemmata. Without restrictions,
we assume that the length of all edges of the tree N is equal to one.

Lemma 2.42 For all u,v € D¢ (&) such that u-v =0 one has

it | [ [ et dymias)

+f / (O, dgm(de)| =0 VpeCM)  (2:24)
with Dy, == {x € M :u(z) # 0} and D, :={x € M :v(z) # 0}.

Proof: Lemma 2.5 leads to

lim / / o(z) — w(z)o)lpe(e, dy)m(ds) =0 ¥ € Cu(M)

t—0 t

or, equivalently,

it |~ [ [ et dimn

/ / @ uy)o(@)pr, dyym(dz) | =0 Ve C(M)  (2.25)

v u
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Lemma 2.43 Let v € D(Ey) be given. Defining D; = v='(a;),i =1,...,n, it holds for any
measurable bounded function u

{(ag,a;) >0 111% ; / / z)p(z, dy)m(dx) = 0. (2.26)
Proof: This follows from Proposition 2.6. OJ

Lemma 2.44 Let v € D(Ey) be given. For two projections v;,vj of v such that i~ j, i < j
one has

g%t[/ / )(1 = () (9)pel, dy)m(d)
/ / (1= )y (@)pel, dyym(do) | =0 Vi € C(M)
with D; :=v~"(a;), D; := v~ '(a;).

Proof: With D; := v~ (a),l € {1,...,n} we define

A = UD; withlgiorl~il<1
B = UD; withi<l<gjl~jorl~ildgy
C = UuUD;, withj<lI~j.

Then AUD;UBUD;UC! is a disjoint decomposition of M and one obtains for any ¢ € C.(M)

[ @@ = u) - @50 - o) dpmin)

= 1 [ [ dammtedymian + ¢ [ [ pwmdimas)

p\

o(x)(1 —vi(x))v;(y)pe(z, dy)m(dz)

_l_

o
<l

(@) (1 — vi())pi (. dy)m(d)
o; (@)pe(z, dy)m / / )pe(, dy)m(de)

() (1 = viy))v;(@)pi(, dy)m(dx)

+

§\

:\;\U\

(S

+ o+
S S N I e N T Rl E

Q\b\w\g\@\é
5

[y

p(x)(1 = vi(y))p(, dy)ym(dz).

+

S
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Lemma 2.43 and Lemma 2.5 yield

0 = tims [ [ w@)nle) = ul) - () = ). dyym(da)

t—0 t

_ g%t[/ / (1 = vi(2))vs (y)pel, dy)m(de)

/ / (1 - () j<x>pt<z,dy>m<dx>].

O

Lemma 2.45 Let v € D(Ey) be given. For two projections v;,v; of v such that i % j one

has
}g%t[/ / #)ui(a)es (), dyym(de) + / / ()i, dym <dx>]:o

for all ¢ € Co.(M) with D; :==v~Y(a;), D; :== v~'(a;).

Proof: This follows from Lemma 2.42, D; C D,,, D; C D,; and v; > 0, v; > 0. U

Proof of Theorem 2.7:

In the sequel, we define for measurable maps v : M — N resp. measurable functions
v: M — IR for all £ > 0 and for any ¢ € C.(M)

B = 5 | [ @@ dmas)

resp.

Bw = 5 [ [ e@lte) = o)t djml),

Lemma 2.16 yields for a measurable map v : M — N

lvi(z) —vi(y)|, if v,y € D;
) 1—wv(2) +v;(y) + &(as,a4),  ifx€Djy€ Dy~ j >
d(U(-f)?U(y)) - 1 — Uj(?/) —i—?)i(:L‘) ‘f‘f(ai,a]‘), ifre Di;y c Dj,j -~ i,j <
U¢($)+v]—(y)—|—§(ai,aj), 1f:1:€Dl,y€D],]7CZ

with Dz = 'U_l(di),i € {1, c. ,n}.
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Thus, for a measurable map v € D(Ey) one has

50) = 53 [, et = oot dyyma)

+Z/ / ) |&(ai, aj) + vi(y) + vi(2) Ppe(z, dy)m(de)

ik

+Z/ / 2)|€(as, a;) + 1 — v;(y) + vi(@) *pi(, dy)m(dz)
+Z/ / ©)[§(ai, a;) + 1 = vil) + v;(y)*pi(w, dy)m(da)
Z// o)|vi() = vi(y)*pel, dy)m(de)

[ et + )+ € a) + 20 a)

+20;(y)€(as, a;) + 2vi(x)v;(y)]p (@, dy)m(dx)

+§:§:/)/ D)1+ E(as, a) +v3(y) + v3(x)

zl]<

2t

—2v;(y) + 2vi(x) + 2€(ai, a;) — 2v;(y)vi(z)
—2v;(y)€(ai, a;) + 2vi(x)&(as, a;)lpi(z, dy)m(dz)

+ZZ// 2)[1+€(aa5) + 5 (y) + 0}(x)

zl]>

+20;(y) — 2vi(x) + 2€(as, a;) — 2v;(y)vi(z)
+20;(y)&(ai, a;) — 2vi(x)€(ai, ag)]pe(z, dy)m(dz) | .

Using Lemma 2.43 it follows

limsup Ef (v) = hmsup— [Z/ / x)|v;(x Y [*pi(z, dy)m(dx)

t—0 t—0

X5 [ [ o)+ 30 + 2. dimian

i=1 iplj

DM i ECIERTEEE

Zl]<

—2v;(y) + 2v;(2) (1 = v;(y))|pe(, dy)m(dx)



76 Trees

+ZZ/ / )1+ v2(y) + vi(z)

zl]>

—2vi(x) + 205 (y) (1 = vi(2))]pe (2, dy)m(dir)

and with Lemma 2.44 and Lemma 2.45 one obtains

limsup Ef (v) = hmsup— [Z/ / x)|vi(x) — vi(y)|*pe(z, dy)m(da)

+z; / / V)i, dy)m(d)
+zz / / D1 = v () + 2 (@) pu(a, dy)m(da)
+ZZ / / D11~ (@) + o2 ()pe(e, dy)m(de)) .

Furthermore, for a projection v; of a map v € D(Ey) one has
() = o / | #wlnte) ) e, dyym(da)
Z/ / x)pe(x, dy)m(dz)
Dy

// z)pe(x, dy)m(dx)

Dy,
//wu—vimptx,dy)m(dx)

k>‘ i J Dy

—l—Z// y)pe(z, dy)m(dx)

iolk

YT ], seomtcaimion

+Z// D)1~ vi(y) i, dy)m(da) | .
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Hence,
n

PI%EZO(UZ-) = lim Ef (v)

t—0
=1

which yields

En(v) = sup limsup Ef(v) = sup lim Ef(v)
peC(M) 0 pece(m) t—0
0<p<1 0<p<1
= sup E lim Ef (v;) = sup E / T) by, (dT).
pECe(M) t=0 pECe(M)
0<p<1 =1 0<p<1 =1

Assuming that v; € DY, (€),Vi € {1,...,n}, and that condition (2.4) holds one can prove

the inverse implication in the same way (because of Lemma 2.5 and Lemma 2.42 and because
of the fact that Lemma 2.44 and 2.45 still hold). O

2.5 Generalizations to Trees with a Countable Number
of Edges

In this section, we will generalize the definition of the nonlinear energy to the case where
(N,d) is a metric tree with a countable number of edges which are all isometric to closed
intervals of IR. Let us denote by A = {az,i € IN} the set of edges of N. As in Definition 2.3
we define projections 7; : N — [0,d(e; , ¢;)],4 € IN, and to each measurable map v : M — N
we associate a family of functions v; : M — [0,d(e; , e})],i € IN, defined by

Z’ Z
V; ;= T; 0V Vi € IN.

There exists a sequence (N, d)>o of connected finite subtrees of (N, d) with Ny C Ny, Vk >
0, such that N, — N,k — co. We denote the set of edges of Ny by Ay = {a;,i € I, C IN}.
Given a measurable map v : M — N we define maps vy, : M — Ni, k > 0, by

o (&) = { (z), if v(z) € Ny
%) = | argming ey, d(y, (@), i (o) & M.

For each k& > 0 let us denote the projections of Ny by m;,¢ € I}, and for each measurable
map v : M — N we define for all 7 € I,

Vk,i = Tk,i O UN,-

Lemma 2.46 For each k > 0 and for each measurable map v : M — N it holds vi,; =
Ui,Vi € [k:

Definition 2.47 Denoting the nonlinear energy function for maps with values in Ny by En,
we define for measurable maps v : M — N the energy function Ex by

En(v) = Jim &y, (vny,)

with D(En) == {v: M — N measurable : vy, € D(En,), Yk >0, and Ex(v) < oo}.
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Theorem 2.48 For each map v: M — N the condition v € D(Ey) is equivalent to
v €DLE), Vi €N, > picys(M) < oo (2.27)
ieN

and

lim — / / z)pe(x, dy)m(dx) = 0 (2.28)
=0t Syriay ey

for all a;,a; € A with &(a;,a;) > 0 and for all p € C.(M). In this situation, for each
v € D(EN) the following equality hold

Z H<v;> (M
i€eIN

Proof Let v € D(Ey) be given. Then it follows from Theorem 2.7 for all & > 0 that
= vg; € DY (E) and (2.4) holds for all vertices in Ay. Furthermore, one has

> thcos (M) < En(v).

i€N
Given a map v : M — N such that (2.27) and (2.28) are fulfilled for all £ > 0 it holds
vy, € D(€n,) and

5Nk UNk Z H<v;>

i€l
and by Definition 2.47 one obtains
v) = Z o> (M
ieN
0

Remark 2.49 As before, one can show that our definition of nonlinear energy coincides with
the energy introduced in [Pic04]. Hence, one can define again the corresponding nonlinear
Dirichlet problem and transfer Theorem 2.30.



Chapter 3

Graphs

In this chapter, we study graph targets. Let (M,m) be a compact measure space with uni-
versal cover M and with a local regular Dirichlet form £ on LQ(M m) given by a semigroup
of Markov kernels p;. Furthermore, let (N, d) be a graph with a finite number of edges.
Before we define a nonlinear energy for measurable maps v : M — N equivariant mapping
problems are studied. This is motivated by the fact, that any continuous map v : M — N
lifts to a equivariant map o : M — N, whereby the universal cover N of the graph N is a
tree with a countable number of edges.

Given an equivariant map v : M — N we say that two projections v; and v; are equivalent
(0; ~ ©;) if there is an element ~ of the group of covering transformations of M such that
0; = U; o. This yields an equivalence relation on the set of all projections IF(7) and the
nonlinear energy is defined by

Ex(0)i= > penn (M

0, €IF(0)/~

whereby ji.p,~ is the energy measure of v;. 3
One of the important issues is that for any fundamental domain M, of M, in M, such that
My is compact and M, has measure zero it holds

N {) ZHJ<U1 MO

€N

Therefore, the nonlinear energy function £y for a map v : M — N which is the projection
of an equivariant map v : M — N is defined by

En(v) == Ex (D).

Furthermore, conditions for the existence and uniqueness of a solution to the corresponding
nonlinear Dirichlet problem are given.

The analysis of homotopy problems is another major point of this chapter. For particular
domain spaces M the existence of a minimizer of the nonlinear energy in a given homotopy
class is shown.

79
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Throughout this chapter, M will be a path connected and locally simply connected topo-
logical compact space with universal cover M. Let M and M be the Borel o-fields on M
and M, resp., and let m be a finite measure on (M, M). In the sequel, we denote by m
the lift of the measure m to (M , M), by Gy the group of covering transformations and by
¢ : M — M the covering map. We choose, once for all, base points Z in M and z € om(2)
in M. The fundamental group (M, z) of M is canonically isomorphic to Gy and the sets
in M can be identified with the G p-invariant sets in M.

We assume that there is a fundamental domain M, for M, in M, such that M, is compact
and M, has measure zero. Moreover, let (£, D(£)) be a regular Dirichlet form on L?(M, i)
with

(A1) (€,D(€)) is local, that is, v,w € D(E), supp|v] and supp[w] are compact, v =0 on a

neighbourhood of suppjw] = E(v,w)=0.

(A2) The semigroup (7});>0 corresponding to the Dirichlet form (£, D(£)) is given by a
semigroup of Markov kernels p,(z, dy) on M.

(A3) Tt holds pi(w, dy)m(dx) < m(dy)m(dr)  Vt>0
and py(yz, A) = pi(z, 7 1A) Vee M,Ae M,v e Gy.

(A4) For all u € Dj,.(€) the energy measure pi,~ has a density I'(u).

Remark 3.1

(i) The conditions (A1) and (A2) yield that the Dirichlet form (£, D(E)) is also strongly
local (cf. Appendiz A.1).

(ii) Condition (A3) yields for the measure p, X m = py(x, dy)m(dzx) defined on M x M
pe X m="y(ps xm) VyeEGy. (3.1)

Furthermore, let (N, d) be a finite graph. This means N consists of a finite number of edges,
which are isometric to closed intervals of IR, glued together at some endpoints, such that N
is a connected space, possibly with loops (see e.g. Figure 3.1).

We have the following proposition:

Proposition 3.2 Let (N,d) be a finite graph. Then its universal cover (N,d) is a tree with
a countable number of edges and each edge is isometric to a closed interval of IR.

The fundamental group m (N) of (N,d) is canonically isomorphic to the group of covering
transformations G which acts properly discontinuously on N, i.e. each point z € N has a
neighborhood Ny such that Ny N\nNy = 0 for allm € GN\{1}. The space N can be identified
with N/Gy. Then the covering map ¢ : N — N is given by on(z) = Gy

The group Gy is a subgroup of isom(N), i.e. d(nz,ny) = d(z,y) for all z,y € N and
n e GN.

Proof: For the first assertion, see Corollary 2.3.2 in [Jos97a]. For the topological results, we
refer to [SZ88|. O
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Figure 3.1: Example of a Finite Graph

3.1 Nonlinear Energy for Equivariant Maps

Before we define the nonlinear energy for maps with values in a finite graph let us discuss a
nonlinear energy function for equivariant maps with values in the universal cover of a finite
graph.

Throughout this section, let (N, d) be the universal cover of a finite graph (cf. Figure 3.2).

Figure 3.2: Subset of the Universal Cover of the Graph from Figure 3.1

In the following, we denote the set of edges {a;,i € IN} of N by A and the midpoint of an
edge a; by z;.

We need to define for all edges consistently which is the ”left” vertex e, and which is the
"right” vertex e; of any edge a;,4 € IN. This in some sense arbitrary, because the tree N
has an infinite number of edges and there is no canonical orientation. Therefore, we choose
any edge a, as reference edge and denote the corresponding two vertices arbitrarily by e
and e;. We define the following sets

L, == {a€A:ef &, foranyx € a}
R, = {a€A:e &7, forany z € a}

with v, , being the geodesic between the points x and y.
Now, for any edge a; € L, we denote the corresponding vertices by e; and e; in such a way
that

d(e; ,z.) >d(ef, 2)
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and for any edge a; € R, such that

d(e;,z.) < d(ef,z).

J7 J7

Definition 3.3 Given (N,d) we define the function

E:AxA — N

(ai,a;) = &(ai, ay),

where £(a;, a;) is the number of edges a € A, a # a; and a # a; with a C v, for some x € q;
and for some y € a;.

Definition 3.4 For each edge a;,i € IN, we define the projection v; of a measurable map
v: M — N by

0, if v € v (L)
vi(z) := ¢ dle;,el), if v € v (Ry)
d(e;,v(z)), if ¢ € a
with
L; == {a€A:a+#a; and dist(e; ,a) < dist(e},a)}
R; = {a€ A:a+#a; and dist(e; ,a) > dist(e],a)}.

In the sequel, we denote by Gy the group of covering transformations of N and we fix a
group homomorphism p : Gy — Gy. We will write p(v)z for p(y)(x).

A map v: M — N is said to be p-equivariant if
v(yz) = p(y)o(z)
for all z € M and v € Gy.
Definition 3.5 Let p : Gy — Gy be a group homomorphism. For all v € Gy we define
functions p, : IN — IN such that p(v)x € a,, @) for any x € a;.

Lemma 3.6 Letv: M — N be a p-equivariant measurable map. For all i € IN and for all
v € Gy one has

vi(2) = vy, i) (VT) Vo € M.
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This lemma leads to the following definition.

Definition 3.7 Let v : M — N be a p-equivariant measurable map. We say that two
projections v; and v; of v are related (v; ~ v;) if there is v € G such that vi(z) = v;(y)
for all x € M.

It is easy to see that for each p-equivariant measurable map v : M — N the relation ~ is an
equivalence relation on the set of all projections.

Definition 3.8 Let us denote the set of all projections v;, 1 € IN, of a p-equivariant measur-
able map v by IF(v). Then we define

Since N is the universal cover of a finite graph and p : G, — Gy is a group homomorphism,
it holds #II(v) < 0.

In the next lemma, we will analyze the energy of equivalent projections.

Lemma 3.9 Letv: M — N be a p-equivariant measurable map. Assume there is a pro-
jection v; with v; € Dj,e(E). It holds for all projections v; equivalent w.r.t the relation ~ to
(%

v; € Dloc(g)
and

H<v;> = Y(thcvy>)
with v € Gy such that vi(z) = vj(vyz).

Proof: In the sequel, let us denote by C.(M 1) the set of all continuous functions on M with
compact support. Given ¢ € C.(M) one has

| [ o) = vwPade,dpyitn)
[ @) = v o< e dy)
_ /M /M 6(12) (1) — v3(7) P, dy)in(da)
_ /M /M o(vx)[vi(x) = viy) o, dy)rin(de).
Hence, (cf. [BMO5])
[ d@hnasa) = [ otrohas(da)
= [ dnluas)dn) Ve e e
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which leads to

fco;> = V(H<v>)-

O
Motivated by the analysis of the nonlinear energy for maps with values in finite trees, we
present the following definition of a nonlinear energy function for p-equivariant measurable
maps:

Definition 3.10 Let v: M — N be a p-equivariant measurable map. If all projections v;
are in Db () (for the definition of DY, (E) see Chapter 2) and if

loc loc

1 o
lim / » / o, e i) = o (3.2)

t—0 t

for all a;,a; € A with £(a;,a;) > 0 and for all ¢ € C.(M) holds we define the nonlinear
energy function EY. by

E4v) = 3 pews(B) < .

v; €II(v)
For all other p-equivariant measurable maps v we set
ER(v) == 0.

Thus, we define D(EY) := {v: M — N p-equivariant, measurable : v; € Db, (5.2) holds}.

locy
The nonlinear energy defined above has the following property:

Theorem 3.11 Let v € D(EY) be given and let My be any fundamental domain for M, in
M, such that My is compact and OMy has measure zero. Then one has

ER W) = prcw>(Mp). (3.3)

1€IN

On the other hand, if v is a p-equivariant measurable map, such that v; € Diy.(E),Vi € N,
condition (3.2) and

:E:: lt<:vi>>(jx4k)) <00

i€N
hold, one can deduce v € D(EX,).

Proof: For each equivalence class in II(v) let us choose a representative v;, i € I, with
I=1{1,...,4I(v)}. Defining D; := v;'((0,1)) one has (cf. [BH91])

H<v;> (M) = M<v;> (Dz)
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For i € I and v € G, we define the sets Gf/ C My by
G,Zy = ’)/71<”}/M0 N Dl>

This yields a family of disjoint subset of Mj. It holds for fixed ¢ €

frcv>(D;) = ’u<”i>(UyeGM7M0ﬂDi)

= Z /L<v¢>(7MO N Dz)

v€G M

= Z 771N<UM(¢)><7M0 N Dl)

YEGM

= Z H<v, (iy> (G'Zy)

YEGM

Furthermore, one has

Hev,0>(GY) = 7 ey, o> (vMo N D))
= fi<u>(YMo N D;)
= fi<v;>(7Mo)
= Yh<v>(Mo)
/i<vp7(i)>(M0)

Hence,
N<vi>(M) = :u<vi>(Di)
= Z fr<y, > (G5)
veG M
= Z /’L<’Up,y(i)>(M0)
v€G M
and

Ex(v) = Z prev> (M)

el

= Z Z fi<u,. o> (Mo)

i€l veGyy

We still have to prove

DD ticw, o> (Mo) = s (Mo). (3.4)

el veGyy jeIN
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Let v; be a projection with ji<,,~ (M) > 0 and let v; be the representative chosen above
with v; ~ vj, i.e. there is v € Gy with v;(x) = v;(yx). One has yMy N D; # () and
/‘1’<Uj>(M0> = 7M<vi>(M0)
= f<v;> (7 Mop)
= f<o>(YMo N D;)
= 'Y_l/i<upv<i)>(’yM0 N D;)
“<%<i)>(Gi)

- u<'l)p,y(i)>(M0)

which yields equation (3.4).
On the other hand, from v; € D,,.(£),Vi € IN, (3.2) holds and

Z H<v;> (M) < o0

1€IN

one can deduce in the same way v; € DY _(€) and

Z /i<vi>(M) = Z ILL<'U]'>(M0)‘
v €11(v) JEN
]

Remark 3.12 Gienv € D(ER), let My and M, be two different fundamental domains such
that My, My are compact and OMy, OM; has measure zero. Then it holds

Z :u<vi>(M0) = Z ,U<v¢><M1)-

€N 1€IN

3.1.1 Nonlinear Dirichlet Problem for Equivariant Maps

In this subsection, we define the nonlinear Dirichlet problem for equivariant maps. In the
sequel, let My be any fundamental domain for M, in M, with My compact and dM, has
measure zero.

Definition 3.13 (Nonlinear Dirichlet problem) Let (£, D(£)) be a regular Dirichlet
form on L*(M 1) which fulfills the conditions (A1) - (A4). Given a map g € D(EY) and a
set D with D C My, let us define the class of maps

Vi(g) :={v e D(EX) : 0= g quasi everywhere on My\D}

where ¥, § denotes quasi-continuous versions of v and g, resp. A map u € V{(g) is called
solution to the nonlinear Dirichlet problem for g and D whenever

EX(u) = min &R (v).

veVE(g)
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The next result states a sufficient condition for the existence and uniqueness of a solution to
the nonlinear Dirichlet problem.

Theorem 3.14 Let (£, D(£)) be a regular Dirichlet form on L*(M, 1) which fulfills the
conditions (A1) - (A4) with diffusion X;. Given a relatively compact open subset D with
dist(D,0My) > 0 such that X, quits D during its lifetime and a p-equivariant continuous
map g € D(EY,) there exists a unique (up to modifications) map u € D(EX,) which solves the
nonlinear Dirichlet problem for g and D.

Proof: Since g is continuous and M, is compact it holds g(MO) C N, where N, is a finite
subtree of N. Given a map v € V{(g) with N, C v(M)) let v, the projection of v|y to Np.
The map v, can be continued to a p-equivariant map v, (because one changes only values
on D). Obviously, it holds v, € D(EX) and

Ex(vee) < Ex(v)
such that to solve the nonlinear Dirichlet problem one can restrict oneself to the set
VP (g) == {v € D(EY) : © = § quasi everywhere on Mo\D, v(My) C N,}.
Now, let g, be the projection of g on Ny. The map g, is defined on M and has values in
the finite tree NN, but this map is not p-equivariant anymore. In addition, let &y, be the

nonlinear energy for maps defined on M with values in the finite tree N, (see Section 2.1).
One has for a map w € D(Ey,)

En,(w) = Z H<w; > (M)

with [ being the number of edges of N,. From Definition 3.10 it follows

gy € D(SNb)-

We know that there is a solution to the nonlinear Dirichlet form for g, and D (see Section
2.2). Let us denote this solution by w,. It holds

AR BY RXCANTLED Y SNRN(TARTLED DY MRCANTLACE

\Mo

One can continue 1|y, to a p-equivariant map u which is in V£’(g). One has (cf. Theorem
3.11)

EN(u) :Z/]jf(ui)dm—l—Z/M\D [(g;)dm (3.6)
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This map u solves the nonlinear Dirichlet problem for g and D.
Assume there is a map w in V2*(g) with % (w) < £%(u). Then we define a map w, by

I if x € My
A otherwise.

This map would be in Vi, (g,) and it would hold (cf. (3.5), (3.6))

ng (wb) < 5Nb (ub)

which is a contradiction. O

3.2 Nonlinear Energy for Maps with Values in Finite
Graphs

In this section, we define the nonlinear energy for maps with values in a finite graph using
the results of the previous section.

Let (M, M,m) and (N,d) be as described in the introduction of this chapter. Further-
more, we assume that there is a regular Dirichlet form (€, D(€)) on L*(M,m) which fulfills
the conditions (A1) - (A4).

Note that each continuous map
v:M— N
induces a homomorphism
vy s (M, z) — m (N, g(2))

between fundamental groups by v.(v) being the loop ¢t — wv(v;) in N with base point v(2)
whenever v : t — 7, is a loop in M with base point z. Equivalently, it can be regarded as
homomorphism v, : Gy — Gn C isom(N).

Lemma 3.15

(i) For every continuous map v : M — N and every n € on' (v(2)) there exists a unique
continuous map v : M — N with

N 0T = V0P
and ©(2) = n (70 is the lifting of v”). The map v is v,-equivariant.

(11) Let p: Gy — Gy be a group homomorphism. Then every p-equivariant map v : M —
N defines a unique map v : M — N ("projection of ©”) with v(Gyr) = GnU(z) for
allz € M.
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Proof: See [Stu02].

Definition 3.16 Let = be the set of all group homomorphism between Gy and Gy. Then
we define for each p € Z

P,(M,N):={v: M — N :v is the projection of a p-equivariant measurable map v}
and

P(M,N) := | | P,(M,N).

pEE

Let v € P(M,N) be given. Since Gy acts freely on N, there exists a unique p € = and a
p-equivariant measurable map v : M — N such that v is the projection of v. We define the
nonlinear energy &y of v by

En(v) = E%(7) (3.7)

where 51% is the nonlinear energy function defined for p-equivariant measurable maps with
values in N. In addition, we define D(Ey) := {v € P(M, N) : Ex(v) < 00}

3.2.1 Nonlinear Dirichlet Problem

Now, we define the nonlinear Dirichlet problem for maps with values in finite graphs.

Let ¢ € D(Ey) be a continuous map. Then the lifting g : M — N is a g,-equivariant
map. Furthermore, let D be a domain in M. We define the nonlinear Dirichlet problem for
g and D as follows:

Definition 3.17 Given g and D as described above, let us define the class of maps
Vn(g) :={veDEN)NP,(M,N):0 =g quasi everywhere on M\D}

where 0, § denote the projection of a quasi-continuous version of © and g, resp. A map
u € Vn(g) is called solution to the nonlinear Dirichlet problem for g and D whenever

En(u) = uer{l/ir(lg) En(v).

The next result states a sufficient condition for the existence and uniqueness of a solution to
the nonlinear Dirichlet problem.

Theorem 3.18 Let g € D(En) be continuous and let D be a subset of M which fulfills the
following conditions
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1. There is fundamental domain My of M, in M, with My compact and dMy has measure
zero such that Dy 1= gpj/[l(D) N My s relatively compact and open.

2. It holds dist(Dy, M) > 0.
3. The process X; corresponding to £ quits Dy during its lifetime.

Then there exists a unique map u € D(Ex) NPy, (M, N) which solves the nonlinear Dirichlet
problem to g and D.

In particular, the three conditions are fulfilled, if D is a simply connected relatively compact
open subset of M such that ¢p (X)) quits D during its lifetime.

Proof: The claim is a conclusion of Theorem 3.14, Lemma 3.15 (ii) and Equation (3.7). O

3.2.2 Homotopy Problems

Denoting the homotopy class of a continuous map g : M — N by Hom(g) we call a map
u € Hom(g) harmonic if it is a minimizer of the nonlinear energy in this homotopy class.
For particular domain spaces M we will show the existence of harmonic maps.

We start with the following lemma.

Lemma 3.19

(i) Let w: M — N be continuous. Given a map v : M — N homotop to u one has that
the lifting v s u.-equivariant.

(i1) If @ and © are continuous p-equivariant maps (p € Z) then the corresponding continuous
projections w and v : M — N are homotop.

Proof: See [Stu02], [KS93].

In the sequel, we will denote the homotopy class of a continuous map g : M — N by Hom(g).

Definition 3.20 We call a map v € Hom(g) harmonic if

En(u) = min En(v).
veD(En)NHom(g)

Theorem 3.21 Let M be a connected compact Riemannian manifold with OM = 0 and let
E be the classical Dirichlet form on M given by the Laplace-Beltrami operator.

Given a continuous map g : M — N there exists a map v € Hom(g) which is harmonic and
Lipschitz continuous.
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Before we start with the proof of the theorem let us introduce some notations and definitions
from the work [KS93] of Korevaar/Schoen.

We will say that {2 is a Riemannian domain if it is a connected, open subset of a k-dimensional
Riemannian manifold M having the property that its metric completion €2 is a compact sub-

set of M. Furthermore, let u be the Riemannian volume measure on M and let (X, d) be an
NPC-space.

Definition 3.22 We define the space L*(§, X) as the set of Borel-measurable maps v : € —
X for which

| ute), yduta) <
for some g € X.

The space L?(Q, X) is a complete metric space, with distance function D defined by

D*(u,v) = / P (u(x), v(x))dp(z).

Definition 3.23 (Nonlinear Energy of Korevaar/Schoen) Let v € L*(Q, X) be given
and let C.(Q2) be the set of all continuous maps on 2 with compact support. Then for € > 0
and f € C.(Q2) define

Eos(v) = ci - / /(@) / ), 00) doecly) dit)

J/

ec(x)

with Q. = {x € Q : dist(z,00) > €}, S(z,e) = {y € Q : |y — 2| = €}, do,(y) the

(k — 1)-dimensional surface measure on S(z,€) and

Cp = / |$1|2d0(1’)
Skfl

(where x = (2',...,2%) € R* and S*~' = {|z| = 1}).
The map v has finite (nonlinear) energy (and one writes v € WH(Q, X)), if

sup (Iimsup Ee,f(v)) = F(v) < 00.

feCe(2) e—0
0<f<1

Now, let o : M — X be a p-equivariant map and let My be any connected compact fun-
damental domain for M, in M, which boundary has measure zero. In the definition of
Korevaar/Schoen the map © has finite energy if

e WY2(My, X)
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Thus, the nonlinear energy of a p-equivariant map o : M — X is given by

For the proof of Theorem 3.21, we will show the following three steps:

1. Let (X,d) be a tree with [ edges each with length equal to one. Then for any map
v € Wh2(My, X) it holds

Z W RCCRIE (39

with v;, 1 <@ <[, being the projections of v and fi the Riemannian volume measure
on M.
2. For the lifting v of any map v € D(Ex) N Hom(g) it holds

E%(7) = €2 (5) = En(v) < oc.

3. For any g,-equivariant continuous map o : M — N with E% (0) < oo one has
En(v) = €5 (0) = B (0),
i.e. the projection v of the map © is an element of D(Ex) N Hom(g).

Then the claim follows from Theorem 2.7.1 in [KS93].

Step 1:
Equation (3.8) can be proven with the same arguments used in Subsection 2.1.2 taking into
account the following remark.

Remark 3.24 Let £ be the classical Dirichlet form on LZ(M,[L). Then the energy measure
dficy> of a function u € Die(E) is given by diicys = |Vul*dji.

Step 2:

Let v € D(Ex) N Hom(g) be given. The lifting ¢ is continuous and bounded on any compact
fundamental domain (i.e. on M, the lifting © has values in a finite tree with [ edges). Thus,
it follows from Theorem 3.11, Step 1, and the fact that M, has measure zero

E% (9 Z/ Vo,*di = E% (0) < oo.
Mo

Step 3:
Given a g.-equivariant continuous map ¢ with E9(0) < oo one can deduce with similar
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arguments as used in Lemma 2.18 and Proposition 2.17 that Vo, exists for all projections
¥;,1 € IN. Hence Step 1 and Theorem 3.11 yield ¢ € D(EY) and

l
£%:(5) = Z/ Vii[2dji = E% (5) < oo.
i=1 Y Mo
0

Corollary 3.25 Let M be a compact admissible Riemannian polyhedron with OM = () and
let € be the classical Dirichlet form on M given by the Laplace-Beltrami operator.

For any continuous map g : M — N there ezists a map uw € Hom(g) which is harmonic and
Holder continuous.

Proof: The proof that our energy coincides with the nonlinear energy for maps between
Riemannian polyhedra introduced in [EF01] works out in the same way as in Theorem 3.21.
For the existence and the Holder continuity of the energy minimizer we refer to Theorem
11.1 in [EFO1]. OJ

Final Remarks: Our intention was to study harmonic maps from a measure space (M, m)
equipped with a local regular conservative Dirichlet form £ into a tree N. For this we defined
a extension £y of the energy functional for maps with values in trees. This definition of the
nonlinear energy was motivated by the approach of Jost presented in [Jos94]. He introduced
for a map f defined on a locally compact metric space M equipped with an abstract Dirichlet
form £ with values in an NPC space the following definition of the nonlinear energy

En(f) =T =t [ @ (). f0)pi (o dymido)
- MJM

where (p;); denotes the semigroup of Markov kernels corresponding to the Dirichlet form &.
The main difference to our definition is that we replace the I' —lim by lim sup. Our approach
is more restrictive than Jost’s approach because of the restrictions on the target space. How-
ever, for our setting we proved a decomposition of the nonlinear energy (cf. Theorem 2.7)
which yields an energy measure for our nonlinear energy. Obviously, this decomposition
depends on the structure of the target space and will not hold for more general NPC spaces.
For the special case that M is a Riemannian manifold equipped with the classical Dirichlet
form we showed that our definition of nonlinear energy coincides with energy given by Kore-
vaar/Schoen in [KS93|. In addition, we proved that our nonlinear energy is identical to the
energy for maps with values in trees defined by Picard in [Pic04].

Another issue of this work was to present conditions for the existence and uniqueness of
a solution to the nonlinear Dirichlet problem for tree-valued maps and to provide a rig-
orously numerical approach. We constructed a numerical algorithm to solve the nonlinear
Dirichlet problem for maps from a two dimensional Euclidean domain into trees and we
proved the convergence of our numerical method. For the proof of convergence we used reg-
ularity results of the solution to the nonlinear Dirichlet problem given in [KS93] and [Ser94].
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In addition, we implemented the algorithm and visualized solutions to the nonlinear Dirich-
let problem. Because of the consistence of our nonlinear energy with the energy given by
Korevaar/Schoen and Picard one can use our algorithm to construct and visualize solutions
to the nonlinear Dirichlet problem given by their nonlinear energy.

A further intention of this work was to study harmonic maps from a compact measure space
equipped with a Dirichlet form into graphs. Our approach to analyze this problem was
motivated by the works [Jos94], [Jos96] of Jost and [KS93] of Korevaar/Schoen.

They investigated a nonlinear energy for equivariant maps and analyzed the properties of
energy minimizers. Korevaar/Schoen defined a nonlinear energy for equivariant maps from
the universal cover of a Riemannian manifold into an NPC space and showed the existence
of a Lipschitz continuous energy minimizing map. Jost studied a nonlinear energy for equiv-
ariant maps from a locally compact metric space equipped with a Dirichlet form £ into an
NPC space. He presented conditions on the domain and the target space for the existence
of a Holder continuous energy minimizer.

In general, Jost’s conditions on the target space are not fulfilled if the NPC space is the
universal cover of a graph. Therefore, we presented another nonlinear energy for equivariant
maps from a measure space into in the universal cover of a graph. Our approach is motivated
by our analysis of the nonlinear energy for tree-valued maps and the fact that the universal
cover of a graph is a tree (with an infinite number of edges).

Finding conditions for the existence of Holder or Lipschitz continuous equivariant energy
minimizing maps is still an open question. But, we proved that our energy for equivariant
maps with values in the universal cover of a graph coincides with the energy given by Kore-
vaar/Schoen resp. Eells/Fuglede if the domain space is the universal cover of a Riemannian
manifold resp. Riemannian polyhedron. Hence, for our nonlinear energy we could show
the existence of a Lipschitz resp. Holder continuous harmonic map between a Riemannian
manifold resp. Riemannian polyhedron and a graph in a given homotopy class.

A further open question is the development of a numerical algorithm to construct a harmonic
map in a given homotopy class with values in a graph.



Appendix

A.1 Locality for Regular Dirichlet Forms

In this part of the work, we will show that a regular Dirichlet form whose corresponding
semigroup (7})¢>o is given by a semigroup of Markov kernels p;(z, dy) and which is local in
the sense of Fukushima is also strongly local.

Furthermore, we discuss for regular Dirichlet forms the equivalence of the strong locality
property in the sense of Fukushima and the locality property in the sense of Bouleau/Hirsch.

Let us start with the definitions of locality and strong locality in the sense of Fukushima.

Definition A.1 A Dirichlet form (£,D(E)) is said to be local in the sense of Fukushima
(cf. [FOTY4)) if
u,v € D(E), supplu] and supplv] are compact, v = 0 on a neighbourhood of supplu]
= &(u,v) =0.
Definition A.2 A Dirichlet form (£,D(E)) is said to be strongly local in the sense of
Fukushima (cf. [FOT94]) if

(ST) u,v € D(E), supplu] and supplv] are compact, v is constant on a neighbourhood of
supplu] = E(u,v) =0.

For a regular Dirichlet form whose corresponding semigroup (7});>¢ is given by a semigroup

of Markov kernels p;(x, dy) one has the following result.

Theorem A.3 Let (£,D(E)) be a reqular local (in the sense of Fukushima) Dirichlet form on
L*(X,m) whose corresponding semigroup (T});>o is given by a semigroup of Markov kernels
pe(z,dy). Then (€,D(E)) is also strongly local.

Proof: Let u,v € D(E) be given with supp[u] and supp[v] compact and v = ¢ on a neigh-
bourhood of supp[u]. Defining u. := u — ¢ one has

E(u,v) — g%% [ @) —pa@)] mae)
= time [ o) — pae)] v(x)m(d)
{v#£0}
= —%1_1}01% pre(x) - v(x)m(dx)
{v£0}
~ 0

95
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because of dist(supp[uc], supp[v]) > 0 and because of the locality of p;. O

Lemma A.4 Let (£,D(E)) be reqular Dirichlet form on L*(X,m). Given a compact set
K C X and a relatively compact set V- C X with K C V. Then there exists a function
v e€DE)NCHX) withv =1 on K and supplv] C V.

Proof: There exists a function u € Cy(X) with v = 1 on K and supp(u] C V. Since & is
regular there exists a sequence of functions u,, € D(£) N Cy(X) with supp|u,] C {z € X :
u(x) # 0} C V which converges to u uniformly (cf. Lemma 1.4.2 in [FOT94]). Thus, there
exists ng € IN such that |u,,(z)—1| < 3 Vz € K. Defining v := 2u,,, A1 yields the claim. O

With Lemma A.4 we obtain the following theorem.

Theorem A.5 Let (€, (D(E)) by a reqular strongly local Dirichlet form. Given two functions
u,v € D(E) with v being constant on a neighbourhood of supplu] then one has E(u,v) = 0.

Proof:

Step I: Let u,v € D(E) with support of v compact and u = ¢ on a neighbourhood N of
supp[v] be given. (The function u doesn’t need to have compact support.) Then there exists
a relatively compact set U with supp[u] C U C N. Since the Dirichlet form & is regular
there is a function w € D(E) with compact support, with supp[w]| C supplu| and with w = ¢
on U (cf. Lemma A.4). It follows

E(u,v) =E(u—w,v) + E(w,v).

Furthermore, one has by the definition of strongly local that £(w,v) = 0, because of the
compact supports of w and v. In addition, it follows from Proposition 1.2 in [MR92] that
E(u —w,v) =0, because of supp[u — w]N supp[v] = 0. Thus &(u,v) = 0.

Step II: Now let u,v € D(E) with u = ¢ on a neighbourhood N of supp[v] be given. It
follows from the proof of Proposition 1.2 in [MR92] that there exists a sequence v, € D(E)
with v, — v in D(E), supp[v,| compact and supp[v,] C supp[v]. Hence, for all n one has
u =1 on a neighbourhood of supp|v,] and it follows by Step I

E(u,v,) =0 Vn.
Thus, it holds £(u,v) = 0, because of v, — v in D(E). O
Remark: Theorem A.5 yields that for regular Dirichlet forms one can replace in defini-
tions A.1 and A.2 compact support just by support.

Definition A.6 A Dirichlet form (£, D(E)) is said to be local in the sense of Bouleau,/Hirsch
(cf. [BHI1]) if it satisfies:

(L0) Yu e D(E) VF,G € CF(R)
supp[F] Nsupp[G] =0 = E(Fo(u), Go(u)) =0
with Fy(x) := F(z) — F(0).
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Theorem A.7 Let (£,D(E)) be a reqular Dirichlet form. Then the following properties are
equivalent:

(ST) & is strongly local in the sense of Fukushima.
(LO) & is local in the sense of Bouleau/Hirsch.
(L1) Yu,v € D(E) Va € R
(v+a)u=0 = E(u,v)=0.

For the proof of Theorem A.7 we need the following Proposition.

Proposition A.8 Let F' be a normal contraction from IR into IR. Then the map
ueDE)— FoueD(E) (A.1)

is continuous (for the Hilbert structure of D(E)).

For the proof see [Anc76].

In the sequel, we will denote the set of normal contractions of IR into IR by 7;".
Proof of Theorem A.7:

(ST) = (L0):

Let (£, D(E)) be aregular strongly local Dirichlet form and let F, G € C§°(IR) with supp[F|N
supp[G] = 0 and u € D(E) N Cy(X) be given. We may assume that G(0) = 0. One has
that f := Fy(u) is constant on supp(g) with g := Go(u). Defining for ¢ > 0 the function
ge i =g—((—€)VgAe) it holds g. € D(E) and f is constant on a neighbourhood of supp(g.),
because of the continuity of g. Applying Theorem A.5 one obtains E(f,g.) = 0 and € — 0
yields E(f, g) = 0.

Now, let u € D(E) be given. Since £ is regular, there exists a sequence of functions
u, € D(E) N Cy(X) with u,, — uw in D(E). From Proposition A.8 it follows Fy(u,) — Fy(u)
and Go(u,) — Go(u) in D(E), because the set of Lipschitz functions from IR into IR is
homothetic to 7,° and C§°(IR) is a subset of the set of Lipschitz functions from IR into IR.
Defining f,, := Fo(un), f := Fo(u), gn := Go(u,) and g := Go(u) one has

5(f7g) = g(f7g - gn) —|—5(f - fnvgn) +g(fnagn)

Since & (g,) is bounded and f, — f,g, — ¢ in D(E) it holds lim, . E(f,g — g.) = 0
and lim, o E(gn, f — fn) = 0. In addition, one has &(f,,g,) = 0 Vn. Hence, we obtain
E(f.g)=0.

(LO) = (L1):

This follows from Proposition 5.1.3 in [BH91].

(L1) = (ST):

Let u,v € D(E) with suppu] and supp|v] compact and v = a € R on a neighbourhood of
supp[u| be given. It holds (v — a)u = 0 and thus &(u,v) = 0. O
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